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ABSTRACT. We confront a variety of medium-scale regime-switching DSGE mod-
els against U.S. macroeconomic time series data. Our goal is to employ a unified
Bayesian framework for these models to test empirical evidence of regime changes
in the Federal Reserve’s inflation target in the post-war period when heteroscedastic

shock disturbances are properly taken into account.

I. INTRODUCTION

This paper aims to contribute to a recently active line of research that analyzes the
evolution of monetary policy and its potential effects on the economy. Using a small
DSGE model, Clarida, Gali, and Gertler (2000), Lubik and Schorfheide (2004), and
Boivin and Giannoni (2006), among others, find that the U.S. monetary policy rule has
switched significantly for the better from the pre-Volcker regime to the post-Volcker
regime. On the other hand, Stock and Watson (2003) report that it is hard to detect
direct evidence of changes in reduced-form coefficients in their loosely parameterized
time-series models. In line with the finding by Stock and Watson (2003), Canova
and Gambetti (2004), Cogley and Sargent (2005), and Primiceri (2005) also document
small drifts in their vector autoregression (VAR) coefficients. By explicitly identifying
different monetary policy regimes, moreover, Sims and Zha (2006) find that once het-
eroscedasticity in shock variances is properly accounted for, the data no longer favor
changes in monetary policy or changes in other parts of the economy.’

Date: November 11, 2007.
Key words and phrases. Macroeconomic volatility, regime switches, structural approach, Bayesian

estimation.

JEL classification: E32, E42, E52.

All empirical results are preliminary and tentative. This draft is prepared for the November
2007 Barcelona conference on “How Much Structure in Empirical Models” organized by Fabio Canova
and sponsored by CREI, CSIC, ECB, and AMEN. We thank Eric Wang for his research assistance on
cluster computing in the Linux operating system. The views expressed herein are those of the authors
and do not necessarily reflect the views of the Federal Reserve Bank of Atlanta or the Federal Reserve
System.

See Leeper and Zha (2003) for other evidence.
1



HAS THE FEDERAL RESERVE’S INFLATION TARGET CHANGED? 2

The Sims and Zha (2006) results lend support to a vast amount of monetary policy
research using dynamic stochastic general equilibrium (DSGE) models based on the
assumption that the response coefficients in the monetary policy rule remain constant
over time. Their results suggest that if one allows for a richer, more loosely parameter-
ized structure, the model is less likely to favor changes in U.S. monetary policy. Indeed,
Smets and Wouters (2007) and Justiniano and Primiceri (2006) use DSGE models (that
are considerably larger than a standard small DSGE model) to show that there is little
evidence of changes in the response coefficients in U.S. monetary policy by splitting
the sample into two sub-samples, the pre-Volcker and post-Volcker periods. Arguably,
a splitting of the sample ignores the expectation effects that agents anticipate future
changes in monetary policy. In a recent work, however, Liu, Waggoner, and Zha (2007)
show that if one allows economic agents in a DSGE model to take changes in the policy
coefficients into account in their expectation formation, it is even harder to obtain the
effects of such policy changes on macroeconomic volatility.

While all these findings support the assumption that the response coefficients in
monetary policy have not changed much, it does not mean that monetary policy has
not changed in other forms. In an important paper, Schorfheide (2005) finds strong
evidence of regime switches in the U.S. inflation target even if variances of policy shocks
are allowed to change regimes. Furthermore, he shows that by allowing regime switches
in the target, the probability for the estimated inflation coefficient in the Taylor rule
to lie below one (corresponding to a dovish monetary policy regime) is less than 10%.
Since the work of Schorfheide (2005) is based on a simple, small DSGE model, a crucial
question is whether his findings continue to hold when one allows for a richer structure
in DSGE modeling. If regime switches in the inflation target turn out to be empirically
important in a larger DSGE model, one needs to take explicit account of such changes.

To this end, we study a large set of variations of our DSGE model by accomplishing
a sequence of three tasks. First, we construct a medium-scale DSGE model along
the line of Altig, Christiano, Eichenbaum, and Linde (2004) and Smets and Wouters
(2007). We choose such a medium-scale model over the small-scale New-Keynesian
model commonly used in the literature because it pushes the limits of usefulness of
DSGE modeling and such a medium-scale model seems necessary to fit the data well
(Guerron-Quintana, 2007). Second, we extend our constant-parameter DSGE model
by allowing shock variances to follow a Markov-switching process. A recent work by
Justiniano and Primiceri (2006) introduces time-varying shock volatilities into a DSGE

model and finds an important role of volatility changes in explaining the reduction of
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macroeconomic volatility. Third, we allow the inflation target to switch regime over
time in addition to heteroblastic shock variances. As implied by Schorfheide (2005),
with the inflation target switching regime, the model is likely to rely less on shock
volatilities to generate the 1970s observations of the dynamics of inflation, output,
and other macroeconomic variables.” Unlike Sims and Zha (2006) where the number
of policy coefficients is relatively large, our way of modeling policy changes gives a
tightly parameterized model that has the best potential to find the importance of
policy changes in the presence of heteroscedastic variances if it exists.

We believe that this line of research represents a necessary and important step to
understand both the nature of disturbances responsible for changes in macroeconomic
volatility and the source of changes in monetary policy. It also helps to resolve the
uncertainty about the importance of regime changes in the inflation target in light of
the work by Schorfheide (2005). Above all, it enables us to study all these models in a
unified, coherent Bayesian framework in which each model is evaluated by its marginal
likelihood. Our framework is flexible because regime switches can apply to shock vari-
ances and inflation targets simultaneously or we can let a regime-switching process for
variances be modeled independently of a regime-switching process for targets, as shown
by Sims, Waggoner, and Zha (2006). We can also make a regime switch permanent
(by making one of the regimes an absorbing state) to test for evidence of a once-for-all
change in the inflation target or in shock variances or both.

While our framework is flexible, the resulting models are complex and push the limits
of what our computational and analytical capacity can handle. The posterior density
function is extremely non-Gaussian, making it difficult to find the posterior peak. The
posterior peak in turn is important as a starting point for initializing an efficient MCMC
algorithm. The results we report in this draft of the paper are incomplete at this stage,
because of the extended computing time required by our analysis.

Nonetheless, our preliminary results so far show that allowing for such heteroscedas-
ticity in shock variances improves the model’s fit considerably, as found in Sims and
Zha (2006). We measure this improvement by likelihood (multiplied by the prior) val-
ues. We report our results and point out some identification issues related to DSGE

models.

2Econometrically, Choi (2002) and Beyer and Farmer (2005) argue that allowing regime shifts can

potentially aid identification of other parameters in the model.
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II. RELATION TO OTHER LITERATURE

There are two strands of literature that are relevant to our work. One strand is
related to medium-scale DSGE modelling with no regime switching. Besides the works
discussed in Introduction, works by Levin, Onatski, Williams, and Williams (2006)
and Del Negro, Schorfheide, Smets, and Wouters (2007) offer a useful reference for the
estimates of some key parameters in a DSGE monetary model.

The other strand emphasizes changes in the inflation target as a representation of
important shifts in the conduct of U.S. monetary policy. Favero and Rovelli (2003)
estimate a three-equation New Keynesian macroeconomic model and detect a one-
time shift in the inflation target around 1979 when Volcker became the Chairman of
the Federal Reserve System. Such a one-time shift represents a permanent regime
switch in the inflation target process, corresponding to a special (degenerate) case of
the regime-switching process studied in our paper. Erceg and Levin (2003) studies the
implications of agents’ inability to disentangle persistent and transitory shifts in the
Federal Reserve’s inflation target on the dynamics of inflation and output following
the Volcker disinflation. Ireland (2005) estimates a small New Keynesian monetary
model to draw inferences about the dynamic behaviors of the Federal Reserve’s in-
flation target and detects evidence of substantial time variations in the unobserved
target inflation rate. All these studies assume that shock variances remain constant
over time and there is no econometric study of how important changes in the target
are relative to shock volatilities in explaining the time series of macroeconomic vari-
ables. For reasons of feasibility and tractability, we follow these works and take regime
changes in the inflation target as an exogenous process.? Unlike these works, however,
we study a variety of medium-scale DSGE models to determine whether the Federal
Reserve’s inflation target in the post-war period has switched regimes in the presence

of heteroscedastic disturbances.

III. THE MODEL

The model economy is populated by a continuum of households, each endowed with
a unit of differentiated labor skill indexed by i € [0, 1]; and a continuum of firms, each
producing a differentiated good indexed by j € [0, 1]. The monetary authority follows

a feedback interest rate rule, under which the nominal interest rate is set to respond to

30ne exception is Sargent, Williams, and Zha (2006) who derive changes in the inflation target
endogenously in the context of a learning and escape model where the central bank has a misspecified

model.
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its own lag and deviations of inflation and output from their targets. The policy regime
sy represented by the time-varying inflation target switches between a finite number of
regimes contained in the set §, with the Markov transition probabilities summarized
by the matrix @) = [¢;;], where ¢;; = Prob(s;41 = i|s; = j) for i,j € S. The economy
is buffeted by several sources of shocks. The variance of each shock switches between

a finite number of regimes denoted by s; € §* with the transition matrix Q* = [q;;].

III.1. The aggregation sector. The aggregation sector produces a composite labor
skill denoted by L; to be used in the production of each type of intermediate goods and a
composite final good denoted by Y; to be consumed by each household. The production
of the composite skill requires a continuum of differentiated labor skills {L;(¢)}:cjo1)
as inputs, and the production of the composite final good requires a continuum of

differentiated intermediate goods {Y;(j)},cpo,1] as inputs. The aggregation technologies

1 L A 1 N
L, = U Lt(i)mdi] , Y= U Yt(j)“wdj] , (1)
0 0

where f1,+ and 1, determine the elasticity of substitution between the skills and be-

are given by

tween the goods, respectively. Following Smets and Wouters (2007), we assume that

I prye = (1 = pu) I proy + poo I flp -1 + Owtut — PuOuw,t—18w,-1 (2)
and that

e = (1= pp) In gy + ppIn 11 + OprEpt — PpOpi-18ps-1, (3)
where, for j € {w,p}, p; € (—1,1) is the AR(1) coefficient, ¢; is the MA(1) coefficient,
o1t = 0j(s;) is the regime-switching standard deviation, and ¢, is an i.i.d. white noise
process with a zero mean and a unit variance. We interpret p,,, and p,; as the wage

markup and price markup shocks.
The representative firm in the aggregation sector faces perfectly competitive markets
for the composite skill and the composite good. The demand functions for labor skill
1 and for good j resulting from the optimizing behavior in the aggregation sector are

given by

Hawt

o - [0 ™ v - |22 T (@)
where the wage rate W, of the composite skill is related to the wage rates W3 (@) Faejo,
of the differentiated skills by W, = [ fol W, (i)Y (1_““)di] e and the price P, of the
composite good is related to the prices {F;(j)};cp) of the differentiated goods by

z L p (e gi]
P=[Jy RGO dj]
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IT11.2. The intermediate good sector. The production of a type j good requires

labor and capital inputs. The production function is given by
Yi(5) = Ze] () L (), (5)

where th (7) and L{ (7) are the inputs of capital and the composite skill, and A, is the
growth rate of the labor-augmenting technological change. The variable Z; denotes a

neutral technology shock, which follows a stationary process
In Zt = (1 - pz) InZ + Pz In Zt—l + O.4€2¢5 (6>

where p, € (—1,1) measures the persistence, o,; = 0,(s}) denotes the regime-switching
standard deviation, and ¢,; is an i.i.d. white noise process with a zero mean and a
unit variance. The parameters o; and o, measure the cost shares the capital and
labor inputs. Following Chari, Kehoe, and McGrattan (2000), we introduce some real
rigidity by assuming the existence of some firm-specific factors (such as land), so that
a1+ ag < 1.

Each firm in the intermediate-good sector is a price-taker in the input market and
a monopolistic competitor in the product market where it sets a price for its product,
taking the demand schedule in (4) as given. We follow Calvo (1983) and assume
that pricing decisions are staggered across firms. The probability that a firm cannot
adjust its price is given by &,. Following Woodford (2003), CEE (2005), and Smets
and Wouters (2007), we allow a fraction of firms that cannot re-optimize their pricing
decisions to index their prices to the overall price inflation realized in the past period.
Specifically, if the firm j cannot set a new price, its price is automatically updated

according to
Py(j) = w27 P (), (7)

where m, = P, /Pt,l is the inflation rate between ¢t — 1 and ¢, 7 is the steady-state
inflation rate, and ~, measures the degree of indexation.
A firm that can renew its price contract chooses P;(j) to maximize its expected

discounted dividend flows given by
Er ) & Dusil PG 1Y () = Vi (), (8)
i=0

where D, ;; is the period-t present value of a dollar in a future state in period ¢ + ¢,

Viyi(j) is the cost function, and the term x7,,; comes from the price-updating rule (7)
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and is given by

Xp — i}:lﬂ-;/ik_l’ﬂ'l_')/p le Z 1 (9)
t,t+1 1 lfz o

In maximizing its profit, the firm takes as given the demand schedule Y2,(j) =

Hp,t+i

Pt s\~ i — .- ..

M PptiT] Yi1i. The first order condition for the profit-maximizing problem
Py

yields the optimal pricing rule

— i L1 . .
E, Zéth,H—i}/tl—iH (J>M— [Np,f+z‘q)t+z' (J) — Pt(J)thJrJ =0, (10)
i=0

piti — 1
where @,,;(j) = OV;4:(4)/0Y,%,(j) denotes the marginal cost function. In the absence
of markup shocks, p,; would be a constant and (10) implies that the optimal price is
a markup over an average of the marginal costs for the periods in which the price will
remain effective. Clearly, if {, = 0 for all ¢, that is, if prices are perfectly flexible, then
the optimal price would be a markup over the contemporaneous marginal cost.

Cost-minimizing implies that the marginal cost function is given by

. o, = a W @ ‘11}“"2 . 1
06) = |5 eno () |7 v (1)

where & = a7 o, ** and ry; denotes the real rental rate of capital input. The condi-

tional factor demand functions imply that

_I/T/t _ Q2 th<.7)
Priy o1 Li(j)

, Vjelo1]. (12)

IT1.3. Households. There is a continuum of households, each endowed with a differen-
tiated labor skill indexed by h € [0,1]. Household h derives utility from consumption
and leisure. We assume that there exists financial instruments that provide perfect
insurance for the households in different wage-setting cohorts, so that the households
make identical consumption and investment decisions despite that their wage incomes
may differ due to staggered wage setting.* In what follows, we impose this assumption

and omit the household index for consumption and investment.

4To obtain complete risk-sharing among households in different wage-setting cohorts does not rely
on the existence of such (implicit) financial arrangements. As shown by Huang, Liu, and Phaneuf
(2004), the same equilibrium dynamics can be obtained in a model with a representative household
(and thus complete insurance) consisting of a large number of worker members. The workers supply
their homogenous labor skill to a large number of employment agencies, who transform the homogenous

skill into differentiated skills and set nominal wages in a staggered fashion.
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The utility function for household h € [0, 1] is given by

— v 1
E;ﬁ At{ln(Ct—thl)— L) +77}’ (13)

where 3 € (0,1) is a subjective discount factor, C; denotes consumption, L;(h) denotes
hours worked, 1 > 0 is the inverse Frish elasticity of labor hours, and b measures the
importance of habit formation. The variable A; denotes a preference shock, which

follows the stationary process
InA; =1 —ps) InA+ p,In Ay 1 + 0w, (14)

where p, € (—1,1) is the persistence parameter, o, = 0,(s;) is the regime-switching
standard deviation, and &, is an i.i.d. white noise process with a zero mean and a unit
variance.

In each period ¢, the household faces the budget constraint

_ P,
P,Cy + at[ft + a(ug) K1) + EtDy y11Biyg <
¢
Wt(h>L§l<h) + Ptrktuth_1 + Ht + Bt + E (15)

In the budget constraint, I; denotes investment, B;;; is a nominal state-contingent
bond that represents a claim to one dollar in a particular event in period ¢ + 1, and
this claim costs Dy ;41 dollars in period ¢; W;(h) is the nominal wage for h’s labor skill,
K;_1 is the beginning-of-period capital stock, u; is the utilization rate of capital, 1I;
is the profit share, and T} is a lump-sum transfer from the government. The function
a(uy) captures the cost of variable capital utilization. Following Altig, Christiano,
Eichenbaum, and Linde (2004) and Christiano, Eichenbaum, and Evans (2005), we
assume that a(u) is increasing and convex. The term @; denotes the investment-
specific technological change. Following Greenwood, Hercowitz, and Krusell (1997),
we assume that (); contains a deterministic trend and a stochastic component. In

particular,
Q= My, (16)

where )\, is the growth rate of the investment-specific technological change and ¢, is an

investment-specific technology shock, which follows a stationary process given by

Ing =1—p)Ing+p;Ingi—1 + ogeqe, (17)

where p, € (—1,1) is the persistence parameter, o, = 0,(s;) is the regime-switching

standard deviation, and €4 is an i.i.d. white noise process with a zero mean and a unit
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variance. The importance of investment-specific technological change is also docu-
mented in Fisher (2006) and Fernandez-Villaverde and Rubio-Ramirez (Forthcoming).

The capital stock evolves according to the law of motion
Kt - (1 - (5>Kt_1 + [1 - S(It/-[t—l)] -[t7 (].8)

where § € (0,1) denotes the depreciation rate of the capital stock. The function S(-)
represents the adjustment cost in capital accumulation. We assume that S(-) is convex
and satisfies S(AA.) = §'(AgA.) = 0, where A, = (A2 \02) a1

The household takes prices and all wages but its own as given and chooses Cy, I}, Ky,
ug, Biy1, and Wi(h) to maximize (13) subject to (15) - (18), the borrowing constraint
Bi11 > —B for some large positive number B, and the labor demand schedule L{(h)
described in (4).

The wage-setting decisions are staggered across households. In each period, a fraction
&, of households cannot re-optimize their wage decisions and, among those who cannot
re-optimize, a fraction =, of them index their nominal wages to the price inflation
realized in the past period. In particular, if the household A cannot set a new nominal

wage, its wage is automatically updated according to
Wy(h) = 77t = AW, 1 (). (19)

If a household h € [0, 1] can re-optimize its nominal wage-setting decision, it chooses
W(h) to maximize the utility subject to the budget constraint (15) and the labor
demand schedule in (4). The optimal wage-setting decision implies that

)

Ee Y &L Dyaily (h) (w4 M RSpi(h) — Wi(h)Xqa] = 0, (20)
=0

P tri — 1
where M RS;(h) denotes the marginal rate of substitution between leisure and income

for household h and x}’;,; is defined as

I _ e m Al if i > 1
W= = * 21
Xt t+i { 1 =0 ( )

In the absence of wage-markup shocks, p,,; would be a constant and (20) implies that
the optimal wage is a constant markup over a weighted average of the marginal rate
of substitution for the periods in which the nominal wage remains effective. If £, = 0,
then the nominal wage adjustments are flexible and (20) implies that the nominal wage

is a markup over the contemporaneous marginal rate of substitution.
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The optimal choice of bond holdings leads to the equilibrium relation

A Ueiv1 B

D = —
t,t+1 /6 AtUct Pt+1 Y

(22)

where U, denotes the marginal utility of consumption. This equation states that the
intertemporal marginal rate of substitution equals the price of the state contingent
bond. The return to the risk-free nominal bond, that is, the nominal interest rate is
then given by R, = [E;D; 1], Tt follows from (22) that

AU Ry }
1=pE : , 23
FE: l AUt Tip1 (23)
which is the intertemporal Euler equation for the risk-free nominal bond.
The optimal investment decision is described by
AtUct - / / 2
0, W 1= SAze) = AreS"(A1e)] + BEqr 415" (A1141) AT o415 (24)
t

where \j; = I,/1; 1 and gy, is the Lagrangian multiplier of the law of motion of capital
stock (18). The left hand side of the equation gives the marginal value of consuming
a unit of the final good (in terms of investment goods). The right hand side of the
equation gives the marginal value of investing the unit, which consists of the value of
the increased level of new capital net of adjustment cost and the expected present value
of reduced adjustment cost in the next period for having more capital in place.

The optimal capital accumulation rule is described by

a(uir1)

Qt—‘rl .

The cost of acquiring an extra unit of capital is qx; today. The benefit of having this

Gt = B(1 — 0)Erqrit1 + BEU 41 |Thpg1tesr — (25)

extra unit of capital consists of the discounted expected future re-sale value and the
rental value net of utilization cost.
The optimal choice of capital utilization rate is described by

a'(uy)

Qt = Tkt,
which equates the marginal cost (the left hand side) and the marginal benefit (the right

(26)

hand side) of increased utilization rate.

II1.4. The government and monetary policy. The government follows a Ricardian
fiscal policy, with its spending financed by lump-sum taxes so that P,G, = T}, where

(¢ denotes the government spending in final consumption units. We assume that the
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detrended government spending G, = % follows a stationary stochastic process given
by

InG, = (1—py) InG + pgIn Gy + TgtEgt + P20t (27)

where we follow Smets and Wouters (2007) and assume that the government spending
shock responds to productivity shocks.
Monetary policy is described by a feedback interest rate rule that allows the possi-

bility of regime switching in the inflation target. The interest rate rule is given by

( Tt )¢w }7‘%
T (5¢) '

where R; = [E;D; 1] denotes the nominal interest rate, 7*(s;) denotes the regime-

1—pr

Rt —_ /thpil eo"rtg'rt’ (28)

dependent inflation target, and Y; = Y, /AL denotes the detrended output. The constant
terms K, p,, ¢x, and ¢, are policy parameters. The term ¢,, denotes the monetary policy
shock, which follows an i.i.d. normal process with a zero mean and a unit variance. The
term o, = 0,(s}) is the regime-switching standard deviation of the monetary policy
shock. We assume that the seven shocks ey, €pt, €21, Eqt, Eats Ert, and €4 are mutually

independent.

II1.5. Market clearing and equilibrium. In equilibrium, markets for bond, com-
posite labor, capital stock, and composite goods all clear. Bond market clearing implies
that B; = 0 for all ¢. Labor market clearing implies that fol LI(j)dj = L,. Capital
market clearing implies that fol th (7)dj = w K;—1. Composite goods market clearing
implies that

1
Ct + a[[t + a(ut)Kt_l] + Gt = Y;, (29)
t

where aggregate output is related to aggregate primary factors through the aggregate
production function
Gpt}/;t = Zt(Uthfl)al ()\iLt)OQ, (30)
Hpt

1
with G = f01 (515(3—) FetT T2 1i measuring the price dispersion.

Given fiscal and monetary policy, an equiltbrium in this economy consists of prices

and allocations such that (i) taking prices and all nominal wages but its own as given,
each household’s allocation and nominal wage solve its utility maximization problem:;
(ii) taking wages and all prices but its own as given, each firm’s allocation and price
solve its profit maximization problem; (iii) markets clear for bond, composite labor,

capital stock, and final goods.
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IV. EQUILIBRIUM DYNAMICS

IV.1. Stationary equilibrium and the deterministic steady state. We focus on
a stationary equilibrium with balanced growth. On a balanced growth path, output,
consumption, investment, capital stock, and the real wage all grow at constant rates,
while hours remain constant. Further, in the presence of investment-specific techno-
logical change, investment and capital grow at a faster rate. To induce stationarity, we

transform variables so that

=Y s G

v W, ~ I ~ K

= — = - K: .
TR T QN

= )\_ia t = )‘_i7 Wy P )
Along the balanced growth path, as noted by Greenwood, Hercowitz, and Krusell

(1997), the real rental price of capital keeps falling since the capital-output ratio keeps
rising. The rate at which the rental price is falling is given by A,. Thus, the transformed
variable 7y, = (¢, that is, the rental price in consumption unit, is stationary. Further,
since consumption is growing at the rate \,, the marginal utility of consumption is
declining at the same rate, so we define Uct = Uy to induce stationarity.

The steady state in the model is the stationary equilibrium in which all shocks are
shut off, including the “regime shocks” to the inflation target. To derive the steady
state, we represent the finite Markov switching process with a vector AR(1) process

(Hamilton, 1994). Specifically, the inflation target can be written as
m(se) = [77(1), 7 (2)]es,, (31)
where 7*(j) is the inflation target in regime j € {1,2} and

| s =1}
| 1{s, =2}

with 1{s; = j} = 1 if s, = j and 0 otherwise. As shown in Hamilton (1994), the

random vector ey, follows an AR(1) process:

: (32)

St

es, = Qes, | + vy, (33)

where @ is the transition matrix of the Markov switching process and the innovation
vector has the property that E, 10, = 0. In the steady state, v, = 0 so that (33)
defines the ergodic probabilities for the Markov process and, from (31), the steady-
state inflation 7 is the ergodic mean of the inflation target. Given m, the derivations
for the rest of the steady-state equilibrium conditions are straightforward, as we show

in Appendix C.
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IV.2. Linearized equilibrium dynamics. To solve for the equilibrium dynamics,
we log-linearize the equilibrium conditions around the deterministic steady state. We
use a hatted variable z; to denote the log-deviations of the stationary variable X; from
its steady-state value (i.e., z; = In(X,;/X)).

Linearizing the optimal pricing decision rule implies that

Kp

ﬁ't — 7, 7ATt_1 == —7<,[J/ t + TflCt) + ﬁEt[ﬁ't—H -7 7?(-15]7 (34>
P 1+ ab, P b
where k), = (1—552(1—519)7 a = 1;?1;32, and
1
~ - - ~ oA N s — A~ ) 35
mey o T o [al(rkt qt) + QpwWy Zt] + ay ( )

This is the standard price Phillips-curve relation generalized to allow for partial dy-
namic indexation. In the special case without indexation (i.e., 7, = 0), this relation
reduces to the standard forward-looking Phillips curve relation, under which the price
inflation depends on the current-period real marginal cost and the expected future in-
flation. In the presence of dynamic indexation, the price inflation also depends on its
own lag.
Linearizing the optimal wage-setting decision rule implies that
K

Wy —Wy—1+ T — Yo Tp1 = ﬁ(ﬂwt‘*‘mﬁast_wt)"'ﬂlat[wt—&-l — W+ g1 —YuTe), (36)
w

where w; denotes the log-deviations of the real wage, mrs; = 771; — U,, denotes the

marginal rate of substitution between leisure and consumption, and &, = %

is a constant. To help understand the economics of this equation, we rewrite it as
R
1 4+ nb,

where 7" = w; — wy—; + 7 denotes the nominal wage inflation. This nominal-wage

FY — YTy = (flut + mirs, — W) + BE(F1 1 — Ywfte), (37)

Phillips curve relation parallels that of the price-Phillips curve and has similar inter-
pretations.

The rest of the linearized equilibrium conditions are summarized below:

it = S/,()\I>>\§ [A%t + Ag — ﬁEt[A%t+1 + Adt—i—l]} ; (38)
g = Ei {AdtJrl + A[}c,t+1 — AG41 + )% (1= 6)qre+1 + fkfk,tﬂ]} , (39)
The = Oyl (40)

0 = E; |:Adt+1 + AUc,tJrl + R, — 7ATt+1} ; (41)

. 1—46 - . ) 1—-0Y -
ke = k1 4+ G — @) + | 1 — Lty (42)
Ar A
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G =yl + iyly + uyly + gydr, (43)
?)t = Z+ Oél[l%t_1 + U + Cjt_1] + OézlAt, (44)
Wy — Py = kg O+ Gi—1— Gt — Zt, (45)

where (38) is the linearized investment decision equation with i denoting the shadow
value of existing capital (i.e., Tobin’s Q) and the A denoting the first-difference operator
(so that Az; = x; — x;-1); (39) is the linearized capital Euler equation; (40) is the
linearized capacity utilization decision equation with o, = Zl,/((ll))

the function a(u) evaluated at the steady state; (41) is the linearized bond Euler

denoting the curvature

equation; (42) is the linearized law of motion for the capital stock; (43) is the linearized
¢ i =1
vy T Y

and g, = % (44) is the linearized aggregate production function; and

aggregate resource constraint, with the steady-state ratios given by ¢, =

_ 1 K
Uy = Ry
(45) is the linearized factor demand relation.

Finally, the linearized interest rate rule is given by
Ry =p. Ry +(1—p,) (G (e = 7°(5") + bylie] + Origra, (46)

where the term 7*(s;) = log 7*(s;) — log m denotes the deviations of the inflation target

from its ergodic mean. To compute the equilibrium dynamics, we use the relation that
T (s) = [77(1), 7(2)]es,,

where the vector e, is defined in (32) and follows a vector AR(1) process described in
(33).

V. ESTIMATION APPROACH

We estimate the parameters in our model using the Bayesian method. We describe a
general empirical strategy so that the method can be applied to other regimes-switching
DSGE models. As shown in the appendices, our model contains 26 variables. Adding
the four lagged variables 4;_1, ¢;_1, %t,l, and w,;_1 to the list gives a total of 30 variables.
We denote all these state variables by the vector f; where f; is so arranged that the first
9 variables are ¥, ¢4, %t, Wy, Ty, l@, ]%t, l%t, and ¢; and the last 4 variables are ¢;_1,¢;_1, %t,l,
and w;_1. The solution to our DSGE model leads to the following VAR(1) form of state

equations
fe=c(s,80-1) + Ffir + O(s))e, (47)

where € = [€4, €pts €wt, €gts Exts €ats €)', and c(sg, ;1) is a vector function of the

inflation target 7*(s;), the previous regime s; 1, and the transition matrix Q, and
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C(s;) is a matrix function of o,4(s}), opi(s;), Twi(sy), 0g(S;), 024(sf), da(s;), and
oqt(s7).

It follows from (47) that the solution to our DSGE model depends on the composite
regime (¢, 5;-1,5;). If sf is assumed to be the same as s; (see Schorfheide (2005)),
then the composite regime collapses to (s;, s;—1). To simply our notation and make an
analytical exposition tractable, we use s; to represent a composite regime that includes
(s¢,81-1,8;) as a special case for the rest of this section.

Our estimation is based on the time-series observations on seven U.S. aggregate
variables: real per capita GDP (Y,%) real per capita consumption (CP2%?), real per
capita investment (IP*?) real wage (wP*#), the quarterly GDP-deflator inflation rate
(mPat2)  per capita hours (LP*?), and the (annualized) federal funds rate (FFRP**).

These data are related to the model through the following vector of observable variables:

i Aln Y;Data-
Aln CPata
Aln [Pt

Y = Aln ,wPata

Data
In 7,

Data
InZ;

FFRP
400

The observable vector is connected to the model (state) variables through the measure

equations
ye =a+ Hf

where

The vector ¢ and matrix H are

[n )\, |
In A,
In A\, : T

a= |ln\ |, H=|T:0 | ¥ [|. (48)

Tx7iTx191 | ()
In7 : L 3x4

In L
[ In R |

For the rest of this section, we describe our empirical strategy in general terms so
that the method can be applied to other DSGE models.
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V.1. General setup for estimation. Consider a regime-switching DSGE model with
s following a Markov-switching process. Let 6 be a vector of all the model parameters
except the transition matrix for s;. Let y; be an n x 1 vector of observable variables. In
our case, n = 7. The vector y, is connected to the state vector f; through (48). For our
regime-switching DSGE model, this state-space representation implies a non-standard
Kalman-filter problem as discussed in Kim and Nelson (1999).

Let (Y;,0,Q,S;) be a collection of random variables where

Yo = (- ,u) € (RY,

60 = (B)en € R)",

Q = (@5)ujenxn € R,

S, = (sg,---,8)€ H™
(8441, ,87) € H' ™,

St+1 =

and H is a finite set with i elements and is usually taken to be the set {1,--- h}.
Because s; represents a composite regime, h can be greater than the actual number
of regimes at time ¢. The matrix ) is the Markov transition matrix and ¢;; is the

probability that s; is equal to i given that s;_; is equal to j. The matrix () is restricted

¢,; = 0 and Z%’,j =1
1€
The object 6 is a vector of all the model parameters except the elements in (). The

to satisfy

object S; represents a sequence of unobserved regimes or states. We assume that
(:,6,Q,S;) has a joint density function p (Y}, 0,Q,S;), where we use the Lebesgue
measure on (R")" x (R")" x R" and the counting measure on H't!. This density

satisfies the following key condition.

Condition 1.
p (875 ’ Y;ffla 97 Q> St71> = (st,501
for t > 0.

V.2. Propositions for Hamilton filter. Given p(y; | Y;_1,0,Q,s;) for all ¢, the
following propositions follow from Condition 1 (Hamilton, 1989; Chib, 1996; Sims,
Waggoner, and Zha, 2006).

Proposition 1.

(St|Y;f 170Q Z Qstyse—1P 5t1|Y;5 1a0Q)

St_1€EH
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for t > 0.

Proposition 2.

p(yt | }/;5—1797 Q,St)p(St | )/1‘,—179762)

st | V1,0,Q) =
p< ! | ! Q) ZSt,ler<yt | }/;—1797627815)])(815 | }/15_1,9,@)

for t > 0.

Proposition 3.

p(st | Y2707Q78t+1) (St | YT70 Q t+1)

for0<t<T.

V.3. Likelihood. We follow the standard assumption in the literature that the initial
data Yp is taken as given. Using Kim and Nelson (1999)’s Kalman-filter updating

procedure, we obtain the conditional likelihood function at time ¢

P (e | Yie1,0,Q,5). (49)

It follows from the rules of conditioning that

p(yt7 ’ }/:‘,71797 Q) = Z p(yt7st ‘ Y;ffl)e?Q)

st€H

= Z p(yt | }/;—laer7St)p(st | }/;5—179762) .

st€H

Using (49) and the above equation, one can show that the likelihood function of Y7 is
T
p(Yr60,Q)=]]rw|Yi1.0,Q)
t=1

T
H ZP (e | Yie1,0,Q,80) p (8¢ | Yio1,0,Q)

t=1 |Lst€H

We assume that p(so | Y0,6,Q) = % for every s, € H.> Given this initial condition,

the likelihood function (50) can be evaluated recursively, using Propositions 1 and 2.

5The conventional assumption for p (so | 6, Q) is the ergodic distribution of Q, if it exists. This

convention, however, precludes the possibility of allowing for an absorbing regime or state.
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V.4. Posterior distributions. The prior for all the parameters is denoted by p (6, Q),
which will be discussed further in Section V.7. By the Bayes rule, it follows from (50)
that the posterior distribution of (0, Q) is

p(0,Q | Yr) o< p(0, Q)p(Yr | 6, Q). (51)

The posterior density p(f,@Q | Yr) is unknown and complicated; the Monte Carlo
Markov Chain (MCMC) simulation directly from this distribution can be inefficient
and problematic. One can, however, use the idea of Gibbs sampling to obtain the
empirical joint posterior density p(0,Q, St | Yr) by sampling alternately from the

following conditional posterior distributions:

p(St | Yr,0,Q),
p(Q | Y7, Sr,0),
p(e ’ YT?QasT)‘

One can use the Metropolis-Hastings sampler to sample from the conditional posterior
distributions p(0 | Yr, @, St) and p(Q | Yz, St,0). To simulate from the distribution

p(St | Yr,0,Q), we can see from the rules of conditioning that

p(Sr | Yr,0,Q) =p(sr | Yr,0,Q)p (Sr—1 | Yr.0,Q, SF)

T-1 (52)
=p (s | Yr.0,Q) [ p (s | V2.6.Q. ST,)

t=0

where S = {s¢41, -+ ,sr}. From Proposition 3,

P (St \ YT7Q>QJSZH) =p (st | Y1, 0,Q,5641)
p (st 8641 | Y,0,Q)
 p(s | Y4,0,Q)
p(set | Yi0,Q,50)p (50| Y26, Q) (53)
p<5t+1 ’ Y, 0, Q)
 GsiasP (50 Y1,0,Q)
B p<5t+1 ’ Y, 0, Q)

The conditional density p (st | Yr, Zr,0,Q, Stal) is straightforward to evaluate accord-

ing to Propositions 1 and 2.
To draw Sr, we use the backward recursion by drawing the last state sy from the
terminal density p(sr|Yr,0,Q) and then drawing s; recursively given the path S7,

according to (53). It can be seen from (52) that draws of Sr this way come from
PI‘(SleT, 8)
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V.5. Marginal posterior density of s;. The smoothed probability of s; given the
values of the parameters and the data can be evaluated through backward recursions.
Starting with sy and working backward, we can calculate the probability of s; condi-
tional on Y7, 8, Q) by using the following fact

p (St | YTa (9’ Q) - Z p ($t7 St+1 ‘ YT7 9, Q)

se+1€H

= Z p (St | YT7 e) Qa St+1)p (St+1 | YT? 07 Q)

st+1€H

where p(s; | Y2, 0, Q, st+1) can be evaluated according to (53).

V.6. The model’s fit. To evaluate the model’s fit to the data and compare it to the
fit of other models, one wishes to compute the marginal data density implied by the

model. The marginal data density is defined as

p(Y) = / p(Yr | 6.Q)p(6) d0dQ. (54)

where p(Yr | 0, Q) can be evaluated according to (50). For many empirical models, the

modified harmonic mean (MHM) method of Gelfand and Dey (1994) is a widely used

method to compute the marginal data density. The MHM method used to approximate

(54) numerically is based on a theorem that states
1 h(0, Q)

W = [ T 0w

where O is the support of the posterior probability density and h(f, Q)), often called a

weighting function, is any probability density whose support is contained in ©. Denote

O h0.Q)
m0.Q) = SR T8, 0, Q)

A numerical evaluation of the integral on the right hand side of (55) can be accom-

plished in principle through the Monte Carlo (MC) integration

N
p(Yy) L = %Zm(g(i)7 Q(z‘))7 (56)
i=1

where (0%, Q) is the i® draw of (#,Q) from the posterior distribution p(6, Q | Yz).
If m(0,Q) is bounded above, the rate of convergence from this MC approximation is
likely to be practical.

Geweke (1999) proposes a Gaussian function for h(-) constructed from the posterior
simulator. The likelihood and posterior density functions for our large DSGE model

turn out to be quite non-Gaussian and there exist zeros of the posterior pdf in the
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interior points of the parameter space. In this case, the standard MHM procedure tends
to be unreliable as the MCMC draws are likely to be dominated by a few draws as the
number of draws increase. Sims, Waggoner, and Zha (2006) proposes a truncated non-
Gaussian weighting function for A(-) to remedy the problem. This weighting function
seems to work well for the non-Gaussian posterior density.

Because the posterior density function is very non-Gaussian and complicated in
shape, it is all the more important to find the posterior mode by maximizing the value
of (51). The estimate at the mode not only represents the most likely value (and
thus the posterior estimate) but also serves as a crucial starting point for initializing
different chains of MCMC draws.

For various DSGE models studied in this paper, finding the mode has proven to
be a computationally challenging task. The optimization method we use combines
the block-wise BFGS algorithm developed by Sims, Waggoner, and Zha (2006) and
various constrained optimization routines contained in the commercial IMSL package.
The block-wise BFGS algorithm, following the idea of Gibbs sampling and EM algo-
rithm, breaks the set of model parameters into subsets and uses Christopher A. Sims’s
csminwel program to maximize the likelihood of one set of the model’s parameters

6 Maximization is iterated at each subset until it con-

conditional on the other sets.
verges. Then the optimization iterates between the block-wise BFGS algorithm and
the IMSL routines until it converges. The convergence criterion is the square root of
machine epsilon.

Thus far we have described the optimization process for only one starting point.”
Our experience is that without such a thorough search, one can be easily misled to a
much lower posterior value (e.g., a few hundreds lower in log value than the posterior
peak). We thus use a set of cluster computing tools described in Ramachandran,
Urazov, Waggoner, and Zha (2007) to search for the posterior mode. We begin with a
grid of 100 starting points; after convergence, we perturb each maximum point in both
small and large steps to generate additional 20 new starting points and restart the
optimization process again; the posterior estimates attain the highest posterior density

value. The other converged points typically have much lower likelihood values by at

6The csminwel program can be found on http://sims.princeton.edu/yftp/optimize/.
"For the no-switching (constant-parameter) DSGE model, it takes a couple of hours to find the

posterior peak. While the model with two-regime shock variances takes about 20 hours to converge,
the model with two-regime inflation targets and two-regime two-regime shock variances takes four

times longer.
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least a magnitude of hundreds of log values. For each DSGE model, the peak value of

the posterior kernel and the estimates at the mode are reported.

V.7. Prior distributions. We fix 3 parameters before estimating the model. We fix
the capital depreciation rate § at 0.025 and the steady-state government spending to
output ratio g, at 0.18. As noted by Smets and Wouters (2007), these parameters
are difficult to estimate unless capital stock and government spending are included
in the measurement equations (see also Justiniano and Primiceri (2006)). We also
normalize and fix the steady-state hours worked L at 1/3. We estimate all the remaining
parameters, including the steady-state wage markup ,,, which is fixed in Smets and
Wouters (2007). Tables 1 and 2 summarize the prior distributions for the structural
parameters and the shock parameters.

Our choice of the prior means for the structural parameters reported in Table 1 is
primarily based on standard calibrations. We begin with the preference parameters
b, n, and . In light of the calibration in Boldrin, Christiano, and Fisher (2001)
and Christiano, Eichenbaum, and Evans (2005), we set the prior mean for the habit
persistence parameter to 0.7 with a standard deviation of 0.2. We set the prior mean
of n to 2.0 with a standard deviation of 0.5. This value of 1 corresponds to a Frisch
labor elasticity of 0.5, which is commonly used in the standard calibration. We set
the prior mean of the subjective discount rate to 1.6% per annual, with a standard
deviation of 0.2. Next, we discuss the prior distribution for the technology parameters
a1, a2, A\g, A, 0y, and S”. According to Chari, Kehoe, and McGrattan (2000), the
value for the cost share of the firm-specific factor is typically set to 1/3, so that the
share of the primary factors is ag + s = 2/3; further, it is often assumed that roughly
1/3 of the primary factor income goes to capital input and 2/3 goes to labor input.
Accordingly, we set the prior means for a; and as to 0.2 and 0.467, respectively. The
trend growth rate of the investment-specific technological change is set to 0.3 with a
standard deviation of 0.1, corresponding to an annual growth rate of 1.2%. The trend
growth rate of the neutral technological change is set to 0.5 with a standard deviation
of 0.1, corresponding to an annual growth rate of 2.0%. We set the prior mean for the
utilization parameter o, to 1.5 with a standard deviation of 0.5 and the prior mean for
the adjustment cost parameter S” to 4.0 with a standard deviation of 1.5. These values
are based on Christiano, Eichenbaum, and Evans (2005) and are also used by Smets
and Wouters (2007). Third, we discuss the prior distributions for the parameters

that characterize price and nominal wage setting in the model. These include the
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average price markup p,, the average wage markup s, the Calvo probabilities of non-
adjustment in pricing £, and in wage-setting &,,, and the indexation parameters 7, and
~Yw- Under our prior distribution, the average price markup and wage markup are 20%
each, with a standard deviation of 0.15; the price and nominal wage contracts both last
on average for a year; and half of firms (households) index their prices (nominal wages)
to past inflation. These parameter values are commonly used in the DSGE literature.
Finally, we discuss the coefficients in the monetary policy rule, including p,, ¢., and
¢y. In light of the study by Clarida, Gali, and Gertler (2000), we set the prior mean
for the interest-rate smoothing parameter p, to 0.6 with a standard deviation of 0.2,
the prior mean for the coefficient in front of inflation to 2.0 with a standard deviation
of 1.0, and the prior mean for the coefficient in front of detrended output to 0.4 with
a standard deviation of 0.25.

Following Smets and Wouters (2007), we assume that the AR(1) coefficient in each
of the seven shock processes, as well as the MA(1) coefficients in the price and wage
markup processes follow the Beta distribution with a mean of 0.5 and a standard
deviation of 0.2. We assume the volatility parameter in each of the shock processes
follows the Inverse Gamma distribution InvGam(c, 3) where o = 0.65 and § = 0.15.
For these hyperparameter values, the first two moments of the prior distribution do not
exist (thus, we display the asterisk symbol in the table). But these values imply a more
diffuse prior than Smets and Wouters (2007) and Justiniano and Primiceri (2006), with
the .90 probability interval being [0.066, 19.60]. Such a diffuse prior is needed to allow
for possible large changes in shock variances across regimes, as found in Sims and Zha

(2006).

VI. ESTIMATION RESULTS

The last three columns in Tables 1 and 2 summarize our posterior estimates of the
structural and shock parameters for three alternative models. In the first model, we
consider the case with constant parameters and no regime shifts. In the second model,
we introduce regime shifts in the volatilities of the shocks, while the inflation target
remains constant. In the third and final model, we allow regime shifts in both the

shock volatilities and the inflation target.

VI.1. Model I: no regime switching. We first discuss the posterior estimates for
the model with no regime shifts. This model is similar to that in Smets and Wouters
(2007), with four notable exceptions. First, we introduce a source of real rigidity in

the form of firm-specific factors, which replaces the kinked demand curves considered
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by Smets and Wouters (2007). Second, we introduce trend growth in the investment-
specific technological change to better capture the data, in which the relative price
of investment goods (e.g., equipment and software) has been declining for most of the
postwar period, while in Smets and Wouters (2007), the investment-specific technology
shock has no trend component. Third, our model features a preference shock, which
enters all intertemporal decisions, including the choices of the nominal bond, the capi-
tal stock, and investment; while Smets and Wouters (2007) introduce a “risk-premium
shock” that enters the bond Euler equation only and is independent of other intertem-
poral shocks. Finally, in the interest rate rule, we assume that the nominal interest
rate responds to deviations of inflation from its target and detrended output; while in
Smets and Wouters (2007), the interest rate rule targets inflation, output gap, and the
growth rate of output gap. These difference turns out to be important and renders our
estimation results quite different from their studies.

Table 1 reveals that, overall, the data appear to be informative about many structural
parameters. Among the three preference parameters, the posterior mode for habit
persistence is 0.994, much higher than its prior. The posterior mode for 7 is 2.069,
slightly higher than the prior. The estimate for § is about 0.9953, slightly lower than
the prior of 0.9960. Among the technology parameters, the posterior mode for ay
is similar to its prior, but the posterior for ay is much higher than its prior (0.795
v. 0.467). Without a priori restrictions on the importance of firm-specific factors (or
equivalently, restrictions on a; + ), the data seem to prefer to have constant returns
in the production function. With constant returns, the model loses one source of real
rigidities and the propagation of shocks will have to rely more on greater degrees of
nominal rigidities and more persistence in the shock processes, as we discuss below.
The estimated trend growth rate for the investment-specific technological change is
about 1.24% per annual, slightly higher than the prior; the estimated growth rate
for the neutral technological change is about 1.71% per annual, somewhat lower than
the prior. The curvature parameter in the utilization function is estimated at 2.05,
much higher than the prior of 1.5. The investment adjustment cost parameter has
a posterior mode of 3.28, somewhat lower than the prior mean of 4.0. Among the
parameters that describe the price and wage setting behaviors, the posterior estimates
are mostly far from the priors, suggesting that the data are indeed informative on these
parameters. The price markup is estimated at 1.0001, which is much smaller than
standard calibration; the wage markup is estimated at 1.425, which is much higher

than the prior mean of 1.2 and which implies an elasticity of substitution between
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differentiated labor skills of about 3.35, which lies within the range calibrated by Huang
and Liu (2002). The posterior estimates also suggest that price contracts last on average
for about 12 quarters and nominal wage contracts last on average for slightly less than
9 quarters. These estimated price and wage rigidities are greater than many other
studies and may reflect the lack of internal propagation mechanisms in the model.
Interestingly, the estimated degrees of dynamic indexation are modest. The price
indexation parameter is estimated at 0.179 and the wage indexation parameter is 0.535.
Our posterior estimates of the policy parameters suggest that interest-rate smoothing
is important, with a posterior mode for p, of 0.939. The estimates also suggest that the
interest rate rule responds aggressively to deviations of inflation from its target with
a response coefficient of 1.444 and it responds to detrended output modestly, with a
response coefficient of 0.591. Finally, the inflation target is estimated at 2.18% per
annual, which is smaller than the prior mean of 4% per annual.

Our posterior estimates of the shock parameters reveal that all but the preference
shock are very persistent, with the AR(1) coefficient greater than 0.9. The preference
shock is less persistent, with an AR(1) coefficient of 0.576. The MA(1) coefficients
in the price markup and wage markup processes are both sizable, at 0.666 and 0.651
respectively. In addition, the government spending shock also responds to the neutral
technology shock, with a response coefficient of 0.585. Although we assume the same
prior distribution for all the shock volatility parameters, we obtain very disperse pos-
terior estimates for these volatility parameters. The estimates reveal that the wage
markup shock, the price markup shock, the preference shock are the three largest
shocks (in size), the monetary policy shock and the neutral technology shock are the
two smallest shocks, and the investment-specific technology shock and the government

spending shock lie somewhere in between.

VI.2. Model II: regime shifts in shock variances. We now discuss the posterior
estimates for the model with regime shifts in shock volatilities, but with a constant
inflation target. The estimates are reported in Table 1, the second to the last column.

Introducing regime shifts in shock volatilities influence the estimates for many of the
structural parameters. The most important change compared to Model I with constant
parameters is that, in the current model, the exogenous price and wage stickiness
parameters are much smaller, so that the price and wage contract durations are much
shorter. The estimates for £, and §,, are now 0.828 and 0.794 instead of 0.919 and 0.886.
These new estimates imply that the price and wage contracts last on average for 5.8

quarters and 4.8 quarters respectively. They are still longer than those estimated by
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many other studies, but are much more realistic than the estimates obtained in the
model with constant volatilities. Compared to Model I, the estimated habit persistence
here is smaller (0.911 v. 0.994); the capital share is larger (0.225 v. 0.203) and
accordingly, the labor share is smaller (0.770 v. 0.795), although the data still prefer
a constant returns production function; the inverse Frisch elasticity is slightly lower
(1.956 v. 2.069); the average wage markup is slightly higher (1.440 v. 1.425); the price
and wage indexation parameters are both higher (0.225 and 0.605 v. 0.179 and 0.535);
and the estimated inflation target is slightly higher (0.550 v. 0.545). Other estimates
of the structural parameters are similar to those in Model I.

Introducing regime shifts in shock volatilities also influence the estimates for the
shock persistence parameters. Compared to the constant volatility case in Model I, the
estimated AR(1) coefficient for the price markup shock becomes small (0.881 v. 0.962)
and that for the wage markup shock becomes larger (0.971 v. 0.940); the estimated
MA(1) coefficients in both the price markup and the wage markup shock processes
are larger (0.707 and 0.879 v. 0.666 and 0.651); the preference shock becomes more
persistent (0.645 v. 0.576) while the investment-specific technology shock becomes less
persistent (0.832 v. 0.911). What is more interesting are the estimated realizations
of the volatility parameters across the two regimes. The estimates reveal overall large
reductions of the shock volatilities when moving from the first regime to the second: the
volatility falls by at least one order of magnitude for all but the price and wage markup
shocks. The volatilities of the price and wage markup shocks also fall substantially
(from 0.936 and 0.905 to 0.426 and 0.537).

Finally, the estimates of the transition probabilities for the shock regimes are sum-

marized by the matrix

(57)

. 0.639 0.121
0.361 0.879|

Thus, the second regime (i.e., the regime with low shock volatilities) is more persistent.

VI.3. Model III: regime shifts in both variances and the inflation target.
We consider a case in which there are two regimes for the inflation target and two
regimes for shock variances. The Markov-switching process for the inflation target is
independent of that for shock variances. While a cluster of computers are still running
to find the peak of the posterior density for this case, I have so far been unable to get
the posterior value at its peak higher than than the value for Model II. The highest
peak value we have thus obtained is 4908.40, slightly lower than the posterior value for
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Model I1.8 At this stage, it appears difficult to improve the fit of the model by allowing

regime switches in the inflation target.

VII. MODEL ANALYSIS

We now examine the propagation mechanisms in the DSGE model.

VII.1. Impulse responses. We first plot the impulse responses of the seven observ-
able variables following each of the seven shocks under our estimated parameters. We
focus on the model with regime shifts in shock volatilities (i.e., Model II).

Figures 1 and 2 plot the impulse responses of the seven observable variables follow-
ing each of the seven shocks under the first shock regime, and Figures 3 and 4 plot
the impulse responses under the second shock regime. The first shock regime features
high volatilities of the shocks, as our posterior estimates suggest. Figure 1 shows that,
following a tightening of monetary policy ("MP’), the nominal interest rate rises while
the inflation rate, output, and other real variables all fall. Under the estimated pa-
rameters, the monetary policy shock generates a hump-shaped response of output and
a weak hump for inflation. A price-markup shock ("PM’) leads to a fall in output and
other real variables and a rise in inflation. In this sense, the markup shock creates an
unfavorable tradeoff between inflation and output. Following the rise in inflation, the
nominal interest rate also rises since the monetary policy adjust interest rate aggres-
sively against changes in inflation. A wage-markup shock ("WM’) leads to a persistent
decline in output, consumption, investment, and hours, but a rise in the real wage
and inflation. A higher wage markup leads to higher real wages and thus higher real
marginal cost for firms, and firms respond by raising prices when they can re-optimize
pricing decisions. Following a government spending shock (’g’), output rises for several
quarters, while consumption, investment, and the real wage all fall. The increase in
government spending crowds out private consumption. To meet the higher demand
for goods from the government, households have to work harder and average hours
rise. The inflation rate initially rises modestly because of the increase in aggregate
demand for goods and then declines after 5 quarters of the shock since the persistent
decline in the real wage (and hence in the real marginal cost) begins to dominate the
rise in aggregate demand. Following the rise in both output and inflation, the nominal
interest rate rises. Since the nominal interest rate rises more than does the expected

inflation rate, the real interest rate rises and investment falls. Figure 2 shows that,

8Note that the prior makes the posterior peak value of Model III slightly lower than that of Model
II.
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under the first regime, a positive neutral technology shock ('tech’) leads to a persistent
rise in output, consumption, investment, and the real wage. Inflation falls because the
marginal cost of production declines following the improvement in productivity. Hours
decline following the improvement in productivity, which is consistent with the predic-
tions from the standard sticky-price models such as (Gali, 1999) and Basu, Fernald,
and Kimball (2006). A positive preference shock (pref’) leads to a rise in output, con-
sumption, the real wage, hours, and inflation, but a fall in investment. Households face
higher marginal utility of consumption and thus invest less. Since both inflation and
output rise, the nominal interest rate also rises. Finally, a positive investment-specific
technology shock (’inv’) leads to a rise in output, the real wage, and the inflation rate.
Investment falls on impact and rises persistently thereafter, so do hours worked. The
decline in investment is not surprising since the shock raises the trend growth rate of
the investment-specific technology, and here investment measure deviations of actual
investment from trend. The persistent rise in hours following the investment shock is
consistent with the VAR evidence produced by Fisher (2006). As investment becomes
more productive, saving increases and consumption stays flat initially; over time, the
wealth effect raises consumption.

Figures 3 and 4 plot the impulse responses under the second shock regime, where the
size of the shocks are much smaller than under the first regime. The overall qualitative

patterns of the impulse responses resembles those under the first regime.

VII.2. Variance decompositions. Table 3 reports the forecast error variance de-
composition for output and inflation under each of the two shock regimes at various
forecasting horizons. Under the first shock regime, most of the output fluctuations
in the short-run (between 4 quarters and 8 quarters) are driven mainly by the mon-
etary policy shock. In the medium run (12 quarters to 16 quarters), the neutral and
investment-specific technology shocks are both essential. Under this regime, the mone-
tary policy shock plays an essential role in generating the inflation dynamics, although
in the medium run, the neutral technology shock explains at least one half of the
forecast variance of inflation.

Under the second shock regime, the dynamics of both output and inflation are pri-
marily driven by two shocks: the wage markup shock and the neutral technology shock.
Taken together, these two shocks account for 60 — 70% of output variances in the short
run and 85 — 90% in the medium run. These two shocks also explain more than
80% of inflation fluctuations at the 4 quarter forecasting horizon and more than 90%

thereafter.
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VIIL.3. Model Comparison. Computing marginal likelihood for the models we study
is a major computational task, which we have not undertaken at this point. We have
instead computed maximum log posterior density (LPD) values, which can be used
to compare the models by the Schwarz criterion. As reported in Table 4, The DSGE
model with no regime shifts (Model I) does better than the VAR model with 4 lags,
consistent with the findings reported by Smets and Wouters (2007). The VAR model
is estimated with the log level data (not the log differences as in our DSGE models)
using the Sims and Zha (1998) prior and the Gibbs sampler of Waggoner and Zha
(2003). Furthermore, the model with regime shifts in shock variances (Model II) fits
to the data better than the constant-parameter DSGE model. As for the DSGE model
with 2-regime variances and 2-regime inflation targets (Model I1T), we have so far been
unable to obtain the posterior peak value higher than that for Model II. We plan to
compare more models with different numbers of regimes and different types of regimes

in future research.

VIII. CONCLUSION

Despite a hard problem, we have demonstrated that it is possible or even feasible
to estimate a medium-scale regime-switching DSGE model. While our results are
regrettably tentative and more calculations are yet to be finished, our goal is to show

that this line of research is promising.

APPENDIX A. DERIVATION OF OPTIMIZING DECISIONS

A.1. Households’ optimizing decisions. Each household chooses consumption, in-
vestment, new capital stock, capacity utilization, and next-period bond to solve the

following utility maximizing problem:

Max(c, 1,k B1) BB A {bg(ct —bCy1) — ﬁr—nﬁiﬂ'(h)lﬂ} (A1)
t=0

subject to
_ P, _
FP,Cy + at([t +a(ug) K1) + EyDy g1 Biyr < Wt(h)L?(h) + Prgu Ko + 11, + By + T,
t
(A2)
1,
Ko=(1-0K_+ {1 - S (I—tﬂ I, (A3)
t—1

Denote by pu; the Lagrangian multiplier for the budget constraint (A2) and by iy

the Lagrangian multiplier for the capital accumulation equation (A3). The first order
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conditions for the utility-maximizing problem are given by

AUy = Htpta (A4)
Dt,t+1 = ﬁ'ut“a (A5)
et
P,
“Cf? L o— e {1 = 80w = SO An} + BB S Ori)Areen)® (A6)
¢
> Mt+1pt+1
tie = OB [ 1(1 = 6) + o1 PrvaTh 1% — Q ; a(ur) |, (A7)
t+
a'(u
e = 22:), (AS)

where A\, = I/ 1; 1.
Let g = Q¢ :jgt denote the shadow price of capital stock (in units of investment
goods). Then, (A4) and (A6) imply that

1 qkt / qk,t+1 AU A+1 9
1—=S\p) — S (A A\ + BE ST A . (A9
Qt Qt{ ( It) ( It) It} ﬁ tQt+1 AtUct ( I,t+1)( I,t+1) ( )

Thus, in the absence of adjustment cost or in the steady-state equilibrium where
S(Ar) = S"(Ar) =0, we have gy = 1. One can interpret g, as Tobin’s Q.
By eliminating the Lagrangian multipliers u; and pg,, the capital Euler equation

(A7) can be rewritten as

At-i—l Uc,t-i—l
At Uct

qk,t+1 a(ut+1)
1—0) =" +r Upa] — . A10
Qt ( ) Oy T et = =5 (A10)

The cost of acquiring a marginal unit of capital is gy, /Q; today (in consumption unit).

= ﬁEt

The benefit of having this extra unit of capital consists of the expected discounted
future resale value and the rental value net of utilization cost.
By eliminating the Lagrangian multiplier p;, the first-order condition with respect

to bond holding can be written as

AUy _pt
AUqy Pt+1'

Dt,t-‘rl = ﬁ (Al]_)

Denote by R; = [EtDMH]*l the interest rate for a one-period risk-free nominal bond.

Then we have
1
R,

(A12)

— BE, |:At+1Uc,t+1 Py }

AtUct pt+1
In each period t, a fraction &, of households re-optimize their nominal wage setting

decisions. Those households who can re-optimize wage setting chooses the nominal
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wage Wi(h) to maximize

E; E B Arrillog(Crs — bCyyi1) — Ton an+i(h)1+n] + (A13)
=0
pasiWie(h) Xy t—HL:fi-l—z(h) + M), (A14)

where the labor demand schedule is given by

d
Lt—‘rz

VVt(h)X?tH O Mapt
B =  nD Xt Livi, Oy — , Al5
(h) = ( i ) e O = L (A15)

the term my is given by

_ P,
my = Porgu Ky + 11 + By + Ty — P,Cy — at(ft + a(u) Ki—1) — EeDy 441 By,

t

and the term x;’,,, is given by

I _ e w7 Al if i > 1
wo = A16
Xt,t-‘rz { 1 ifi— 0. ( )
The first-order condition for the wage-setting problem is given by
> , OLL .(h
B (06 { - ALy S g, | =0, (A1)
— oW, (h)
where
aLiCEl+i(h) ——0,, Lfﬂ(h) _ __ Huwit chfl—l-i(h)
oWy (h) W (h) i — 1 Wi(h)

Factoring out the common terms and rearranging, we obtain

i Mt 1 VALY (h)" w
Z(ﬁfw) ,u:r L?J”(h),u— {#w,tﬂ' SRl (%) - Xt,t+th(h)} = 0.

=0 wit+i 1 Hi+i

d
Let MRS, (h) = M+j(h)n denote the marginal rate of substitution between leisure and
income. Then, using (A11), we can rewrite the first-order condition for wage setting

as

1
Ey Z fl D p4i t+z(h)ﬁ {Mw,t+iMRSt+i(h) - Xg}t—&-th(h)} =0. (A18)

w,t+
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A.2. Firms’ optimizing decisions. Pricing decisions are staggered across firms. In
each period, a fraction &, of firms can re-optimize their pricing decisions and the other

fraction 1 — &, of firms mechanically update their prices according to the rule
P(j) = 72 7 Pa(9), (A19)

If a firm can re-optimize, it chooses P,(j) to solve

Maxp,y Er Y& Dol P)XY Y () = Vi (), (A20)
i=0
subject to
Hp t+i
RO
V() = (—t T ) Yiti, (A21)
i

where V;,(j) is the cost function and the term x{,,; comes from the price-updating

rule (A19) and is given by

I _ mr,  wi=w ifi>1
P _ k=1Tt+k—1 = A22

Xipts { 1 if i = 0. (A22)
The first order condition for the profit-maximizing problem yields the optimal pricing

rule

B Y & DY () [114i@eri(G) — Po(3) X 14s) = O, (A23)
=0

pi+i — 1

where ®;1;(j) = OVi14(j)/0Y,L,(j) denotes the marginal cost function. In the absence
of markup shocks, f,x would be a constant and (A23) implies that the optimal price is
a markup over an average of the marginal costs for the periods in which the price will
remain effective. Clearly, if £, = 0 for all ¢, that is, if prices are perfectly flexible, then
the optimal price would be a markup over the contemporaneous marginal cost.

Cost-minimizing implies that the marginal cost function is given by

. &, = (W arras N
() = | (Pr)™ | 57 Yi(j)eree (A24)
Z AL
where & = o] o, ** and ry; denotes the real rental rate of capital input. The condi-

tional factor demand functions are given by

W, = ®,(j)ae , (A25)

(A26)
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It follows that
W, as K/(j)
_ = — —
Py oa L (j)

. Vjelo1]. (A27)

A.3. Market clearing. In equilibrium, markets for bond, composite labor, capital
stock, and composite goods all clear. Bond market clearing implies that B, = 0 for all
t. Labor market clearing implies that fo Lf )dj = L;. Capital market clearing implies
that fo K ( ! J)dj = u K, 1. Composite goods market clearing implies that

Ot + a[[t + a(ut)Kt 1] + Gt }/t, (A28)
t

where aggregate output is related to aggregate primary factors through the aggregate

production function

GptY;f = Zt(Uth_l)al (AZLt)OQ, (A29)

with Gy = fo (Pt(] ) o 1 a3 dj measuring the price dispersion.

t

A.4. Stationary equilibrium conditions. Since both the neutral technology and
the investment-specific technology are growing over time, we transform the appropri-
ate variables to induce stationarity. In particular, we denote by X, the stationary

counterpart of the variable X; and we make the following transformations:

~ }/t ~ Ct ~ It =~ Gt i Kt
}/;:)\_i’ Ct:)\_ia It:Qt—)\ia Gt:)\_i7 Kt:Qt—Aiv

Wt =

~ > t
W7 Tkt = Tthh Ues = Uct)\*a
*

A.4.1. Stationary pricing decisions. In terms of the stationary variables, we can rewrite
the optimal pricing decision (A23) as

o0

; =~ od 1 .
Ey Z(ﬁgp)zAtHUC,t-&-iY;ii(])m[Mp,t+i¢t+i(]) PiZ{y ) = 0. (A30)
i=0 Ll
In this equation, Y;,(j) = ;TH denotes the detrended output demand; p; = P;(t])

denotes the relative price for optimizing firms, which does not have a j index since all
optimizing firms make identical pricing decisions in a symmetric equilibrium; the term

p .
Zy v 18 defined as

Xft-&—'
e (A31)
Hk;:l T4k
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and finally, the term ¢;,;(j) = q’;j; denotes the real unit cost function, which is given
by

Cw 1
) & fk: b4 a1 _ )\f:H 27 a1+aq d /—t——1
) = : - Witi Y. i aytaz
Gr+i(J) { Zis (th )‘Z H) ( t+ A t+ (J)

X\ ar¥as .
_ {a () <w>} O (A32)

o qt+i

The demand schedule ﬁf’m (7) for the optimizing firm j is related to the relative price

and aggregate output through

—Op,t1i
[Pt( )Xtt—i—z} T

YeL0) P, Yigi

= -0
. Pt p,t+1 ~
= {ptaxﬁm} Yiyi

A R (A33)
Combining (A32) and (A33), we have
Gr4i(j) = Grvilp} Zy ™ Operi® (Y, )", (A34)
where a = 161—‘“2 and
a14as
o o 1
~ o Tk t+i o aptag
brvi = [ < ’ > w 21} : A35
" Ziti \ Qi+ = ( )

Given these relations, we can rewrite the optimal pricing rule (A30) in terms of

stationary variables

> iAt iUC,t z}}dz(ﬁ N TaY, o7
Eq Z (ﬁgp) +/L t—:'_ _tJlr [Np t+z¢t+z [pt t t+7,] Orrtd (Y;H-Z) thﬂ] 0, (A36)
i=0 pitr

where ¢ is defined in (A35).

A.4.2. Stationary wage setting decision. Using (A4) and (All), we can rewrite the

optimal wage-setting decision (A18) as

— AiUciri Py 1 L (h)"
B w)' —— —— LY (h)—————[ppw itV ————Pyy — Wi(h)x}s] = 0,
(A37)
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where the labor demand schedule L{,;(h) is related to aggregate variables through

W]
L (h) = W, 't’t+ ] Ly (A38)
+1
= —0
. Wt w w,t+17
= | Wres Xt,t+i:| Ly (A39)
- . 5 )
tht)\t w,t+1
L B P N X”*Z} " A
B %~ w ow t+i
_ Uit Wy : Xt t+i . Lisi (Ad1)
| Weti [ [y Ten L
R e —Ouw 144
w;w
= f—tth,tJri} L, (A42)
| W+i
with Z}%, ., defined as
Zw ' Xt,t+i (A43)

tit+i i -
Hk:l Tk AL

Further, we can rewrite the individual optimal nominal wage W;(h) as
Wt(h) = w?Wt = U}:wtpt)\i

Given these relations, we can rewrite the wage setting rule (A37) in terms of the

stationary variables. With some cancelations, we obtain

i AvriUcisiLiyi(h) wiw, , | LY k= w
o ; kl:[l(ﬁfw) P i — 1 P 45 Wy Zityi ~C7t+i —wiw Ly 0 =0,
(A44)

A.4.3. Other stationary equilibrium conditions. We now rewrite the rest of the equi-
librium conditions in terms of stationary variables.

First, the optimal investment decision equation (A9) can be written as

@ A Uc,t+1

1= Gkt {1 - S()\It) - S,(Alt)Alt} + )\q}\* thk7t+1 Gt AtUct S,(Al,t+1)(>‘l,t+1)27
(A45)
where
I LQN I
Ay = t o _ Q1 *t_l - tdt A (A46)
Iy q I 1 Qi1 M Ii_1qi—
Second, the capital Euler equation (A10) can be written as
AU, N
it b |, ot et G (1 = 8)qr 41 + Trprrrr — alwgr)] (A47)

:)\q)\*t AU, G
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Third, the optimal capacity utilization decision (A8) is equivalent to
fkt = a/(ut). (A48)

Fourth, the intertemporal bond Euler equation (A12) can be written as

1 AU, 1
18y [Awlun 1] (A49)
Ry A AUy Tt
Fifth, the law of motion for capital stock in (A3) can be written as
- K, -
K= (18222 - Sl (A50)
qt)\q)\*
Sixth, the aggregate resource constraint is given by
ét —|— jt + Gi-1 a,(ut)Kt_l —|— Gt = }‘;;5 (A51)
qt q)\*
Seventh, the aggregate production function (A29) can be written as
~ [e%1
~ 1K
GpYy = 7, M] Lo, (A52)
Ag s
Eighth, firms’ cost-minimizing implies that, in the stationary equilibrium, we have
i 1 Ki1q
&: Qo Upy—1 Gt L (A53)
Tkt )\q)\* o Ly qt
Finally, we rewrite the interest rate rule here for convenience of referencing:
- br 1=pr
R =rR", || ——) v orier, A54
t KRl q (71‘* (St) ) t € ( )

APPENDIX B. STEADY STATE

A deterministic steady state is an equilibrium in which all stochastic shocks are shut

off. Our model contains a non-standard “shock™ the Markov regime switching in mon-

etary policy regime and the shock regime. In computing the steady-state equilibrium,

we shut off all shocks, including the regime shocks. Since there is a mapping between

any finite-state Markov switching process and a vector AR(1) process (Hamilton, 1994),

shutting off the regime shocks in the steady state is equivalent to setting the innova-

tions in the AR(1) process to its unconditional mean (which is zero). In such a steady

state, all stationary variables are constant.

In the steady state, p* = 1 and Z? = 1, so that the price setting rule (A36) reduces

1 5 /70| aTves .
1_ {3 (T_’f) U;az} T e (A55)
Hp Z\ q
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That is, the real marginal cost is constant and equals the inverse markup.
Similarly, in the steady state, w* = 1 and Z* = 1, so that the wage setting rule
(A44) reduces to

[]7
0= (A56)

which says that the real wage is a constant markup over the marginal rate of substitu-
tion between leisure and consumption.

Given that the steady-state markup, and thus the steady-state real marginal cost,
is a constant, the conditional factor demand function (A26) for capital input together

with the capital market clearing condition imply that

Fo = Y 20h (A57)
ny K

The rest of the steady-state equilibrium conditions for the private sector come from
(A45) -(A53) and are summarized below:

I = a, (A58)
Ao s _
qﬂ = 1-90+ Tk, (A59)
e = d(1), (A60)
A
R = —m, A61
3 (A61)
I 1-96
—-— = 1- A62
K )\q}\* ? ( )
Y = C+I1+G, (A63)
- qf( o
Y = 7 L A64
() s
W 1 ay K
- i A
fk /\q>‘* (03] L ( 65)

APPENDIX C. LINEARIZED EQUILIBRIUM CONDITIONS

We now describe our procedure to linearize the stationary equilibrium conditions

around the deterministic steady state.
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C.1. Linearizing the price setting rule. Log-linearizing the price setting rule (A36)

around the steady state, we get

E;In Z(ﬁfp)z exp {dtJri + Uepi + giri(h) -

=0

Hp N
i+ i+
1 — 1Mp,t+ Hop,t+

Guvi — Op@[Py + Z1 03] + @?Jtﬂ'}

- i A N N 1% N e 5
~ Eiln Z(@fp) exp {@t+z‘ + liegyi + G (h) — Mp—ilﬂp,tﬂ‘ +p; + Zf,t—ki} ;
1=0

where

1
a1 + O

étﬂ- = [ (Prys — Gogi) + Q2Wigs — 2. (A66)

Collecting terms to get
Bl > (88" { s + Grs — 00055 + 2] + s |
=0
~ Ky IHZ(ﬂfp)i {]32‘ + Z£t+i} :
i=0

Further simplifying

1+ 6,a = (- 5 . s
1— ﬁpg pr = B IDZ(ﬁfp) {/ip,tﬂ + G + Qe — (1 + Gpa)Z£t+i} :
p i=0
Denote mcy,; = QNSt +i + ¥4 Expanding the infinite sum in the above equation, we
get
14+ab, ., R R A
1 ﬁfzpt = fpt +MC; — (1+ Qpa)th

A

+ BEEfip 1 + e — (14 0,a) 27, ]
+ (5fp)2Et [ﬂp,t+2 + mego — (14 on_é)ijtH] + ...

Forwarding this relation one period to get

1+a6, . . A s
—ppt+1 = fpt+1 T MCry1 — (1+ epa)Zf+1,t+1
1— 65}0

A

+ BEEi [fpaye +mcis — (1 4+ 0,0) 27, 440
(5£p)2Et+1[ﬂp,t+3 + mct—i-?) - (1 + ep@)Zf+1,t+3] +...

+
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Moving the Z7,,; terms to the left, we have

1+ ab,
1 - ﬁgp
+ﬁ£pEt [/lp,t+1 + TﬂCtJrl]

+(8& ) Eliipp2 + mceia] + ...

iy + (1 + QOB 20, + BE 20 i + o] = i + micy

= ,apt + WiCt

1+ af - N .
+83&, 1= ﬁgp By + (L+a0,) B[ 271 1 + B 2L 1 e + -]

p
Since ZAgt = 0, we have

1+ ab, 1+ ab,

EPp = flp +mic 4 B ———F
1 _ﬂgp t pt t 101 _ 55}) t[pt_l,_l

+ (L4 60,)86E ) (B&) (Zrpvivr = Zppial (AGT)
i=0

Using the definition of Z, ; in (A31), we obtain

P _ S A N N
7! el = —(Teriel — Yperiferi T R — Vel
Zt+1,t+i+1 = _[7Tt+i+1 — Vpt+iTeti + -0+ T2 — ”Yp,t+17ft+1]-

Thus,
P 7D _ A _ A
Zt+1 t+i+1 Zt,t+i+1 = Tt4+1 — VptTt,

and the Z? terms in (A67) can be reduced to

o0

A 1 R .
Z(ﬁgp) [ZF t+1, i1 Z£t+i+l] = _—[Wtﬂ — Vot
i=0 1-5 &
Substituting this result into (A67), we obtain
1= 255 E E A68
by = 1+ab, ——(fpt + mcy) + BEED 1 + BEE[Frir — pefe]- ( )

This completes log-linearizing the optimal price setting equation. We now log-linearize
the price index relation. In an symmetric equilibrium, the price index relation is given

by

B R T (A69)

the linearized version of which is given by

Py = S (7ty — Ypfte—1)- (A70)
1-¢
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Using (A70) to substitute out the p; in (A68), we obtain

&
1— gp[ P)/pﬂ_t 1]
— ¢
= T e i)
&p X . .
+55p1 ¢ Eyffter1 — %] + B&E[ e — 1,
P
or
N A K N A A -
Te = VpTe-1 = H#(Mpt + micy) + BE i1 — W, (A71)
P

where the real marginal cost is given by

1

a1 + g

me, = [o1 (Prepi — Guga) + QoWigs — Zigi] + Qs (A72)

and the term &, is given by

(-85 -g)
P — gp

This completes the derivation of the price Phillips curve.

C.2. Linearizing the optimal wage setting rule. Log-linearizing this wage decision

rule, we get

E;ln Z(ﬁfw)i exp {dt—i-i + Uepri + Zf—i—z(h) - [l tti + [l ti—

i=0 fw — 1

N0 [0F + By — Wegs + 2] + nligs — ﬂc,t+z‘}

~En ) (B,) exp {at+z g 1 (h) — . “i i 07+ Dy + Z;‘;+} :
i=0 w

Collecting terms to get

EiIn Z(ﬁfu})z {,&w,t-i-i — Ny [ W] + Wy — Wy + tht-i,-z] + nit+i - ﬁc,t+i}

~ B Y (06 {17 + i+ 2
i=0
Further simplifying

1410,

W(w:"‘wt) =E/n) (f) {ﬂw,t+z‘ + liss — Gegi + NOuthres — (14 n0y) 24, t+z} :
v i=0



HAS THE FEDERAL RESERVE’S INFLATION TARGET CHANGED? 40

Denote mrs;,; = nlAtH — Ucy4i. Expanding the infinite sum in the above equation,

we get
1+ Hw e N ~ ~ N ~ Zw
TR ) =i iy =t (14 ) i = 23

A

+ BEwEi|flw, 1 +mirsiy — Wipr + (14 00y) (W1 — 2144
+ (B&w) Eilftwtr2 + mrsirs — Wiga + (14 nby) (W2 — tht+2)] +...

Forwarding this relation one period to get

L+nby ., A N X A A :
W(wtﬂ +Wi1) = flwgrr T TS — Wegpr + (14 00y (Weg1 — Zﬁrl,tﬂ)

A

+ BéwEriilftwr2 +mirsi o — Wi + (1 4+ 00w) (Wir2 — Zi4 140)]
+  (B&w)*Eri1ftwis + mirsis — Wips + (14 0y ) (Wi3 — ZAﬁrl,t+3)] T+
Moving the Z;},,; terms to the left, we have

1+ ew A~k ~ Zw Zw ~ ~ ~ ~
1= Zé (0 + ) + (1 +n0u)Ee[ 2 + B Zq + ] = fluwr + mirsy — Wy + (1 + 0y )1y

+BEwEt i1 + mirsppn — Wi + (14 06y ) Wi
+<ﬁ§w)2Et [ﬂw,t-ﬁ-? + mArSt-i-Q - wt—i-Q + (1 + new)wt-i-Q] +..

= ﬂwt + mATSt — 'UAJt -+ (1 + n@w)wt

1+ 779“’ Ak ~ Zw Sw
+08wEr W(wtﬁ-l + Wpp1) + (1 + n9w>[Zt+1,t+1 + ﬁngt—i-l,t—i—Z + ],

Since Z;", = 0, we have

%(@2‘ + W) = [l +mirsy — e + (14 10, )0 + ﬂgw%a(w;l + 1)
+ (1 +nby) B E: Z(ﬁffw)i[zﬁrl,ﬁiﬂ - ZA#)t—H—&-l]' (A73)
i=0
Using the definition of Z}%, ,; in (A43), we obtain
ZAtiﬁ%iJrl = —[Tigit1 — Yottiferi + -+ Tegp1 — Yt Tt
Zzl-}i-l,t+i+1 = —[Ftrit1 = Veopriferi + 00+ Tera = Ywp1Tepa)-

Thus,

S . )
Zt+1,t+i+1 - Zt,t+i+1 = Tt41 — YwtTty

and the Z* terms in (A73) can be reduced to

[e.9]

i[ 7w W 1 N N
Z(ﬁﬁw) [Zt+1,t+i+1 - Zt,t+i+1] = W[WHI — Yt Te]-
=0 w
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Substituting this result into (A73), we obtain

1_6&0

wt—i—wt: 1—|—T]6w

(faot+mr 8 =g )+ (1= B ) Wi+ BEw B (W7 +0e41) +BEw Bt [Tt 11— Yot Te] -
(A74)
This completes log-linearizing the wage decision equation. We now log-linearize the

wage index relation. In an symmetric equilibrium, the wage index relation is given by

1
1 T
Pl et T (1= g (wp) T (AT75)
W T

the linearized version of which is given by

'UAJ:; = 1 Ewg (ﬁ)t - UAthl + ﬁ't — ’}/wﬁ'tfl)]. (A76)
Using (A76) to substitute out the w; in (A74), we obtain
. w R . .
Uy (W — We1 + Rt — YooTtr—1]
1 — B¢&, R n
= ﬁ(ﬂwt +mirs; — ;) + (1 — By )by
. Ew . . . . . .
+ 0L Ey {wt—H + 1—¢ (W1 — Wy + Tp1 — YoTte) ¢ + BEwEt[Tir1 — YT,
or
0 — Wiy + 7 A o (fiwt + 100 0+
Wy — W1 + Tt — YoTiem1 = ————— ([l + MIrs; — W
t t—1 t — YwTt—1 1+ 10, Hoapt t t
BE W41 — Wi + Tep1 — YT, (ATT)
where K, = —(1_55“23(}(1_5“’).

To help understand the economics behind this equation, we define the nominal wage
inflation as
W, wy P, W
_ _ t — - t_ t *t_l — — t ﬂ't)\*, (A78)
Wiy W1 P Ay Wg—1

The log-linearized version is given by

w
T
Awo oA ~ A
T = Wy — W_1 + T¢.

Thus, the optimal wage decision (A77) is equivalent to

R
1410,

~

7T§U — YuTt—1 = (ﬂwt +mirs; — wt) + ﬁEt(ﬁﬁ1 - %ﬂATt) (A79)

This nominal-wage Phillips curve relation parallels that of the price-Phillips curve and

has similar interpretations.
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C.3. Linearizing other stationary equilibrium conditions. Taking total differen-
tiation in the investment decision equation (A45) and using the steady-state conditions

(A80)

that S(A;) = S’(Ar) = 0 and that A\; = A\ A, we obtain
Qe = "X [Ar = BB |

where, from (A46), we have
Are =iy — i1+ Gr — Ger. (A81)

Taking total differentiation in the capital Euler equation (A47) and using the steady-
state conditions that ¢y = 1, u = 1, a(1) = 0, 7, = d/(1), and /\%(1 — 0+ 7)) =1, we

(AS2)

obtain
Gre = By {Adt+1 + AUc,t-‘rl — A1 + " (1= 0) Q41 + fkfk,tﬂ]} ;
I

where Ax; 1 = 24,1 — x; denotes the growth rate of the variable z.

The linearized capacity utilization decision equation (A48) is given by
rfkt = Uu@tu (ASS)

is the curvature parameter for the capacity utility function a(u)

a”(l)

where o, = (D)
evaluated at the steady state.
The linearized intertemporal bond Euler equation (A49) is given by
0 = Et [Adt+1 -+ AchtJ’»l —+ ét - 7%{/+1 . (A84)
Log-linearize the capital law of motion (A50) leads to
1-6 . I
= Feo1 + Qi1 — G) + %Zt- (A85)

~

k, =

DWW
To obtain the linearized resource constraint, we take total differentiation of (A51)
(A86)

Yt = CyCy + Tyl + Uy Uy + 9yt

Q

to obtain
LK

= ,\ql,\*kT’ and g, = ok

(A87)

where ¢, =
Log-linearizing the aggregate production, we get
U=z + al[]%t—l + U+ Gra] + ol

The linearized version of the factor demand relation (A53) is given by
Wy — e = Kooy + G+ Geo1 — G — I, (A88)

Finally, linearizing the interest rate rule (A54) gives

B = prles + (1= p2) [62(f — () + 0] + Ovieee (AS9)
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where
7*(sy) = logm*(sy) — log .
Note that, with regime-switching inflation target, we have

T (se) = Wse = 1" (1) + sy = 2}a7(2) = [77(1), 77(2)]es,,

where

| Hse =1}
“ T s =]

It is useful to use the result that the random vector ey, follows an AR(1) process:
Csy = Qest71 + U,

where () is the Markov transition matrix of the regime and E; v, = 0.

C.4. Summary of linearized equilibrium conditions. We now summarize the
linearized equilibrium conditions to be used for solving and estimating the model.

These conditions are listed below.

~ “ K N ~ ~ ~
T — VpMe—1 = ﬁ(ﬂpt +micy) + BB [fri41 — Vpel, (A90)
Wy —Wi—1  + T — Yltg—1 = ﬁ(ﬂwt + mirs, — W) +

ﬂEt [lf)t+1 — ﬁ)t + 7?(“_1 — ’wart]- (Agl)
Gu = S"O0AF [+ Ay — BE(Aies1 + Adis)] (A92)
e = K {A&tﬂ + AU, i1 — Adra + )% (1 —0)qr,t+1 + fkfk,tﬂ]} . (A93)
fkt = O'uﬂt, (A94)
0 = E [Aam + AU, 1 + Ry — frtﬂ} , (A95)

A 1-6. ~ . 1—-0\x
ki = (ki1 +Geo1 —q] + (1 - it (A96)

)\[ >\I

U = Cyét + Z.y'zt + uyﬁt + 9yt (A97)
U = Z+ao []Aftfl + Uy 4 Gi—1] + OézlAta (A98)
Wy — Tt = kt—l + U+ Ge—1 — Gr — Zt7 (A99)
Ry = peReoy+ (1= pp) [6r(Fre — 7(5")) + byt + oriere, (A100)
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where
me; = ! [aq (Pt — Gt) + oty — 2] + @y
t = a1 + o 1Tkt — Gt 2W¢ t Yt,
mrs; = nit_Ucta
3 ﬂb(l_pa)A A ~ R
o = — AuCp — bCp_
Vet b T Du b = gy e b
B3b R .
MEéaq — béy),
PR gy e 0
T(se) = [77(1), 77(2)]es,, es, = Qes, , + 1,

and the steady-state variables are given by
Al

fk = ﬁ_(l_a)v

’I:kf( a1
Uy = =—=—,

YA; Hp
. a1
iy, = [AM—(1-=96 —
b= —a-g
¢y = 1—1iy—gy,
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(A101)

(A102)

(A103)

(A104)
(A105)

(A106)

(A107)

(A108)

(A109)

with A\; = A/, and g, calibrated to match the average ratio of government spending

to real GDP.

To compute the equilibrium, we eliminate 4, by using (A97), leaving 10 equations

(A90)-(A96) and (A98)-(A100) with 10 variables 7, Wy, ts, it Paes Coo kes Gos by, and

~

R;. Out of these 10 variables, we have 7 observable variables, that is, all but G, 7,

and k;, for our estimation.
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TABLE 1. Prior Distribution and Posterior Mode of Structural Parameters

Prior Posterior
Parameter Distribution Mean Std Model I Model II Model III
b Beta 0.7 0.2 0.994 0.939
n Gamma 2.0 0.5 2.069 1.954
100(5-1)  Beta 04 02 0476  0.149
Qaq Beta 0.2 0.1 0.203 0.194
Qg Beta 0.467 0.1 0.795 0.806
100\, — 1) Gamma 0.3 0.1 0.310 0.234
100(\. — 1) Gamma 0.5 0.1 0.428 0.386
Ou Gamma 1.5 0.5 2.045 1.992
S” Gamma 4.0 1.5 3.282 3.341
fp — 1 Gamma 0.2 0.15  0.0001  0.019
fy — 1 Gamma 0.2 0.15 0425 0.374
& Beta 0.75 0.1 0.919 0.858
& Beta 0.75 0.1 0.886 0.750
Yo Beta 0.5 0.2 0.179 0.305
Yoo Beta 0.5 0.2 0.535 0.455
Or Beta 0.6 0.2 0.939 0.799
O Normal 2.0 1.0 1.444 1.656
Oy Gamma 0.4 0.25  0.591 0.035
100(7*(1) — 1) Gamma 1.0 05 0.545  0.586
100(7*(2) — 1) Gamma 1.0 0.5 0.545 0.586
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Note: Model I: no regime shifts; Model II: regime shifts in shock volatilities; Model

IIT: regime shifts in both shock volatilities and the inflation target.
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TABLE 2. Prior Distribution and Posterior Mode of Shock Parameters

Prior Posterior
Parameter Distribution Mean Std  Model I Model II Model III
Pp Beta 0.5 0.2 0.962 0.932
Op Beta 0.5 0.2 0.666 0.832
Puw Beta 0.5 0.2 0940 0974
Ow Beta 0.5 0.2 0.651 0.892
Py Beta 0.5 0.2 0999  0.999
Py Beta 0.5 0.2 0.585 0.726
Pa Beta 0.5 0.2 0.576 0.227
Pq Beta 0.5 0.2 0.911 0.947
P2 Beta 0.5 0.2 0.999 0.999
o.(1) Inverse Gamma * 0.0028  0.783
op(1) Inverse Gamma * * 0.9001  0.860
ow(l) Inverse Gamma * 1.0506  0.941
a,(1) Inverse Gamma * * 0.0274  0.813
o4(1) Inverse Gamma * 0.4311  0.828
o,(1) Inverse Gamma * 0.0511  0.793
o.(1) Inverse Gamma * 0.0082  0.143
o,(2) Inverse Gamma * 0.0028  0.003
op(2) Inverse Gamma * * 0.9001  0.076
ow(2) Inverse Gamma * 1.0506  0.510
04(2) Inverse Gamma * * 0.0274  0.018
04(2) Inverse Gamma * 0.4311  0.060
04(2) Inverse Gamma * * 0.0511  0.015
0.(2) Inverse Gamma * 0.0082  0.007
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TABLE 3. Forecast Error Variance Decomposition

47

Regime I

Output
Horizon MPolicy PMarkup WDMarkup GSpend Productivity Preference Invest.
4Q 91.6462 0.2302 0.0168 1.6402  1.8317 0.0767 4.5582
8Q 75.0992  0.4912 0.0747 1.8678  7.0822 0.0188 15.3662
12Q 34.7132  0.7972 0.2567 4.2389  23.6818 0.0049 36.3073
16Q 2.6804  0.6372 0.4509 7.4381  44.0213 0.0012 44.7708

Inflation
Horizon MPolicy PMarkup WDMarkup GSpend Productivity Preference Invest.
4Q 93.4191 0.2390 0.0480 0.0038  3.8626 0.0587 2.3688
8Q 86.3970  0.0789 0.1193 0.0416  6.5481 0.0687 6.7464
12Q 28.4258  0.3483 0.9855 1.3849  50.6854 0.3329 17.8371
16Q 40.0244  0.5365 0.9725 2.1447  56.0087 0.2844 0.0288

Regime II

Output
Horizon MPolicy PMarkup WDMarkup GSpend Productivity Preference Invest.
4Q 8.1943  12.4563  33.7673 5.5876  26.5742 2.7503 10.6700
8Q 2.0384  8.0674 45.6472 1.9317  31.1916 0.2042 10.9195
12Q 0.3085  4.2872 51.3534 1.4354  34.1504 0.0173 8.4477
16Q 0.0140  2.0147 53.0391 1.4809  37.3242 0.0024 6.1247

Inflation
Horizon MPolicy PMarkup WDMarkup GSpend Productivity Preference Invest.
4Q 4.5989  7.1183 53.2097 0.0072  30.8540 1.1591 3.0529
8Q 2.1133  1.1681 65.6975 0.0387  25.9881 0.6741 4.3201
12Q 0.0908  0.6734 70.8722 0.1686  26.2763 0.4267 1.4920
16Q 0.1269  1.0292 69.4064 0.2591  28.8143 0.3617 0.0024
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TABLE 4. Marginal Likelihood of VAR Model vs. DSGE Models

Model Log-likelihood
VAR(4) 4495.00
DSGE Model I~ 4759.07
DSGE Model IT  4911.38
DSGE Model IIT 4908.40
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FIGURE 1. Impulse responses in Model II under the first regime: Part a.
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