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A Various long-run and optimal inflation rates considered

Table A.1: Various notions of long-run and optimal inflation in the model

π Any inflation target, used to define the “inflation gap” that enters the Taylor rule

E(πt) Average realized inflation, might differ from π due to ZLB

π?(θ) Inflation target that minimizes the loss function given a structural parameters θ

π?(θ̄) π? assuming parameters at post. mean

π?(median(θ)) π? assuming parameters at post. median

π̄? average of π?(θ) over the posterior distribution of θ, i.e.,
∫

θ π?(θ)p(θ|XT)dθ

Median(π?) Median of π?(θ) over the posterior distribution

π?? Inflation target that minimizes the average loss function over the posterior distribution of θ
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B Illustrating model properties: moments, IRF to monetary policy shock

This section illustrate basic properties of the estimated baseline model.

Table B.1: Moments of key variables

Data 1985Q2-2008Q3

Variable Inflation 4-Quarter -Inflation Output gap Output growth Interest rate

Std. dev. 0.22 0.73 — 0.54 2.20

Simulated Model (with ZLB constraint)

Variable Inflation 4-Quarter -Inflation Output gap Output growth Interest rate

Std. dev. 0.43
(0.11)

1.53
(0.41)

0.58
(0.14)

0.99
(0.14)

2.15
(0.14)

Note: In percent. Inflation is quarterly inflation (not annualized). Interest rate is annualized. 4-Quarter
inflation is the year-on-year growth rate of the price index. The model moments are based on 1000
simulations at the posterior mean. At each simulation, shocks are drawn (with replacement) from the
historical shocks. The figures in parentheses are the standard deviation across bootstrap simulations.

Figure B.1: Response to a monetary policy shock
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Note: Plain line : response to a monetary policy shoxk leading to -25 basis point cut in the nominal interest on impact. Inflation is
the annualized quarterly growth rate of the price index. Interest rate is annualized.
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C Illustrating the “lower for longer” property of the model policy rule

Figure C.1: Interest rate, inflation and output path in a recession with ELB scenario
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Note: Plain line : actual model policy rule. Dashed line: illustrative interest rule featuring actual rate lagged term rather than
lagged “notional rate” term. The latter rule has no feedback on the model.

In this section, we illustrate how the “lower for longer” property of the model policy rule works in

practice. To this end, we assume that the model starts in steady state and is hit by a series of unexpected

risk-premium shocks that drive the economy to the ZLB. Given the implied path for inflation π̂t, the output

gap x̂t, and the notional rate ı̂n
t , we reconstruct the path of an alternative interest rate ı̃t that would obey

ı̃n
t = ρi ı̃t−1 + (1− ρi)(aππ̂t + ay x̂t) + ζR,t

ı̃t = max{ı̃n
t ,−(µz + ρ + π)}.

In this alternative specification, the notional rate does not depend on its lagged value but rather on the

lagged value of the nominal interest rate. Away from the ZLB, this has no discernible effect. However,

when the economy hits the ZLB, ı̃n
t will mechanically increase sooner than ı̂n

t . Figure C.1 reports the out-

come of this simulation. The solid blue line shows the paht of ı̂t while the dashed line shows the implied

path for ı̃t.
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D The distribution of ZLB spells duration

Figure D.1: Distribution of ZLB spells duration at the posterior mean
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Note: Histograms are based on a simulated sample of 500,000 quarters. Simulations are carried out assuming in turn that the
inflation target is the estimated inflation target ; and then that the inflation target is the optimal inflation target obtained using the
mean of the posterior density of estimated parameters

E The distribution of optimal inflation targets

Figure E.1: Posterior Distribution of π?
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Note: Plain curve: PDF of π?; Dashed vertical line : Average value of π? over posterior distribution; Dotted vertical line : Optimal
inflation at the posterior mean of θ; Dashed-dotted vertical line : Bayesian-theoretic optimal inflation
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F The welfare cost of inflation

Following a standard approach when assessing alternative policies, we complement our characterization

of optimal inflation by providing measures of consumption-equivalent welfare gains/losses of choosing a

suboptimal inflation target.

Let W (π) denote welfare under the inflation target π. It is defined as

W (π) = E0

∞

∑
t=0

βt
[

eζg,t log(Ĉt(π)− ηĈt−1(π)e−ζz,t)− χ

1 + ν

∫ 1

0
Nt(π, h)1+νdh

]
+ Ψ0(µz, ζz).

Importantly, the welfare function is stated in terms of detrended consumption. The term Ψ0 captures the

part of welfare that depends exclusively on µz and ζz,t and is not affected by changes in the inflation target.

Let us now consider a deterministic economy in which labor supply is held constant at the undistorted

steady-state level Nn and in which agents consume the constant level of detrended consumption Ĉ(π). We

seek to find the Ĉ(π) such that this deterministic economy enjoys the same level of welfare as above. Thus

W (π) = E0

∞

∑
t=0

βt
[

log
(
(1− η)Ĉ(π)

)
− χ

1 + ν
N1+ν

n

]
+ Ψ0(µz, 0).

Direct manipulations thus yield

W (π) =
1

1− β

[
log
(
(1− η)Ĉ(π)

)
− χ

1 + ν
N1+ν

n

]
+ Ψ0(µz, 0)

Consider now an economy with π = π? and another one with π = π̃ 6= π?. Imagine that in the latter,

consumer are compensated in consumption units in such a way that they are as well off with π̃ as with π?.

Let 1 + ϕ(π) denote this percentage increase in consumption. Thus ϕ(π) is such that

W (π?) = E0

∞

∑
t=0

βt
[

log
(
(1 + ϕ)(1− η)Ĉ(π)

)
− χ

1 + ν
N1+ν

n

]
+ Ψ0(µz, 0)

=
log(1 + ϕ(π))

1− β
+W (π)

It then follows that

ϕ(π) = exp{(1− β)[W (π?)−W (π)]} − 1.

In practice, welfare is approximated to second order.

We compute ϕ(π) under two alternative steady-state interest rate scenarios. In the first scenario, we set

r? to the baseline estimated value, corresponding to the posterior mean of µz + ρ. In the second scenario,

we consider a downward shift in µz by one percentage point (in annual terms), resulting in a lower steady-

state real rate. The results are reported in Figure F.1. The blue lines show ϕ(π) in the first scenario and the

red lines show ϕ(π) under a lower real interest rate. For ease of interpretation, the dashed, vertical lines

indicate the optimal values of inflation under the two alternative interest rate scenarios.
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Figure F.1: Welfare cost of inflation at the posterior mean
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Note: The figure reports the welfare cost of inflation stated as a percentage of steady-state consumption in the optimal setting.

Figures F.1 suggests that in the baseline scenario, the welfare cost of raising or lowering the inflation

target by one percentage point is relatively mild. However, this conclusion is not robust to a lower real

interest rate. As the red line shows, with a one percentage rate lower r?, the welfare cost of inflation is

asymmetric. It would be much costlier to lower the inflation target than to raise it in the neighborhood of

the optimal target. In particular, keeping the inflation target unchanged when faced with a one-percentage

point decline in r? give rise to a 1.5% consumption loss.
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G Further illustrations of the (r?, π?) relation

G.1 When µz varies

Figure G.1: (r?, π?) locus when µz varies
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Note: Blue: parameters set at the posterior mean; light blue: parameters set at the posterior median; Lighter blue: parameters set
at the posterior mode. Memo: r? = ρ + µz. Range for µz: 0.4% to 10% (annualized) .

G.2 When ρ varies

Figure G.2: (r?, π?) locus when ρ varies
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Note: Blue: parameters set at the posterior mean; light blue: parameters set at the posterior median; Lighter blue: parameters set
at the posterior mode. Memo: r? = ρ + µz. Range for µz: 0.4% to 10% (annualized) .
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H Nominal and Real Interest Rates

Figure H.1: (r?, i?) locus (at the posterior mean)
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Note: the blue dots correspond to the (r?, i?) locus when r? varies with µz; the red dots correspond to the (r?, i?) locus when r?

varies with ρ

I The probability of ZLB under large shocks

Figure I.1: Relation between probability of ZLB at optimal inflation and r? (at the posterior mean)
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Note: the blue dots correspond to the (r?, π?) locus when r? varies with µz in the baseline; the red dots correspond to the locus
in the “large shocks” case; the green dots correspond to the (r?, π?) locus in the “large shocks” case when π? is left at its sample
inflation value.
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J Distribution of π? following a downward shift of the distribution of r?

Figure J.1: Counterfactual - US
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Note: The dashed vertical line indicates the mean value, i.e. Eθ(π
?(θ)).

K Model Solution

K.1 Households

K.1.1 First Order Conditions

The Lagrangian associated with the program (1) under constraint (2) is

Lt = Et

∞

∑
s=0

βs
{

eζc,t+s log(Ct+s − η̂Ct+s−1)−
χ

1 + ν

∫ 1

0
eζh,t+s(Nt+s(h))1+νdh

− Λt+s

Pt+s

[
Pt+sCt+s + Qt+sBt+se−ζq,t+s + Pt+staxt+s −

∫ 1

0
Wt+s(h)Nt+s(h)dh− Bt+s−1 − Pt+sdivt+s

]}
,

The associated first-order condition with respect to bonds is

∂Lt

∂Bt
= 0⇔ ΛtQte−ζq,t = βEt

{
Λt+1

Πt+1

}
, (K.1)

and the first-order condition with respect to consumption is

∂Lt

∂Ct
= 0⇔ eζc,t

Ct − η̂Ct−1
− βη̂Et

{
eζc,t+1

Ct+1 − ηCt

}
= Λt. (K.2)

where Πt ≡ Pt/Pt−1 represents the (gross) inflation rate, and
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We induce stationarity by normalizing trending variables by the level of technical progress. To this end,

we use the subscript z to refer to a normalized variable. For example, we define

Cz,t ≡
Ct

Zt
, Λz,t ≡ ΛtZt,

where it is recalled that

Zt = ezt

with

zt = µz + zt−1 + ζz,t.

We then rewrite the first order condition in terms of the normalized variables. Equation (K.2) thus

rewrites
eζc,t

Cz,t − ηCz,t−1e−ζz,t
− βηEt

{
e−ζz,t+1

eζc,t+1

Cz,t+1 − ηCz,te−ζz,t+1

}
= Λz,t, (K.3)

Similarly, equation (K.1) rewrites

Λz,tQte−ζq,t = βe−µz Et

{
e−ζz,t+1

Λz,t+1

Πt+1

}
, (K.4)

where we defined

η ≡ η̂e−µz .

Let us define it ≡ − log(Qt) and for any generic variable Xt

xt ≡ log(Xt), x̂t ≡ xt − x

where x is the steady-state value of x. Using these definitions, log-linearizing equation (K.3) yields

ĝt + βηEt{ĉt+1} − (1 + βη2)ĉt + ηĉt−1 − η(ζz,t − βEt {ζz,t+1}) = ϕ−1λ̂t (K.5)

where we defined

ϕ−1 ≡ (1− βη)(1− η),

ĝt = (1− η)(ζc,t − βηEt{ζc,t+1}).

Similarly, log-linearizing equation (K.4) yields

λ̂t = ı̂t + Et{λ̂t+1 − π̂t+1 − ζz,t+1}+ ζq,t. (K.6)

K.2 Firms

Expressing the demand function in normalized terms yields

Yz,t( f ) =
(

Pt( f )
Pt

)−θp

Yz,t,

In the case of a firm not drawn to re-optimize, this equation specializes to (in log-linear terms)

ŷt,t+s( f )− ŷt+s = θp(π̂t,t+s − δ̂
p
t,t+s − p̂?t ( f )). (K.7)
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K.2.1 Cost Minimization

The real cost of producing Yt( f ) units of good of f is

Wt

Pt
Lt( f ) =

Wt

Pt

(
Yt( f )

Zt

)φ

(K.8)

The associated real marginal cost is thus

St( f ) = φ
Wt

PtZt

(
Yt( f )

Zt

)φ−1

(K.9)

It is useful at this stage to restate the production function in log-linearized terms:

ŷz,t( f ) =
1
φ

n̂t( f ) (K.10)

K.2.2 Price Setting of Intermediate Goods: Optimization

Firm f chooses P?
t ( f ) in order to maximize

Et

∞

∑
s=0

(βαp)
sΛt+s

{
(1 + τp,t+s)

Vp
t,t+sP?

t ( f )
Pt+s

Y?
t,t+s( f )− S (Yt,t+s( f ))

}
, (K.11)

subject to the demand function

Y?
t,t+s( f ) =

(
Vp

t,t+sP?
t ( f )

Pt+s

)−θp

Yt+s.

and the cost schedule (K.8), where Λt is the representative household’s marginal utility of wealth, and

Et{·} is the expectation operator conditional on information available as of time t. That Λt appears in the

above maximization program reflects the fact that the representative household is the ultimate owner of

firm f .

The associated first-order condition is

Et

∞

∑
s=0

(βαp)
sΛt+s


(

Vp
t,TP?

t ( f )
Pt+s

)1−θp

Yt+s −
µp

1 + τp
eζu,t+s

Wt+s

Pt+s
φ

(Vp
t,t+sP?

t ( f )
Pt+s

)−θp
Yt+s

Zt+s

φ = 0,

where

µp ≡
θp

θp − 1
.

This rewrites (
P?

t ( f )
Pt

)1+θp(φ−1)

=
µp

1 + τp

Kp,t

Fp,t

where

Kp,t = Et

∞

∑
s=0

(βαp)
sΛz,t+seζu,t+s

Wz,t+s

Pt+s
φ

( Vp
t,t+s

Πt,t+s

)−θp

Yz,t+s

φ
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and

Fp,t = Et

∞

∑
s=0

(βαp)
sΛz,T

(
Vp

t,t+s

Πt,t+s

)1−θp

Yz,t+s,

where Πt,t+s ≡ Pt+s/Pt.

Notice that

Kp,t = φΛz,teζu,t
Wz,t

Pt
(Yz,t)

φ + βαpEt

(
(Πt))γp

Πt+1

)−φθp

Kp,t+1,

and

Fp,t = Λz,tYz,t + βαpEt

(
(Πt)γp

Πt+1

)1−θp

Fp,t+1.

With a slight abuse of notation, we obtain the steady-state relation(
P?

P

)1+θp(φ−1)

=
µp

1 + τp
φ

Wz

P
Yφ−1

z
1− βαp(Π)(1−γp)(θp−1)

1− βαp(Π)φθp(1−γp)
.

Log-linearizing yields

[1 + θp(φ− 1)](p?t − pt) = k̂p,t − f̂p,t

k̂p,t = (1−ωK,p)[λ̂z,t + ω̂t + φŷz,t + ζu,t] + ωK,pEt{k̂p,t+1 + φθp(π̂t+1 − γpπ̂t)},

and

f̂p,t = (1−ωF,p)(λ̂z,t + ŷz,t) + ωF,pEt{ f̂p,t+1 + (θp − 1)(π̂t+1 − γpπ̂t)}.

where we defined the de-trended real wage

ωt ≡ wz,t − pt

and the auxiliary parameters

ωK,p ≡ βαp(Π)(1−γp)φθp

and

ωF,p ≡ βαp(Π)(1−γp)(θp−1).

Finally, notice that

P1−θp
t =

∫ 1

0
Pt( f )1−θp d f

= (1− αp)(P?
t )

1−θp + αp

∫ 1

0
[(Πt−1))

γp Pt−1( f )]1−θp d f .

Thus

1 = (1− αp)

(
P?

t
Pt

)1−θp

+ αp

[
(Πt−1)

γp

Πt

]1−θp

.

The steady-state relation is (
P?

P

)1−θp

=
1− αp(Π)(1−γp)(θp−1)

1− αp
.

Log-linearizing this yields

p̂?t =
ωF,p

β−ωF,p
(π̂t − γpπ̂t−1).
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K.3 Unions

K.3.1 Wage Setting

Union h sets W?
t (h) so as to maximize

Et

∞

∑
s=0

(βαw)
s
{
(1 + τw)

Λt+s

Pt+s
eγzµzsVw

t,t+sW
?
t (h)Nt,t+s(h)−

χ

1 + ν
eζh,t+s(Nt,t+s(h))1+ν

}
,

where

Nt,t+s(h) =
(

eγzµzsVw
t,t+sW

?
t (h)

Wt+s

)−θw

Nt+s.

The associated first-order condition is

Et

∞

∑
s=0

(βαw)
s

{
ΛT

Wt+s

Pt+s
ht+s

(
eγzµzsVw

t,T

Πw
t,t+s

W?
t (h)

Wt+s

)1−θw

− µw

1 + τw
χeζh,t+s

(
eγzµzsVw

t,t+s

Πw
t,t+s

W?
t (h)

Wt+s

)−(1+ν)θw

N1+ν
t+s

}
= 0,

where Πw
t,t+s = Wt+s/Wt.

Rearranging yields (
W?

t (h)
Wt

)1+θwν

=
µw

1 + τw

Kw,t

Fw,t
,

where

Kw,t = Et

∞

∑
s=0

(βαw)
s

χeζh,t+s

(
eγzµzsVw

t,t+s

Πw
t,t+s

)−(1+ν)θw

N1+ν
t+s

 ,

Fw,t = Et

∞

∑
s=0

(βαw)
s

Λt+s
Wt+s

Pt+s
Nt+s

(
eγzµzsVw

t,t+s

Πw
t,t+s

)1−θw
 ,

and where Πw
t,t+s ≡Wt+s/Wt.

Notice that

Kw,t = χeζh,t N1+ν
t + βαwEt

{(
eγzµz

(Πt)γw

Πw,t+1

)−(1+ν)θw

Kw,t+1

}
,

and

Fw,t = Λz,t
Wz,t

Pt
Nt + βαwEt

{(
eγzµz

(Πt)γw

Πw,t+1

)1−θw

Fw,t+1

}
.

The associated steady-state relations are(
W?

W

)1+θwν

=
µw

1 + τw

Kw

Fw
,

Kw =
χN1+ν

1− βαw[e(1−γz)µz(Π)1−γw ](1+ν)θw
,
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Fw =
Λ Wz

P H
1− βαw[e(1−γz)µz(Π)1−γw ]θw−1

.

Log-linearizing the above equations finally yields

(1 + θwν)(w?
t − wt) = k̂w,t − f̂w,t,

k̂w,t = (1−ωK,w)[(1 + ν)n̂t + ζh,t] + ωK,wEt{k̂w,t+1 + (1 + ν)θw(π̂w,t+1 − γwπ̂t)},

f̂w,t = (1−ωF,w)(λ̂z,t + ω̂t + n̂t) + ωF,wEt{ f̂w,t+1 + (θw − 1)(π̂w,t+1 − γwπ̂t)},

where we defined

ωK,w = βαw[e(1−γz)µz(Π)(1−γw)](1+ν)θw ,

ωF,w = βαw[e(1−γz)µz(Π)(1−γw)]θw−1.

To complete this section, notice that

1 = (1− αw)

(
W?

t
Wt

)1−θw

+ αw

(
eγzµz

[Πt−1]
γw

Πw,t

)1−θw

and

w?
t − wt =

ωF,w

β−ωF,w
(π̂w,t − γwπ̂t−1).

K.4 Market Clearing

The clearing on the labor market implies

Nt =

(
Yt

Zt

)φ ∫ 1

0

(
Pt( f )

Pt

)−φθp

d f .

Let us define

Ξp,t =

( ∫ 1

0

(
Pt( f )

Pt

)−φθp

d f

)−1/(φθp)

,

so that

Nt = (Yz,tΞ
−θp
p,t )φ.

Hence, expressed in log-linear terms, this equation reads

n̂t = φ(ŷz,t − θp ξ̂p,t).
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Notice that

Ξ−φθp
p,t = (1− αp)

(
P?

t
Pt

)−φθp

+ αp

(
[Πt−1]

γp

Πt

)−φθp

Ξ−φθp
p,t−1.

The associated steady-state relation is

Ξ−φθp
p =

(1− αp)

1− αp(Π)(1−γp)φθp

(
P?

P

)−φθp

.

Log-linearizing the price dispersion yields

ξ̂p,t = (1−ωΞ)(p?t − pt) + ωΞ[ξ̂p,t−1 − (π̂t − γpπ̂t−1)]

where we defined

ωΞ = αp(Π)(1−γp)φθp .

K.5 Natural Rate of Output

The natural rate of output is the level of production that would prevail in an economy without nominal

rigidities, i.e. αp = αw = 0 and without cost-push shocks (i.e., ζu,t = 0). Under such circumstances, the

dynamic system simplifies to

ŵn
z,t + (φ− 1)ŷn

z,t = 0,

νn̂n
t + ζh,t = λ̂n

z,t + ŵn
z,t,

n̂n
t = φŷn

z,t,

ĝt + βηEt{ŷn
z,t+1} − (1 + βη2)ŷn

z,t + ηŷn
z,t−1 − η(ζz,t − βEt{ζz,t+1}) = ϕ−1λ̂n

z,t,

where the superscript n stands for natural.

Combining these equations yields

[ϕ(1 + βη2) + ω]ŷn
z,t − ϕβηEt{ŷn

z,t+1} − ϕηŷn
z,t−1 = ϕĝt − ζh,t − ϕηζ∗z,t

where we defined

ω ≡ νφ + φ− 1,

and

ζ∗z,t = ζz,t − βEt{ζz,t+1}
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K.6 Working Out the Steady State

The steady state is defined by the following set of equations

1− βη

(1− η)C
= Λz,

e−i = βe−µz Π−1,

(
P?

P

)1+θp(φ−1)

=
µp

1 + τp

Kp

Fp
,

Kp =
φΛz

Wz
P Yφ

z

1− βαp(Π)φθp(1−γp)
,

Fp =
ΛzYz

1− βαp(Π)(1−γp)(θp−1)
,

(
P?

P

)1−θp

=
1− αp(Π)(1−γp)(θp−1)

1− αp
,

(
W?

W

)1+θwν

=
µw

1 + τw

Kw

Fw
,

Kw =
χN1+ν

1− βαw[e(1−γz)µz(Π)1−γw ](1+ν)θw
,

Fw =
Λz

Wz
P H

1− βαw[e(1−γz)µz(Π)1−γw ]θw−1
,

(
W?

W

)1−θw

=
1− αw[e(1−γz)µz(Π)(1−γw)]θw−1

1− αw
,

Πw = Πeµz

We can solve for i and Πw using

Πw = Πeµz

1 = βe−µz eiΠ−1,

Standard manipulations yield

1−ωK,p

1−ωF,p

(
β(1− αp)

β−ωF,p

) 1+θp(φ−1)
θp−1

=
µp

1 + τp
φ

Wz

P
Yφ−1

z ,

16



where we used

ωK,p = βαp(Π)(1−γp)φθp

ωF,p = βαp(Π)(1−γp)(θp−1)

Similar manipulations yield

1−ωK,w

1−ωF,w

(
β(1− αw)

β−ωF,w

) 1+θwν
θw−1

=
µw

1 + τw

χNν

Λz
Wz
P

,

where we used

ωK,w = βαw[e(1−γz)µz(Π)(1−γw)](1+ν)θw

ωF,w = βαw[e(1−γz)µz(Π)(1−γw)]θw−1

Combining these conditions yields

1−ωK,w

1−ωF,w

(
β(1− αw)

β−ωF,w

) 1+θwν
θw−1 1−ωK,p

1−ωF,p

(
β(1− αp)

β−ωF,p

) 1+θp(φ−1)
θp−1

=
µw

1 + τw

µp

1 + τp

1− η

1− βη
φχNνYφ

z

Now, recall that

(YzΞ−θp
p )φ = N

Then, using

Ξ−φθp
p =

1− αp

1−ωΞ

(
P?

P

)−φθp

,

and (
P?

P

)−φθp

=

(
β(1− αp)

β−ωF,p

)−φ
θp

θp−1

we end up with

NνYφ
z =

 1− αp

1−ωΞ

(
β(1− αp)

β−ωF,p

)−φ
θp

θp−1

ν

Y(1+ν)φ
z ,

so that

Ω =
µw

1 + τw

µp

1 + τp

1− η

1− βη
φχY(1+ν)φ

z ,

where

Ω =
1−ωK,w

1−ωF,w

(
β(1− αw)

β−ωF,w

) 1+θwν
θw−1 1−ωK,p

1−ωF,p

(
β(1− αp)

β−ωF,p

) 1+θp [(1+ν)φ−1]
θp−1

(
1−ωΞ

1− αp

)ν

Recall that we defined the natural rate of output as the level of production that would prevail in an

economy without nominal rigidities, i.e. αp = αw = 0, and no cost-push shock. Under such circumstances,

the steady-state value of the (normalized) natural rate of output Yn
z obeys

1 =
µw

1 + τw

µp

1 + τp

1− η

1− βη
φχ(Yn

z )
φ(1+ν).
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It follows that the steady-state distortion due to sticky prices and wages (and less than perfect indexa-

tion) is (
Yz

Yn
z

)φ(1+ν)

= Ω.

L Welfare

Let us define for any generic variable Xt

Xt − X
X

= x̂t +
1
2

x̂2
t +O(||ζ||3)

Xt − Xn

Xn = x̃t +
1
2

x̃2
t +O(||ζ||3)

Below, we repeatedly use the following two lemmas:

Lemma 1. Let g(·) be a twice differentiable function and let X be a stationary random variable. Then

E{g(X)} = g(E{X}) + 1
2

g′′(E{X})V{X}+O(||X||3).

Lemma 2. Let g(·) be a twice differentiable function and let x be a stationary random variable. Then

V{g(X)} = [g′(E{X})]2V{X}+O(||X||3).

In the rest of this section, we take a second-order approximation of welfare, where we consider the

inflation rate as an expansion parameter. It follows that we consider the welfare effects of non-zero trend

inflation only up to second order.

L.1 Second-Order Approximation of Utility

Consider first the utility derived from consumption. For the sake of notational simplicity, define

U(Cz,t − ηCz,t−1e−ζz,t) = log(Cz,t − ηCz,t−1e−ζz,t)

We thus obtain

eζc,tU(Cz,t − ηCz,t−1e−ζz,t) =
1

1− η

[(
Cz,t − Cn

z
Cn

z

)
− η

(
Cz,t−1 − Cn

z
Cn

z

)

− 1
2

1
(1− η)

(
Cz,t − Cn

z
Cn

z

)2

+
η

(1− η)

(
Cz,t − Cn

z
Cn

z

)(
Cz,t−1 − Cn

z
Cn

z

)
− 1

2
η2

(1− η)

(
Cz,t−1 − Cn

z
Cn

z

)2

+ ζc,t

(
Cz,t − Cn

z
Cn

z

)
− ηζc,t

(
Cz,t−1 − Cn

z
Cn

z

)
− η

(1− η)
ζz,t

(
Cz,t − Cn

z
Cn

z

)
+

η

(1− η)
ζz,t

(
Cz,t−1 − Cn

z
Cn

z

)]
+ t.i.p +O(||ζ||3),
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where t.i.p stands for terms independent of policy.

Then, using
Cz,t − Cn

z
Cn

z
= c̃z,t +

1
2

c̃2
z,t +O(||ζ||3)

we obtain

eζc,tU(Cz,t − ηCz,t−1e−ζz,t) =
1

1− η

[
c̃z,t − ηc̃z,t−1 +

1
2
(c̃2

z,t − ηc̃2
z,t−1)

− 1
2

1
1− η

c̃2
z,t +

η

1− η
c̃z,t c̃z,t−1 −

1
2

η2 1
1− η

c̃2
z,t−1

+ ζc,t(c̃z,t − ηc̃z,t−1)−
η

1− η
ζz,t(c̃z,t − c̃z,t−1)

]
+ t.i.p +O(||ζ||3),

Using

ϕ−1 = (1− βη)(1− η)

we obtain

eζc,tU(Cz,t − ηCz,t−1e−ζz,t) =
1

1− η

[
ỹz,t − ηỹz,t−1 +

1
2
(ỹ2

z,t − ηỹ2
z,t−1)

− 1
2
(1− βη)ϕỹ2

z,t + η(1− βη)ϕỹz,tỹz,t−1 −
1
2

η2(1− βη)ϕỹ2
z,t−1

+ ζc,t(ỹz,t − ηỹz,t−1)− η(1− βη)ϕζz,t(ỹz,t − ỹz,t−1)

]
+ t.i.p +O(||ζ||3),

where we imposed the equilibrium condition on the goods market.

Similarly, taking a second-order approximation of labor disutility in the neighborhood of the natural

steady-state Nn yields

χ

1 + ν
eζh,t(Nt(h))1+ν = χ(Nn)1+ν

(
Nt(h)− Nn

Nn

)
+

1
2

χν(Nn)1+ν

(
Nt(h)− Nn

Nn

)2

+ χ(Nn)1+ν

(
Nt(h)− Nn

Nn

)
ζh,t + t.i.p +O(||ζ||3).

Now, using
Nt(h)− Nn

Nn = ñt(h) +
1
2

ñt(h)2 +O(||ζ||3)

we get

χ

1 + ν
eζh,t(Nt(h))1+ν = χ(Nn)1+ν

[
ñt(h) +

1
2
(1 + ν)ñt(h)2 + ñt(h)ζh,t

]
+ t.i.p +O(||ζ||3).

Integrating over the set of labor types, one gets∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh = χ(Nn)1+ν

[
Eh{ñt(h)}+

1
2
(1+ ν)Eh{ñt(h)2}+Eh{ñt(h)}ζh,t

]
+ t.i.p+O(||ζ||3).
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Now, since

Vh{ñt(h)} = Eh{ñt(h)2} −Eh{ñt(h)}2

the above relation rewrites

∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh = χ(Nn)1+ν

[
Eh{ñt(h)}+

1
2
(1 + ν)(Vh{ñt(h)}+ Eh{ñt(h)}2)

+ Eh{ñt(h)}ζh,t

]
+ t.i.p +O(||ζ||3).

We need to express Eh{ñt(h)} and Vh{ñt(h)} in terms of the aggregate variables. To this end, we first

establish a series of results, on which we draw later on.

L.2 Aggregate Labor and Aggregate Output

Notice that
θw − 1

θw
ñt = log

(∫ 1

0

(
Nt(h)

Nn

)(θw−1)/θw

dh

)
.

Then, applying lemma 1, one obtains

ñt = Eh{ñt(h)}+
1
2

θw

θw − 1
Eh

{(
Nt(h)

Nn

) θw−1
θw

}−2

Vh

{(
Nt(h)

Nn

) θw−1
θw

}
+O(||ζ||3).

Then, notice that

Vh

{(
Nt(h)

Nn

) θw−1
θw

}
= Vh

{
exp

[
(1− θ−1

w ) log
(

Nt(h)
Nn

)]}
so that, by applying lemma 2, one obtains

Vh

{(
Nt(h)

Nn

) θw−1
θw

}
= (1− θ−1

w )2 exp
(
(1− θ−1

w )Eh{ñt(h)}
)2

Vh{ñt(h)}+O(||ζ||3).

Similarly

Eh

{(
Nt(h)

Nn

) θw−1
θw

}
= Eh

{
exp

[
(1− θ−1

w )ñt(h)
]}

so that, by applying lemma 1 once more, one obtains

Eh

{(
Nt(h)

Nn

) θw−1
θw

}
= exp

[
(1− θ−1

w )Eh{ñt(h)}
] (

1 +
1
2
(1− θ−1

w )2Vh{ñt(h)}
)
+O(||ξ||3).

Then combining the previous results

ñt = Eh{ñt(h)}+
1
2

1
1− θ−1

w

(1− θ−1
w )2Vh{ñt(h)}(

1 + 1
2 (1− θ−1

w )2Vh{ñt(h)}
)2 +O(||ζ||3).
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It is convenient to define

∆h,t ≡ Vh{ñt(h)}

so that finally

ñt = Eh{ñt(h)}+ Q0,h +
1− θ−1

w
2

Q1,h(∆h,t − ∆n) +O(||ζ||3).

where we defined

Q0,h =
1−θ−1

w
2 ∆n[

1 + 1
2 (1− θ−1

w )2∆n

]2

and

Q1,h =
1− 1

2 (1− θ−1
w )2∆n[

1 + 1
2 (1− θ−1

w )2∆n

]3

Applying the same logic on output and defining

∆y,t ≡ V f {ỹt( f )}

one gets

ỹz,t = E f {ỹz,t( f )}+ Q0,y +
1− θ−1

p

2
Q1,y(∆y,t − ∆y) +O(||ζ||3).

where we defined

Q0,y =

1−θ−1
p

2 ∆y[
1 + 1

2 (1− θ−1
p )2∆y

]2

and

Q1,y =
1− 1

2 (1− θ−1
p )2∆y[

1 + 1
2 (1− θ−1

p )2∆y

]3

Then recall that

Nt =
∫ 1

0
Lt( f )d f =

∫ 1

0
Yz,t( f )φd f

which implies
Nt

Nn =
∫ 1

0

(
Yz,t( f )

Yn
z

)φ

d f

where we used Nn = (Yn
z )

φ.

This relation rewrites

ñt = log

(∫ 1

0

(
Yz,t( f )

Yn
z

)φ

d f

)
This expression is of the form

ñt = log

(
E f

{(
Yz,t( f )

Yn
z

)φ
})

.

Using lemmas 1 and 2, we obtain the following three approximations

ñt = E f {φ(ỹz,t( f )− zt)}+
1
2

V f

{(
Yz,t( f )

Yn
z

)φ
}

(
E f

{(
Yz,t( f )

Yn
z

)φ
})2 +O(||ζ||3),
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V f

{(
Yz,t( f )

Yn
z

)φ
}

= φ2 [exp [φE{ỹz,t( f )}]]2 V f {ỹz,t( f )}+O(||ζ||3),

E f

{(
yz,t( f )

yn
z

)φ
}

= exp [φE{ỹz,t( f )}]
(

1 +
1
2

φ2V f {ỹz,t( f )}
)
+O(||ζ||3).

Combining these expressions as before yields

ñt = φE f {ỹz,t( f )}+ 1
2

φ2 V f {ỹz,t( f )}(
1 + 1

2 φ2V f {ỹz,t( f )}
)2 +O(||ζ||3).

We finally obtain

ñt = φE f {ỹz,t( f )}+ P0,y +
1
2

φ2P1,y(∆y,t − ∆y) +O(||ζ||3),

where we used

V f {ỹz,t( f )}(
1 + 1

2 φ2V f {ỹz,t( f )}
)2 =

∆y(
1 + 1

2 φ2∆y
)2 +

1− 1
2 φ2∆y(

1 + 1
2 φ2∆y

)3 (∆y,t − ∆y) +O(||ζ||3)

and defined

P0,y =
1
2 φ2∆y(

1 + 1
2 φ2∆y

)2

and

P1,y =
1− 1

2 φ2∆y(
1 + 1

2 φ2∆y
)3

L.3 Aggregate Price and Wage Levels

The aggregate price index is

P1−θp
t =

(∫ 1

0
Pt( f )1−θp d f

)
and the aggregate wage index is

W1−θw
t =

(∫ 1

0
Wt(h)1−θw dh

)
.

From lemma 1 and the definitions of Pt and Wt, we obtain

pt = E f {pt( f )}+ 1
2

1
1− θp

V f {Pt( f )1−θp}
E f {Pt( f )1−θp}2

+O(||ζ||3),

and

wt = Eh{wt(h)}+
1
2

1
1− θw

Vh{Wt(h)1−θw}
Eh{Wt(h)1−θw}2 +O(||ζ||3).

Then, from lemma 2, we obtain

V f {Pt( f )1−θp} = V f {exp[(1− θp)pt( f )]}

= (1− θp)
2 exp[(1− θp) p̄t]

2∆p,t +O(||ζ||3),
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and

Vh{Wt(h)1−θw} = Vh{exp[(1− θw)wt(h)]}

= (1− θw)
2 exp[(1− θw)w̄t]

2∆w,t +O(||ζ||3),

where we defined

p̄t = E f {pt( f )}, w̄t = Eh{wt(h)},

∆p,t = V f {pt( f )}, ∆w,t = Vh{wt(h)}.

Applying lemma 1 once again, we obtain

E f {Pt( f )1−θp} = E f {exp[(1− θp)pt( f )]}

= exp[(1− θp) p̄t]

(
1 +

1
2
(1− θp)

2∆p,t

)
and

Eh{Wt(h)1−θw} = Eh{exp[(1− θw)wt(h)]}

= exp[(1− θw)w̄t]

(
1 +

1
2
(1− θw)

2∆w,t

)
Combining these relations, we obtain

pt = p̄t +
1
2

(1− θp)∆p,t[
1 + 1

2 (1− θp)2∆p,t
]2 +O(||ζ||3),

and

wt = w̄t +
1
2

(1− θw)∆w,t[
1 + 1

2 (1− θw)2∆w,t
]2 +O(||ζ||3).

Thus

pt = p̄t + Q0,p +
1− θp

2
Q1,p(∆p,t − ∆p) +O(||ζ||3),

and

wt = w̄t + Q0,w +
1− θw

2
Q1,w(∆w,t − ∆w) +O(||ζ||3).

where we defined

Q0,p =

1−θp
2 ∆p[

1 + 1
2 (1− θp)2∆p

]2 , Q0,w =
1−θw

2 ∆w[
1 + 1

2 (1− θw)2∆w
]2

and

Q1,p =
1− 1

2 (1− θp)2∆p[
1 + 1

2 (1− θp)2∆p
]3 , Q1,w =

1− 1
2 (1− θw)2∆w[

1 + 1
2 (1− θw)2∆w

]3
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Remark that the constant terms in the second-order approximation of the log-price index can be rewrit-

ten as

Q0,p −
1− θp

2
Q1,p∆p =

1
2

(1− θp)3∆2
p[

1 + 1
2 (1− θp)2∆p

]3 .

Finally, using the demand functions, one obtains

ỹz,t( f ) = −θp[pt( f )− pt] + ỹz,t,

ñt(h) = −θw[wt(h)− wt] + ñt,

from which we deduce that

∆y,t = θ2
p∆p,t

and

∆h,t = θ2
w∆w,t.

L.4 Price and Wage Dispersions

We now derive the law of motion of price dispersion. Notice that

∆p,t = V f {pt( f )− p̄t−1}

Immediate manipulations of the definition of the cross-sectional mean of log-prices yield

p̄t − p̄t−1 = αpγpπt−1 + (1− αp)[p?t − p̄t−1]. (L.1)

Then, the classic variance formula yields

∆p,t = E f {[pt( f )− p̄t−1]
2} − [E f {pt( f )− p̄t−1}]2

Using this, we obtain

∆p,t = αpE f {[pt−1( f )− p̄t−1 + γpπt−1]
2}+ (1− αp)[p?t − p̄t−1]

2 − [ p̄t − p̄t−1]
2

Notice that

(1− αp)[p?t − p̄t−1]
2 − [ p̄t − p̄t−1]

2

= (1− αp)

[
1

1− αp
( p̄t − p̄t−1)−

αp

1− αp
γpπt)

]2

− [ p̄t − p̄t−1]
2

=
αp

1− αp
[ p̄t − p̄t−1 − γpπt]

2 − αp[γpπt]
2
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Using this in the above equation yields

∆p,t = αpE f {[pt−1( f )− p̄t−1 + γpπt]
2} − αp[γpπt]

2 +
αp

1− αp
[ p̄t − p̄t−1 − γpπt]

2

Now, notice also that

αpE f {[pt−1( f )− p̄t−1]
2} = αpE f {[pt−1( f )− p̄t−1 + γpπt]

2} − αp[γpπt]
2

It then follows that

∆p,t = αpE f {[pt−1( f )− p̄t−1]
2}+

αp

1− αp
[ p̄t − p̄t−1 − γpπt]

2

Hence

∆p,t = αp∆p,t−1 +
αp

1− αp
[ p̄t − p̄t−1 − γpπt]

2

Using

pt = p̄t + Q0,p +
1− θp

2
Q1,p(∆p,t − ∆p) +O(||ζ||3),

we obtain

p̄t − p̄t−1 = πt −
1− θp

2
Q1,p(∆p,t − ∆p,t−1) +O(||ζ||3).

Hence

∆p,t = αp∆p,t−1 +
αp

1− αp

[
πt −

1− θp

2
Q1,p(∆p,t − ∆p,t−1)− γpπt−1

]2

+O(||ζ||3).

The steady-state value of ∆p is thus

∆p =
(1− γp)2αp

(1− αp)2 π2

We obtain finally

∆p,t = αp∆p,t−1 +
αp

1− αp

[
(1− γp)π + π̂t − γpπ̂t−1 −

1− θp

2
Q1,p(∆p,t − ∆p,t−1)

]2
+O(||ζ||3).

For sufficiently small π, price dispersion ∆p,t is second-order.

We now derive the law of motion of wage dispersion. Following similar steps as for price dispersion,

notice that

∆w,t = Vh{wt(h)− w̄t−1}

Immediate manipulations of the definition of the cross-sectional mean of log-wages yield

w̄t − w̄t−1 = αw(γzµz + γwπt−1) + (1− αw)[w?
t − w̄t−1]. (L.2)

Then, the classic variance formula yields

∆w,t = Eh{[wt(h)− w̄t−1]
2} − [Eh{wt(h)− w̄t−1}]2
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Using this, we obtain

∆w,t = αwEh{[wt−1(h)− w̄t−1 + γzµz + γwπt−1]
2}+ (1− αw)[w?

t − w̄t−1]
2 − [w̄t − w̄t−1]

2

Notice that

w?
t − w̄t−1 =

1
1− αw

(w̄t − w̄t−1)−
αw

1− αw
[γzµz + γwπt]

so that

(1− αw)[w?
t − w̄t−1]

2 − [w̄t − w̄t−1]
2

= (1− αw)
[ 1

1− αw
(w̄t − w̄t−1)−

αw

1− αw
[γzµz + γwπt]

]2
− [w̄t − w̄t−1]

2

=
αw

1− αw

[
w̄t − w̄t−1 − [γzµz + γwπt]

]2
− αw[γzµz + γwπt]

2

Using this in the above equation yields

∆w,t = αwEh{[wt−1(h)− w̄t−1 + γzµz + γwπt]
2}

− αw[γw log(1 + πt)]
2 +

αw

1− αw

[
w̄t − w̄t−1 − [γzµz + γwπt]

]2

Now, notice also that

αwEh{[wt−1(h)− w̄t−1]
2} = αwEh{[wt−1(h)− w̄t−1 + γzµz + γwπt]

2} − αw[γzµz + γwπt]
2

It then follows that

∆w,t = αwEh{[wt−1(h)− w̄t−1]
2}+ αw

1− αw

[
w̄t − w̄t−1 − [γzµz + γpπt]

]2

Hence

∆w,t = αw∆w,t−1 +
αw

1− αw

[
w̄t − w̄t−1 − [γzµz + γwπt]

]2

which, in turn, implies

∆w,t = αw∆w,t−1 +
αw

1− αpw
[w̄t − w̄t−1 − γzµz − γwπt−1]

2 .

Using

wt = w̄t + Q0,w +
1− θw

2
Q1,w(∆w,t − ∆w) +O(||ζ||3),

we obtain

w̄t − w̄t−1 = πw,t −
1− θw

2
Q1,w(∆w,t − ∆w,t−1) +O(||ζ||3).

Hence

∆w,t = αw∆w,t−1 +
αw

1− αw

[
πw,t −

1− θw

2
Q1,w(∆w,t − ∆w,t−1)

− γzµz − γwπt−1

]2

+O(||ζ||3).
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The steady-state value of ∆w is thus

∆w =
αw

(1− αw)2 [(1− γz)µz + (1− γw)π]2

We obtain finally

∆w,t = αw∆w,t−1 +
αw

1− αw

[
(1− γz)µz + (1− γw)π + π̂w,t − γwπ̂t−1

− 1− θw

2
Q1,w(∆w,t − ∆w,t−1)

]2
+O(||ζ||3).

For sufficiently small π and µz, wage dispersion ∆w,t is second-order.

Because the steady-state value of ∆p is of second-order, many of the expressions previously derived

considerably simplify. In particular, we now obtain

pt = p̄t +
1− θp

2
∆p,t +O(||ζ, π||3),

wt = w̄t +
1− θw

2
∆w,t +O(||ζ, π||3), ).

Now, because ∆y and ∆n are proportional to ∆p and ∆w, respectively, and because ∆p and ∆w are both

proportional to π2, we also obtain

ñt = Eh{ñt(h)}+
1− θ−1

w
2

∆h,t +O(||ζ, π||3),

ñt = φ(E f {ỹz,t( f )} − zt) +
1
2

φ2∆y,t +O(||ζ, π||3),

ỹt = E f {ỹt( f )}+
1− θ−1

p

2
∆y,t +O(||ζ, π||3), ).

Thus, for sufficiently small inflation rates, we obtain formulas resembling those derived in ?.

Finally, price and wage dispersions rewrite

∆p,t = αp∆p,t−1 +
αp

1− αp

[
(1− γp)π + π̂t − γpπ̂t−1

]2
+O(||ζ, π||3), ).

∆w,t = αw∆w,t−1 +
αw

1− αw

[
(1− γz)µz + (1− γw)π + π̂w,t − γwπ̂t−1

]2
+O(||ζ, π||3), ).
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L.5 Combining the Results

Combining the previous results, we obtain∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh = χ(Nn)1+ν

[
ñt +

1
2
(1 + ν)ñ2

t + ñtζh,t

+
1
2
(1 + νθw)θw∆w,t

]
+ t.i.p +O(||ζ, π||3), ).

In turn, we have

ñt = φỹt +
1
2

φ[(φ− 1)θp + 1]θp∆p,t +O(||ζ, π||3),

so that∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh = φχ(Nn)1+ν

[
(ỹt − zt) +

1
2
(1 + ν)φỹ2

t + ỹtζh,t

+
1
2
[(φ− 1)θp + 1]θp∆p,t +

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ζ, π||3), ).

Then, using

(1−Φ)
1− βη

1− η
= φχ(Nn)1+ν,

where we defined

1−Φ ≡ 1 + τw

µw

1 + τp

µp
,

we obtain

E0

∞

∑
t=0

βt
{∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh

}
=

(1−Φ)
1− βη

1− η
E0

∞

∑
t=0

βt
[
ỹt +

1
2
(1 + ν)φỹ2

t + ỹtζh,t

+
1
2
[(φ− 1)θp + 1]θp∆p,t +

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ζ, π||3), ).

Assuming the distortions are themselves negligible, this simplifies further to

E0

∞

∑
t=0

βt
{∫ 1

0

χ

1 + ν
eζh,t(Nt(h))1+νdh

}
=

1− βη

1− η
E0

∞

∑
t=0

βt
[
(1−Φ)ỹt +

1
2
(1 + ν)φỹ2

t + ỹtζh,t

+
1
2
[(φ− 1)θp + 1]θp∆p,t +

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ζ, π||3), ).

We now deal with the first term in the utility function. To that end, notice that

∞

∑
t=0

βtat−1 = a−1 + β
∞

∑
t=0

βt−1at−1 = a−1 + β
∞

∑
t=0

βtat.
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Using this trick, we obtain

E0

∞

∑
t=0

βteζc,t log(Cz,t − ηCz,t−1e−ζz,t) =
1− βη

1− η
E0

∞

∑
t=0

βt

[
ỹz,t −

1
2
[ϕ(1 + βη2)− 1]ỹ2

z,t + ηϕỹz,tỹz,t−1

+ ϕĝtỹz,t − ηϕζ∗z,tỹz,t

]
+ t.i.p +O(||ζ||3),

where we defined

ϕ−1 ≡ (1− βη)(1− η),

ĝt = (1− η)(ζc,t − βηEt{ζc,t+1}),

so that

(1− βη)ϕĝt ≡ (ζc,t − βηEt{ζc,t+1}).

and

ζ∗z,t = ζz,t − βEt{ζz,t+1}

Combining terms, we obtain

U0 =
1− βη

1− η
E0

∞

∑
t=0

βt

[
Φỹz,t −

1
2
[ϕ(1 + βη2) + ω]ỹ2

z,t + ηϕỹz,tỹz,t−1

+ (ϕĝt − ζh,t − ϕηζ∗z,t)ỹz,t

− 1
2
[(φ− 1)θp + 1]θp∆p,t −

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ζ||3),

where, as defined earlier

ω = (1 + ν)φ− 1

Now, recall that

[ϕ(1 + βη2) + ω]ŷn
z,t − ϕβηEt

{
ŷn

z,t+1
}
− ϕηŷn

z,t−1 = ϕĝt − ζh,t − ϕηζ∗z,t

Using this above yields

U0 =
1− βη

1− η
E0

∞

∑
t=0

βt

[
Φỹz,t −

1
2
[ϕ(1 + βη2) + ω]ỹ2

z,t + ηϕỹz,tỹz,t−1

+ [ϕ(1 + βη2) + ω]ŷn
z,tỹz,t − ϕβηŷn

z,t+1ỹz,t − ϕηŷn
z,t−1ỹz,t

− 1
2
[(φ− 1)θp + 1]θp∆p,t −

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ζ||3),
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U0 =
1− βη

1− η
E0

∞

∑
t=0

βt

[
Φỹt −

1
2
[ϕ(1 + βη2) + ω]ỹ2

t + ηϕỹtỹt−1

+ [ω + ϕ(1 + βη2)]ŷn
t ỹt − ϕβηŷn

t+1ỹt − ϕηŷn
t−1ỹt

− 1
2
[(φ− 1)θp + 1]θp∆p,t −

1
2
(1 + νθw)φ

−1θw∆w,t

]
+ t.i.p +O(||ξ, π||3)

To simplify this expression, we seek constant terms δ0, δ and x? such that

E0

∞

∑
t=0

βt

{
− 1

2
δ0[(ỹt − ŷn

t )− δ(ỹt−1 − ŷn
t−1)− x?]2

}

= E0

∞

∑
t=0

βt

[
Φỹt −

1
2
[ϕ(1 + βη2) + ω]ỹ2

t + ηϕỹtỹt−1

+ [ω + ϕ(1 + βη2)]ỹtŷn
t − ϕβηỹtŷn

t+1 − ϕηỹtŷn
t−1

]
+ t.i.p

Developing yields

− δ0

2

[
(ỹt − ŷn

t )− δ(ỹt−1 − ŷn
t−1)− x∗

]2

= −1
2

δ0ỹ2
t + δ0ỹtŷn

t + δ0δỹtỹt−1 − δ0δỹtŷn
t−1 − δ0δỹt−1ŷn

t

− 1
2

δ0δ2ỹ2
t−1 + δ0δ2ỹt−1ŷn

t−1 + δ0(ỹt − δỹt−1)x̂∗ + t.i.p

Thus

E0

∞

∑
t=0

βt

{
− δ0

2
[(ỹt − ŷn

t )− δ(ỹt−1 − ŷn
t−1)− x∗]2

}

= E0

∞

∑
t=0

βt

{
δ0(1− βδ)x̂∗ỹt −

1
2

δ0(1 + βδ2)ỹ2
t + δ0δỹtỹt−1

+ δ0(1 + βδ2)ỹtŷn
t − δ0δỹtŷn

t−1 − δ0δβỹtŷn
t+1

}
+ t.i.p

Identifying term by term, we obtain

δ0(1− βδ)x∗ = Φ,

δ0(1 + βδ2) = [ω + ϕ(1 + βη2)],

δ0δ = ηϕ,
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Recall that the steady-state subsidy rates τp and τw are chosen to neutralize markups. Then, it follows that

Φ = x∗ = 0.

Combining these relations, we obtain

ηδ2 − ω + ϕ)(1 + βη2)

βϕ
δ + ηβ−1 = 0,

or equivalently

P(κ) = β−1κ2 − χκ + η2 = 0,

where

κ =
η

δ
,

χ =
ω + ϕ(1 + βη2)

βϕ
> 0.

Notice that

P(0) = η2 > 0,

P(1) = − ω

βϕ
< 0

so that the two roots of P(κ) = 0 obey

0 < κ1 < 1 < κ2.

In the sequel, we focus on the larger root and define

κ = κ2 =
β

2

(
χ +

√
χ2 − 4η2β−1

)
> 1.

Since δ = η/κ, we have

0 ≤ δ ≤ η < 1.

Thus, given the obtained value for κ, we can deduce δ from which we can compute δ0.

We thus obtain

U0 = −1− βη

1− η
E0

∞

∑
t=0

βt

{
δ0

2
[(ỹt − ŷn

t )− δ(ỹt−1 − ŷn
t−1)− x∗]2

+
1
2
[(φ− 1)θp + 1]θp∆p,t +

1
2
(1 + νθw)φ

−1θw∆w,t

}
+ t.i.p +O(||ζ, π||3), )

The last step consists in expressing price and wage dispersions in terms of squared price and wage

inflations.

Recall that

∆p,t = αp∆p,t−1 +
αp

1− αp

[
(1− γp)π + π̂t − γpπ̂t−1

]2
+O(||ζ, π||3), ).
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Iterating backward on this formula yields

∆p,t =
αp

1− αp

t

∑
s=0

αt−s
p [(1− γp)π + π̂s − γpπ̂s−1]

2 + t.i.p +O(||ζ, π||3), ).

It follows that

∞

∑
t=0

βt∆p,t =
αp

(1− αp)(1− βαp)

∞

∑
t=0

βt[(1− γp)π + π̂t − γpπ̂t−1]
2 + t.i.p +O(||ζ, π||3), ).

and by the same line of reasoning

∞

∑
t=0

βt∆w,t =
αw

(1− αw)(1− βαw)

∞

∑
t=0

βt[(1− γz)µz + (1− γw)π + π̂w,t − γwπ̂t−1]
2 + t.i.p +O(||ζ, π||3), ).

Thus, defining

λy ≡ δ0

λp ≡
αpθp[(φ− 1)θp + 1]
(1− αp)(1− βαp)

λw ≡
αwφ−1θw(1 + νθw)

(1− αw)(1− βαw)

Using this and recalling that x∗ = 0, the second order approximations to welfare rewrites

U0 = −1
2

1− βη

1− η
E0

∞

∑
t=0

βt
{

λy[x̂t − δx̂t−1 + (1− δ)x̄]2 + λp[(1− γp)π + π̂t − γpπ̂t−1]
2

+ λw[(1− γz)µz + (1− γw)π + π̂w,t − γwπ̂t−1]
2
}
+ t.i.p +O(||ζ, π||3),

where we defined

x̂t ≡ ŷt − ŷn
t

x̄ ≡ log
(

Yz

Yn
z

)
.
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