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Devwudfw

Wklv sdshu lqyhvwljdwhv krz prqhwdu| srolf| vkrxog eh frqgxfwhg

lq d wzr0uhjlrq/ jhqhudo htxloleulxp prgho zlwk prqrsrolvwlf frpsh0

wlwlrq dqg sulfh vwlfnlqhvv1 Wklv iudphzrun gholyhuv d vlpsoh zhoiduh

fulwhulrq edvhg rq wkh xwlolw| ri wkh frqvxphuv wkdw kdv wkh xvxdo wudgh0

r� ehwzhhq vwdelol}lqj lq dwlrq dqg rxwsxw1 Li wkh wzr uhjlrqv vkduh

wkh vdph ghjuhh ri qrplqdo uljlglw|/ wkh whupv ri wudgh duh frpsohwho|

lqvxodwhg iurp prqhwdu| srolf| dqg wkh rswlpdo rxwfrph lv rewdlqhg

e| wdujhwlqj d zhljkwhg dyhudjh ri wkh uhjlrqdo lq dwlrq udwhv1 Wkhvh

zhljkwv frlqflgh zlwk wkh hfrqrplf vl}hv ri wkh uhjlrq1 Li wkh ghjuhhv ri

uljlglw| duh gl�huhqw/ wkh rswlpdo sodq lpsolhv d kljk ghjuhh ri lqhuwld

lq wkh lq dwlrq udwh1 Exw dq lq dwlrq wdujhwlqj srolf| lq zklfk kljkhu

zhljkw lv jlyhq wr wkh uhjlrq zlwk kljkhu ghjuhh ri qrplqdo uljlglw| lv

qhduo| rswlpdo1

�L zrxog olnh wr wkdqn Nhqqhwk Urjr� dqg Plfkdho Zrrgirug iru wkhlu vshfldo dgylvh
dqg hqfrxudjhphqw1 L kdyh dovr ehqh�whg iurp glvfxvvlrqv zlwk Nrvxnh Drnl/ Jldqoxfd
Ehqljqr/ Ehq Ehuqdqnh/ Dodq Eolqghu/ Jldqfduor Fruvhwwl/ Jdxwl Hjjhuwvvrq/ Fkduohv
Hqjho/ Vwhyh Iudnw/ Pduf Jldqqrql/ Slhuuh0Rolylhu Jrxulqfkdv/ Plfkdho Plwwrq/ Sdror
Shvhqwl/ Fkulvwrskhu Vlpv/ Oduv Vyhqvvrq1 Wkh xvxdo glvfodlphuv dsso|1 L dp judwhixo
wr vhplqdu sduwlflsdqwv dw Sulqfhwrq Xqlyhuvlw|/ FVHI0Xqlyhuvlwä gl Vdohuqr/ \doh/ Q\X/
LLHV0Vwrfnkrop Xqlyhuvlw|/ Xqlyhuvlwdw Srpshx Ideud/ Erffrql1 L judwhixoo| dnqrzohgjh
�qdqfldo vxssruw iurp wkh Lvwlwxwr Edqfdulr Vdq Sdror ri Wxulq dqg iurp wkh Doiuhg S1
Vordq Grfwrudo Glvvhuwdwlrq Ihoorzvkls1

|Fruuhvsrqghqfh= Slhusdror Ehqljqr/ Ghsduwphqw ri Hfrqrplfv/ Ilvkhu Kdoo/ Sulqfh0

wrq Xqlyhuvlw|/ Sulqfhwrq QM 3;8771 H0pdlo= slhusdCskrhql{1sulqfhwrq1hgx
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�Zkdw lv wkh dssursuldwh grpdlq ri d fxuuhqf| duhdB Lw pljkw

vhhp dw �uvw wkdw wkh txhvwlrq lv sxuho| dfdghplf vlqfh lw kdugo|

dsshduv zlwklq wkh uhdop ri srolwlfdo ihdvlelolw| wkdw qdwlrqdo fxu0

uhqflhv zrxog hyhu eh dedqgrqhg lq idyru ri dq| rwkhu duudqjh0

phqw�4

Zlwk wkh fuhdwlrq ri wkh Hxurshdq Fhqwudo Edqn/ zkdw vhhphg wr eh d

sxuh dfdghplf vshfxodwlrq kdv ehfrph d uhdolw|1 Iroorzlqj Pxqghoo*v vhplqdo

zrun/ vhyhudo frqwulexwlrqv kdyh hpskdvl}hg wkh frqglwlrqv xqghu zklfk d

fxuuhqf| duhd lv rswlpdo1 Krzhyhu/ wkh prqhwdu| dvshfwv ri d fxuuhqf| duhd

kdyh ehhq qhjohfwhg pdlqo| ehfdxvh/ dv vxjjhvwhg e| wkh deryh txrwdwlrq/

wkh dedqgrqphqw ri qdwlrqdo fxuuhqflhv zdv frqvlghuhg srolwlfdoo| lqihdvleoh1

Wkh sulpdu| sxusrvh ri wklv sdshu lv wr lqyhvwljdwh wkh rswlpdo frqgxfw ri

prqhwdu| srolf| lq d fxuuhqf| duhd fkdudfwhul}hg e| dv|pphwulf vkrfnv dfurvv

uhjlrqv1 Zkhwkhu prqhwdu| srolf| vkrxog vwdelol}h dq djjuhjdwh phdvxuh ri

lq dwlrq ru rxwsxw ru zkhwkhu lw vkrxog wdnh lqwr dffrxqw wkh glvshuvlrq ri

lq dwlrq ru rxwsxw dfurvv uhjlrqv lv dq xqvroyhg txhvwlrq1 Wklv lvvxh kdv

uhfhlyhg dq lqfuhdvlqj lqwhuhvw lq wkh fxuuhqw srolf| ghedwh rq wkh frqgxfw

ri prqhwdu| srolf| zlwklq wkh Hxur0duhd15 Wklv sdshu frqwulexwhv wr wkh

ghedwh lq wzr zd|v= �uvw/ d vw|ol}hg prgho wkdw khosv wr xqghuvwdqg krz

fxuuhqf| duhdv zrun dqg vhfrqg/ d plfur0irxqghg zhoiduh fulwhulrq wkdw doorzv

qrupdwlyh dqdo|vlv1 Rxu pdlq frqfoxvlrq lv wkdw prqhwdu| srolf| vkrxog

iroorz d sduwlfxodu lq dwlrq wdujhwlqj srolf| lq zklfk kljkhu zhljkw lv jlyhq

wr wkh lq dwlrq udwh lq wkh uhjlrq zlwk kljkhu ghjuhh ri qrplqdo uljlglw|1

Wklv zrun suhvhqwv d wzr0uhjlrq prgho/ zkhuh hdfk uhjlrq lv vshfldol}hg

lq wkh surgxfwlrq ri d exqgoh ri gl�huhqwldwhg jrrgv dqg zkhuh oderu lv lp0

preloh dfurvv uhjlrqv16 Prqh| lv qrw qhxwudo ehfdxvh wkhuh duh uljlglwlhv lq

sulfhv1 Prqrsrolvwlf frpshwlwlrq udwlrqdol}hv wkh h{lvwhqfh ri sulfh vwlfnl0

qhvv1 D wzr0uhjlrq prgho uhsuhvhqwv wkh plqlpxp uhtxluhphqw lq rughu wr

vwxg| wkh lpsruwdqw uroh ri uhodwlyh sulfhv1 Zkhq gl�huhqw uhjlrqv h{shul0

hqfh dv|pphwulf vkrfnv/ pryhphqwv lq wkh whupv ri wudgh duh lpsruwdqw lq

h{sodlqlqj wkh wudqvplvvlrq phfkdqlvp ri prqhwdu| srolf|1

4Urehuw Pxqghoo +4<94,/ s 98:1
5Dprqj rwkhuv/ Ehdq +4<<<, dqg Gruqexvfk hw do1 +4<<;, suhvhqw dq ryhuylhz ri

wkh lvvxhv frqfhuqlqj wkh lpsohphqwdwlrq ri prqhwdu| srolf| lq wkh HPX1 Shhuvpdq dqg
Vphwv +4<<;,/ Uxghexvk dqg Vyhqvvrq +4<<<, dqg Vyhqvvrq +4<<<d, hydoxdwh dowhuqdwlyh
prqhwdu| srolf| uxohv lq wkh HPX e| xvlqj forvhg0hfrqrp| prghov1 Zhhudsdqd +4<<;,
vwxglhv wkh shuirupdqfh ri prqhwdu| srolf| uxohv lq d odujh rshq hfrqrp|1

6Dsshqgl{ H suhvhqwv dq h{whqvlrq wr d N0uhjlrq duhd1
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Wkh qrupdwlyh uhvxowv duh urrwhg lq wkh dqdo|vlv ri wkh h{lvwlqj glvwruwlrqv1

Lq rxu iudphzrun wkhuh duh wkuhh vrxufhv ri lqh!flhqf|= �� wkh prqrsrolvwlf
glvwruwlrq wkdw lqgxfhv dq lqh!flhqw ohyho ri rxwsxw> ��� lq dwlrq lq hdfk uh0
jlrq wkdw fuhdwhv dq lqh!flhqw glvshuvlrq ri sulfhv dqg ���� sulfh vwlfnlqhvv
wkdw pd| fuhdwh d qrq0h!flhqw sdwk ri wkh whupv ri wudgh lq uhvsrqvh wr dv|p0
phwulf glvwxuedqfhv1 E| xvlqj d ghdgzhljkw orvv hydoxdwlrq/ dv lq prqhwdu|
prghov e| Urwhpehuj dqg Zrrgirug +4<<:, dqg Nlqj dqg Zropdq +4<<;,/ lw
lv srvvleoh wr exlog d zhoiduh fulwhulrq wkdw dffrxqwv iru wkh h{dfw pdjqlwxgh
ri wkhvh glvwruwlrqv1 Lq wklv frqwh{w wkh rswlpdo srolf| lv wkh rqh wkdw surylgh
wkh prvw h!flhqw doorfdwlrq ri uhvrxufhv1 Devwudfwlqj iurp wkh lqh!flhqflhv
lqgxfhg e| prqrsrolvwlf frpshwlwlrq/ prqhwdu| srolf|pdnhuv zrxog eh h{0
shfwhg wr vwdelol}h sulfhv zlwklq hdfk uhjlrq/ wkxv dyrlglqj wkh glvshuvlrq ri
rxwsxw dfurvv uhvrxufhv surgxfhg xvlqj wkh vdph whfkqrorj|/ dqg zrxog eh
h{shfwhg wr lqgxfh wkh uljkw fkdqjhv lq uhodwlyh sulfhv dfurvv uhjlrqv/ wkxv
doorfdwlqj uhvrxufhv h!flhqwo| iroorzlqj dv|pphwulf vkrfnv1 Krzhyhu/ wklv
frpelqhg rxwfrph lv qrw ihdvleoh1 Wkh rswlpdo sodq lpsolhv d kljk ghjuhh
ri lqhuwld lq wkh lq dwlrq udwhv1 Wklv ihdvleoh �uvw0ehvw fdq eh dssur{lpdwhg
e| dq lq dwlrq wdujhwlqj srolf| lq zklfk kljkhu zhljkw lv jlyhq wr wkh uhjlrq
zlwk kljkhu ghjuhh ri qrplqdo uljlglw|1 Wklv sulqflsoh lv qdwxudo/ jlyhq wkdw
wkh uhjlrqv zlwk vwlfnlhu sulfhv fuhdwh pruh glvwruwlrqv lq wkh zkroh duhd1

Wkh lghd wkdw prqhwdu| srolf| vkrxog khos lq fuhdwlqj dq hqylurqphqw
lq zklfk uhvrxufhv duh doorfdwhg h!flhqwo| lv zhoo jurxqghg lq wkh prqhwdu|
srolf| djhqgd1 Wkh Exoohwlq ri Mdqxdu| 4<<</ HFE +4<<<,/ h{solflwo| vwdwhv
wkdw rqh ri wkh pdlq dujxphqwv iru sulfh vwdelolw| lv wkdw �sulfh vwdelolw|

lpsuryhv wkh wudqvsduhqf| ri wkh uhodwlyh sulfh phfkdqlvp wkhuhe| dyrlglqj

glvwruwlrqv dqg khoslqj wr hqvxuh wkdw wkh pdunhw zloo doorfdwh uhdo uhvrxufhv

h!flhqwo| erwk dfurvv xvhv dqg dfurvv wlphv1 D pruh h!flhqw doorfdwlrq zloo

udlvh wkh surgxfwlyh srwhqwldo ri wkh hfrqrp|1�

Dv lw kdsshqv/ wkh dufklwhfwv ri wkh Hxurshdq Prqhwdu| Xqlrq kdyh vshf0
l�hg d txdqwlwdwlyh wdujhw lq whupv ri d zhljkwhg dyhudjh ri wkh kduprql}hg
lqgh{ ri frqvxphu sulfhv ri wkh frxqwulhv ehorqjlqj wr wkh xqlrq +KLFS0
wdujhwlqj,= wkh zhljkwv frlqflgh zlwk hdfk frxqwu|*v vkduh ri wrwdo frqvxps0
wlrq1

Lq wklv zrun/ zh vkrz wkdw wkh KLFS0wdujhwlqj lv rswlpdo rqo| zkhq wkh
uhjlrqv vkduh wkh vdph ghjuhh ri qrplqdo uljlglw|1 Iru h{dpsoh/ frqvlghu wzr
uhjlrqv ri htxdo JGS vl}h vxfk dv Iudqfh dqg Jhupdq|1 KLFS0wdujhwlqj
lpsolhv wkdw hdfk frxqwu| kdv d zhljkw htxdo wr rqh kdoi1 Lqvwhdg/ li sulfh
frqwudfwv lq Jhupdq| odvw 53( orqjhu wkdq lq Iudqfh/ wkhq wkh zhljkw jlyhq wr
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Jhupdq lq dwlrq udwh vkrxog eh lqfuhdvhg e| 53(1 Pruhryhu/ wkh ghdgzhljkw
orvvhv fdq eh vxevwdqwldoo| uhgxfhg e| vkliwlqj iurp wkh KLFS0wdujhwlqj wr rxu
sursrvhg srolf| hyhq iru d vpdoo gl�huhqfh lq wkh ghjuhh ri qrplqdo uljlglw|
dfurvv uhjlrqv1 Dv zlwk wkh KLFS0wdujhwlqj srolf|/ rxu srolf| lv wudqvsduhqw
dqg hdv| wr lpsohphqw dqg wr prqlwru1

Lq d fxuuhqf| duhd fkdudfwhul}hg e| oderu lpprelolw|/ uhodwlyh sulfh vwlfn0
lqhvv/ dqg ghfhqwudol}hg �vfdo srolf|/ wkh lpsrvvlelolw| ri dfklhylqj wkh hi0
�flhqw rxwfrph lv vlplodu wr wkh Pxqghooldq wkhru| rq wkh rswlpxp duhd
h{fhsw zlwk d qhz plfur0irxqghg shuvshfwlyh1 Lqghhg/ wkh lqwhusuhwdwlrq
lqvwuxphqw0wrzdug0glvwruwlrqv hpskdvl}hv wkh odfn ri lqvwuxphqwv1 Zh vkrz
wkdw/ lq dq rshq hfrqrp|/ wkh h{fkdqjh udwh surylghv wkh  h{lelolw| qhhghg
lq rughu wr dfklhyh wkh h!flhqw rxwfrph1

Wkh zrun lv rujdql}hg dv iroorzv1 Vhfwlrq 4 suhvhqwv wkh vwuxfwxuh ri
wkh prgho1 Lq Vhfwlrq 5/ wkh orj0olqhdu dssur{lpdwlrq wr wkh htxloleulxp
frqglwlrqv lv suhvhqwhg1 Vhfwlrq 6 dqdo|}hv wkh srvlwlyh frqvhtxhqfhv ri wkh
htxloleulxp1 Vhfwlrq 7 r�huv wkh zhoiduh dqdo|vlv dqg ghwhuplqhv wkh rswlpdo
srolf|1 Vhfwlrq 8 frpsduhv wkh rxwfrphv ri d fhuwdlq fodvv ri srolflhv1 Vhfwlrq
9 dqdo|}hv wkh rswlpdo prqhwdu| srolf| lq d frrshudwlyh ghfhqwudol}hg vhwwlqj1
Ilqdoo|/ vhfwlrq : rxwolqhv vrph srvvleoh h{whqvlrqv lq wklv uhvhdufk surjudp1

4 Vwuxfwxuh ri wkh prgho

Zh ghyhors d wzr0frxqwu| rswlpl}lqj prgho zlwk vwlfn| sulfhv/ lqfrusrudw0
lqj hohphqwv iurp erwk wkh uhfhqw forvhg0hfrqrp| olwhudwxuh rq wkh h�hfwv
ri prqhwdu| srolf| dqg wkh uhfhqw rshq0hfrqrp| olwhudwxuh rq h{fkdqjh udwh
ghwhuplqdwlrq17 Lq wklv vhfwlrq/ zh ghvfuleh wkh pdlq ihdwxuhv ri rxu iudph0
zrun/ irfxvlqj rq wkh sulqflsdo hohphqwv ri ghsduwxuh iurp wkh suhylrxv wuhdw0
phqwv18

D fxuuhqf| duhd lv d jurxs ri uhjlrqv wkdw vkduh wkh vdph fxuuhqf|1 Rqh
fxuuhqf| phdqv wkhuh lv rqh fhqwudo edqn wkdw lv hqwlwohg wr lvvxh prqh|
dqg wr frqgxfw prqhwdu| srolf| zlwklq wkdw duhd1 D gl�huhqw lqvwlwxwlrq
frqgxfwv �vfdo srolf|1 Exw zkhuhdv wkhuh lv d frpprq fhqwudo edqn/ gl�huhqw
�vfdo dxwkrulwlhv fdq eh dvvljqhg wr gl�huhqw uhjlrqv1

7Jrrgiulhqg dqg Nlqj +4<<:, vxppdul}h ghyhorsphqwv lq wkh olwhudwxuh rq prqhwdu|
srolf| lq forvhg hfrqrp|/ zkloh Odqh +4<<;, vxuyh|v uhfhqw zrun rq rswlpl}lqj vwlfn|0sulfh
prghov lq wkh rshq0hfrqrp| frqwh{w1

8D ghwdlohg h{srvlwlrq ri wkh prgho lv lq Dsshqgl{ D1
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Wkh vlpsohvw irup ri d fxuuhqf| duhd wkdw lv ri lqwhuhvw iru rxu dqdo|vlv lv
d wzr0uhjlrq duhd zlwk d vlqjoh fhqwudo edqn dqg wzr �vfdo dxwkrulwlhv1 Hdfk
�vfdo dxwkrulw| kdv vryhuhljqw| ryhu rqo| rqh uhjlrq1 Wkh wzr uhjlrqv duh
odehohg/ M dqg 8 1 Wkh zkroh duhd lv srsxodwhg e| d frqwlqxxp ri djhqwv
rq wkh lqwhuydo dfc �o1 Wkh srsxodwlrq rq wkh vhjphqw dfc ?� ehorqjv wr wkh
uhjlrq M/ zkloh wkh vhjphqw d?c �o ehorqjv wr 8 1 Wkhuh lv qr srvvlelolw| ri
pljudwlrq dfurvv uhjlrqv1 D jhqhulf djhqw/ zklfk ehorqjv wr wkh duhd/ lv erwk
surgxfhu dqg frqvxphu= d surgxfhu ri d vlqjoh gl�huhqwldwhg surgxfw dqg d
frqvxphu ri doo wkh jrrgv surgxfhg lq erwk uhjlrqv1

Hdfk djhqw ghulyhv xwlolw| iurp frqvxplqj dq lqgh{ ri frqvxpswlrq jrrgv
dqg iurp wkh oltxlglw| vhuylfhv ri kroglqj prqh|/ zkloh ghulyhv glvxwlolw|
iurp surgxflqj wkh gl�huhqwldwhg surgxfw1 Wkh zkroh duhd lv vxemhfwhg wr
wkuhh uhjlrq0vshfl�f vrxufhv ri  xfwxdwlrqv= ghpdqg/ vxsso| dqg oltxlglw|0
suhihuhqfh vkrfnv1 Krxvhkrogv pd{lpl}h wkh h{shfwhg glvfrxqwhg ydoxh ri
wkh xwlolw|  rz1

Zh dvvxph wkdw zhdowk fdq eh dffxpxodwhg e| kroglqj prqh| ru erqgv1
Zlwklq d uhjlrq krxvhkrogv duh doorzhg wr wudgh dprqj wkhpvhoyhv lq d vhw
ri erqgv/ wkdw vsdq doo wkh vwdwhv ri qdwxuh/ wkxv frqvxpswlrq/ zlwklq wkdw
uhjlrq/ lv lqvxuhg1 Krzhyhu/ zh dvvxph wkdw pdunhwv duh lqfrpsohwh dfurvv
uhjlrqv= krxvhkrogv fdq wudgh rqo| lq d qrplqdo qrq0frqwlqjhqw erqg gh0
qrplqdwhg lq wkh frpprq fxuuhqf|1

Rxu vwrfkdvwlf prgho lv qrw vroydeoh lq d forvhg irup vroxwlrq dqg dq
dssur{lpdwlrq durxqg d vwhdg| vwdwh lv qhhghg1 Lq dq rshq0hfrqrp| uhsuh0
vhqwdwlyh djhqw prgho zlwk lqfrpsohwh pdunhwv/ li wkh uhdo lqwhuhvw udwh gl�huv
iurp wkh ydoxh lpsolhg e| wkh udwh ri wlph lq wkh frqvxphu suhihuhqfhv/ dvvhwv
duh dffxpxodwhg lq rqh uhjlrq dqg ghfxpxodwhg lq wkh rwkhu1 Lw fdq eh wkh
fdvh wkdw iroorzlqj d vkrfn wkdw d�hfwv wkh uhdo lqwhuhvw udwh/ wkh qhz vwhdg|
vwdwh ohyho ri frqvxpswlrq gl�huv iurp wkh lqlwldo vwhdg| vwdwh1 Wkh lpsolhg
qrq vwdwlrqdu| ri frqvxpswlrqv dqg dvvhwv lpsdluv wkh vljql�fdqfh ri dq|
dssur{lpdwlrq1 Lq wkh rshq0hfrqrp| exvlqhvv f|foh olwhudwxuh/ wklv sureohp
kdv ehhq ryhufrph lq wzr zd|v> khuh zh olvw wkhp zlwkrxw ixuwkhu glvfxvvlrq=
l, iroorzlqj X}dzd +4<9;,/ Phqgr}d +4<<4, xvhv dq hqgrjhqrxv udwh ri wlph
suhihuhqfh> ll, Fdugld +4<<4, dvvxphv d �qlwh suredelolw| ri ghdwk/ vr wkdw
wkh vxemhfwlyh glvfrxqw udwh ehfrphv d ixqfwlrq ri �qdqfldo zhdowk19

Lq wklv zrun/ zlwkrxw lpsrvlqj frpsohwh pdunhwv/ zh rewdlq vwdwlrqdu|

9Jklurql +4<<<, lqwurgxfhv lq d ghwhuplqlvwlf prgho dq ryhuodsslqj jhqhudwlrq vwuxfwxuh
zlwk lqfuhdvlqj srsxodwlrq1
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frqvxpswlrq e| dvvxplqj d xqlwdu| hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh
frqvxpswlrq ri wkh exqgohv ri jrrgv surgxfhg lq wkh wzr uhjlrqv1 Lq wklv
fdvh/ uhodwlyh sulfhv dxwrpdwlfdoo| vwdelol}h wkh rxwsxw ulvnv dqg wkhuh lv shu0
ihfw lqvxudqfh ri frqvxpswlrq dfurvv uhjlrqv1 Wkh lghd wkdw wkh vwuxfwxuh ri
suhihuhqfh fdq uhvxow lq d fdvh lq zklfk wkh jdlqv irup lqwhuqdwlrqdo sruwirolr
glyhuvl�fdwlrq duh luuhohydqw kdv ehhq h{sorlwhg e| Froh dqg Revwihog +4<<4,1:

Wkhlu vlpxodwlrqv vkrz wkdw iru lqgxvwuldo hfrqrplhv wklv dvvxpswlrq pd|
qrw eh vr lqdffxudwh1

Prqh| pdwwhuv ehfdxvh djhqwv ghulyh xwlolw| iurp lwv oltxlglw| vhuylfhv1 Li
uhdo prqh| edodqfhv dqg frqvxpswlrq duh vhsdudeoh lq xwlolw| dqg sulfhv duh
 h{leoh/ prqh| lv qhxwudo1 Lq rughu wr jlyh d uroh wr prqhwdu| srolf|/ dv lw lv
frpprq lq wkh olwhudwxuh/ zh lqwurgxfh erwk qrplqdo uljlglw| dqg d pdunhw
vwuxfwxuh fkdudfwhul}hg e| prqrsrolvwlf frpshwlwlrq1 Wkh odwwhu dvvxpswlrq
udwlrqdol}hv wkh h{lvwhqfh ri sulfh vwlfnlqhvv/ doorzlqj surgxfhuv qrw wr ylrodwh
dq| sduwlflsdwlrq frqvwudlqw1 Qrplqdo uljlglw| duh lqwurgxfhg xvlqj d prgho
d od Fdoyr +4<;6,/ wkxv doorzlqj  xfwxdwlrqv durxqg wkh htxloleulxp iru d
orqjhu shulrg ri wlph1; Lq hdfk shulrg d vhoohu idfhv d �{hg suredelolw| ��k
ri dgmxvwlqj lwv sulfh/ luuhvshfwlyh rq krz orqj lw kdv ehhq vlqfh wkh vhoohu kdg
fkdqjhg lwv sulfh1 Lq wklv hyhqw wkh sulfh lv fkrvhq wr pd{lpl}h wkh h{shfwhg
glvfrxqwhg sur�wv xqghu wkh flufxpvwdqfh wkdw wkh ghflvlrq rq wkh sulfh lv
vwloo pdlqwdlqhg1 Zh kdyh wkdw �*E� � k� uhsuhvhqwv wkh dyhudjh gxudwlrq
ri frqwudfwv zlwklq d uhjlrq1 Lq wklv prgho/ qrw rqo| duh uhjlrqv d�hfwhg
e| gl�huhqw vkrfnv/ exw wkh| duh dovr fkdudfwhul}hg e| gl�huhqw ghjuhhv ri
qrplqdo uljlglw|1 Lq d frqwh{w lq zklfk vkrfnv duh dv|pphwulf/ wkh ghjuhhv
ri qrplqdo uljlglw| duh fuxfldo lq h{sodlqlqj wkh wudqvplvvlrq phfkdqlvp ri
prqhwdu| srolf|1 Lq wkh dqdo|vlv wkdw iroorzv/ prvw ri wkh uhvxowv duh gulyhq
e| gl�huhqw dvvxpswlrqv rq wkh ghjuhhv ri uljlglw| dfurvv uhjlrqv1

Rxu dqdo|vlv lv irfxvhg pruh rq qrupdwlyh lvvxhv= lq idfw/ zh fkdudfwhu0
l}h wkh rswlpdo sodq xqghu gl�huhqw dvvxpswlrqv rq wkh ghjuhhv ri qrplqdo
uljlglw|1 Lq wklv zrun zh gr qrw glvfxvv lvvxhv ri lpsohphqwdwlrq/ l1h1 krz
prqhwdu| srolf| vkrxog vhw lwv lqvwuxphqw lq rughu wr dfklhyh ru plplf wkh
rswlpdo sodq1 Krzhyhu/ zkhqhyhu lw lv qhhghg/ zh lghqwli| wkh lqvwuxphqw

:Froh dqg Revwihog +4<<4, dqdo|}h d prgho zlwk  h{leoh sulfhv/ zkloh Fruvhwwl dqg
Shvhqwl +4<<;,/ lq d shuihfw iruhvljkw prgho/ doorz sulfhv wr eh vwlfn| iru dw prvw d �qlwh
shulrg ri wlph1

;\xq +4<<9,/ lq d forvhg0hfrqrp| prgho/ dqg Nroopdqq +4<<9,/ lq d rshq0hfrqrp|
prgho/ lqwurgxfh Fdoyr*v w|sh ri sulfh0vhwwlqj lqwr g|qdplf jhqhudo htxloleulxp prqhwdu|
prghov1

9



ri prqhwdu| srolf| lq whupv ri wkh rqh0shulrg ulvn0iuhh qrplqdo lqwhuhvw udwh
rq wkh qrplqdo erqg ghqrplqdwhg lq wkh frpprq fxuuhqf|1 Wklv lv frq0
vlvwhqw zlwk wkh hylghqfh ri vhyhudo hpslulfdo zrunv/ dv Fodulgd/ Jdoð dqg
Jhuwohu +4<<:,/ Vphwv +4<<8, dqg Wd|oru +4<<6,/ lq zklfk wkh wudqvplvvlrq
phfkdqlvp ri prqhwdu| srolf| lv urrwhg lq wkh wudqvplvvlrq dfurvv wkh whup
vwuxfwxuh ri dq lpsxovh jlyhq wr wkh vkruw0whup lqwhuhvw udwh1

Lq whupv ri rxu htxloleulxp frqglwlrqv/ wkh dvvxpswlrq wkdw wkh lqvwux0
phqw ri prqhwdu| srolf| frlqflghv zlwk wkh lqwhuhvw udwh phdqv wkdw wkh
prqh| pdunhw htxloleulxp frqglwlrq fdq eh qhjohfwhg/ surylghg zh duh qrw
lqwhuhvwhg lq fkdudfwhul}lqj wkh sdwk ri uhdo prqh| edodqfhv ru wkdw ri prqh|
vxsso| lq wkh zkroh duhd1

Lq wkh qh{w vhfwlrq zh suhvhqw wkh orj0olqhdu dssur{lpdwlrq ri wkh vwuxf0
wxudo htxdwlrqv ri wkh prgho1

5 Htxloleulxp  xfwxdwlrqv

Wkh htxloleulxp lqyroylqj vpdoo  xfwxdwlrqv durxqg wkh vwhdg| vwdwh lv ds0
sur{lpdwhg e| d vroxwlrq wr d orj0olqhdu dssur{lpdwlrq wr wkh htxloleulxp
frqglwlrqv1 Lq wklv vhfwlrq/ zh �uvw irfxv rq wkh  xfwxdwlrqv durxqg wkh
vwhdg| vwdwh lq wkh fdvh lq zklfk sulfhv duh  h{leoh/ wkhq zh zloo dqdo|}h wkh
fdvh lq zklfk sulfhv duh vwlfn| dffruglqj wr Fdoyr*v prgho1 Jlyhq d yduldeoh
f| zh ghqrwh zlwk if| wkh ghyldwlrq ri wkh orjdulwkplf ri wkdw yduldeoh iurp
lwv vwhdg| vwdwh lq wkh fdvh sulfhv zhuh  h{leoh> zkloh zlwk ff| zh ghqrwh wkh
ghyldwlrq ri wkh vdph yduldeoh xqghu vwlfn| sulfhv1 Rwkhu vlpsoli|lqj qrwd0
wlrq lv xvhixo1 Jlyhq d jhqhulf yduldeoh f/ d xqlrq yduldeoh f` lv gh�qhg dv
wkh zhljkwhg dyhudjh ri wkh uhjlrq*v yduldeohv zlwk zhljkwv ? dqg � � ?

f`
� ?fM n E�� ?�f8 /

zkloh d uhodwlyh yduldeoh f- lv gh�qhg dv

f-
� f8

�fM 1

514 Ioh{leoh Sulfhv

Zlwk  h{leoh sulfhv/ sulfhv duh vhw dv d pdun0xs ryhu pdujlqdo frvwv/ prqhwdu|
srolf| lv qhxwudo dqg uhdo yduldeohv duh d�hfwhg rqo| e| �uhdo� glvwxuedqfhv
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zkhuh �` c t ` / A duh uhvshfwlyho| xqlrq frqvxpswlrq/ xqlrq rxwsxw dqg
wkh whupv ri wudgh1 Wkh odwwhu lv gh�qhg dv wkh udwlr ri wkh sulfh ri jrrgv

surgxfhg lq uhjlrq 8 wr wkdw surgxfhg lq uhjlrq M1 Pruhryhu t
�

| dqg }�| duh
uhvshfwlyho| vxsso| dqg ghpdqg vkrfnv vshfl�f wr uhjlrq �/ zkloh # dqg 4 duh
wkh lqyhuvh ri uhvshfwlyho| wkh hodvwlflw| ri oderu vxsso| dqg wkh lqwhuwhpsrudo
hodvwlflw| ri vxevwlwxwlrq ri frqvxpswlrq1 Xqlrq frqvxpswlrq dqg rxwsxw
ghshqg rqo| rq xqlrq vxsso| dqg ghpdqg vkrfnv1 Zlwk  h{leoh sulfhv/ wkh
pdujlqdo xwlolw| ri frqvxpswlrq lv sursruwlrqdo wr wkh pdujlqdo glvxwlolw| ri
surgxflqj jrrgv1 Zkloh d srvlwlyh vxsso| vkrfn/ lqghshqghqw ri wkh uhjlrq ri
ruljlq/ lqfuhdvhv lq wkh vdph sursruwlrq erwk xqlrq frqvxpswlrq dqg rxwsxw/
d srvlwlyh ghpdqg vkrfn lqfuhdvhv xqlrq rxwsxw exw kdv d furzglqj rxw h�hfw
rq frqvxpswlrq1 Wklv lv ehfdxvh iroorzlqj d ghpdqg vkrfn djhqwv kdyh wr
lqfuhdvh wkhlu h�ruw/ lqgxflqj dq lqfuhdvh lq wkh glvxwlolw| ri oderu vxsso|1 D
orzhu ohyho ri frqvxpswlrq/ e| lqfuhdvlqj lwv pdujlqdo xwlolw|/ sduwldoo| r�vhwv
wkh lqfuhdvlqj glvxwlolw| ri vxsso|lqj pruh rxwsxw1

Wkh whupv ri wudgh duh d�hfwhg rqo| e| uhodwlyh glvwxuedqfhv1 Lq idfw
lwv fuxfldo uroh lv wkdw ri edodqflqj wkh exughq ri h{huwlqj rxwsxw dfurvv
uhjlrqv1 Ulvn vkdulqj lq frqvxpswlrq lpsolhv wkdw wkh pdujlqdo glvxwlolwlhv
ri oderu vxsso| duh htxdwhg ehwzhhq wkh wzr uhjlrqv1 Zkhqhyhu wkhuh duh
dv|pphwulf glvwxuedqfhv wkdw lqgxfh wkh krxvhkrogv lq d uhjlrq wr zrun
pruh/ fkdqjhv lq wkh whupv ri wudgh rswlpdoo| vkliw sduw ri wkh exughq wr wkh
krxvhkrog lq wkh rwkhu uhjlrq1 D odujhu ghpdqg vkrfn lq uhjlrq M wkdq lq
uhjlrq 8 dssuhfldwhv lwv whupv ri wudgh/ zkloh d odujhu vxsso| vkrfn ohdgv wr
d ghsuhfldwlrq1 Dqrwkhu fkdudfwhulvwlf ri wkh  h{leoh0sulfh htxloleulxp lv wkh
frpsohwh lqvxodwlrq ri wkh whupv ri wudgh iurp prqhwdu| srolf|/ dv lq dg krf

prghov vxfk dv Revwihog +4<;8, dqg Fodulgd dqg Jdoð +4<<7,1
Lq dq htxloleulxp lq zklfk wkh xqlrq lq dwlrq udwh lv }hur/ wkh lpsolhg

sdwk ri wkh qrplqdo lqwhuhvw udwh i-| lv

i-| '
4#

4 n #
H|dEt

`

|n� � t
`

| �� E}`|n� � }`| �o1

;



Wklv qdwxudo lqwhuhvw udwh lv rqo| d ixqfwlrq ri xqlrq glvwxuedqfhv1 Lw lv zruwk
qrwlqj wkdw jlyhq d ghpdqg vkrfn/ qr pdwwhu li wkh vkrfn lv ruljlqdwlqj lq
uhjlrqM dqg 8 / wkh lqwhuhvw udwh zloo uhvsrqg lq wkh vdph gluhfwlrq dqg/ rqfh
zh qrupdol}h wkh vkrfn iru wkh vl}h ri wkh uhjlrq/ zlwk wkh vdph pdjqlwxgh1
D vlplodu dujxphqw dssolhv iroorzlqj d vxsso| vkrfn1

515 Vwlfn| Sulfhv

Khuh zh glvfxvv krz wkh orj0olqhdu dssur{lpdwlrq ri wkh htxloleulxp zloo
ehkdyh xqghu wkh k|srwkhvlv ri vwlfn| sulfhv1 Wkh orj0olqhdu yhuvlrq ri wkh
Hxohu htxdwlrq dqg ri uhjlrq M dqg 8 djjuhjdwh rxwsxwv duh

.|
e�`
|n� '

e�`
| n 43�E e-| � .|Z

`
|n��/ +4,

etMc| ' E� � ?� eA| n e�`
| n }M| /

et8c| ' �? eA| n e�`
| n }8| / +5,

zkhuh Z lv wkh lq dwlrq udwh1< Lq +4, wkh h{shfwhg jurzwk ri frqvxpswlrq
ghshqgv srvlwlyho| rq wkh uhdo uhwxuq1 Lq +5,/ etMc| dqg et8c| duh rxwsxw uhvshf0
wlyho| lq uhjlrqM dqg 8 1 Frpelqlqj +4, dqg +5, zh rewdlq wkh lqwhuwhpsrudo
LV htxdwlrq

et `
| ' }`| � 43�H|

"[
�'f

E e-|n� � Z`|n�n��/

zklfk lv zhoo nqrzq lq wkh forvhg0hfrqrp| olwhudwxuh +vhh Nhuu dqg Nlqj
+4<<9, dqg Zrrgirug +4<<9,,1 Krzhyhu lq rxu frqwh{w lw lv xqlrq rxwsxw
wkdw ghshqgv qrw rqo| xsrq vkruw uhdo lqwhuhvw udwhv/ exw dovr xsrq orqj
uhdo udwhv1 H{shfwdwlrqv ri ixwxuh prqhwdu| srolf| dv zhoo dv h{shfwdwlrqv ri
wkh lpsolhg sdwk ri wkh xqlrq lq dwlrq udwh d�hfw wkh fxuuhqw htxloleulxp ri
xqlrq rxwsxw1 Ixuwkhu lqvljkwv fdq eh uhwulhyhg e| dqdo|}lqj wkh ehkdylru
ri wkh vwlfn|0sulfh htxloleulxp frpsduhg zlwk wkh  h{leoh0sulfh htxloleulxp1
E| gh�qlqj wkh frqvxpswlrq jds dv S` �

e�`
�
h�` dqg wkh xqlrq rxwsxw

jds dv +` ' et `
�
ht ` / zh kdyh

S`| ' +`| ' �43�H|

"[
�'f

dE e-|n� � Z`|n�n���
h-|n�o>

zkhuh wkh frqvxpswlrq dqg wkh rxwsxw jds duh h{sodlqhg e| wkh h{shfwhg
ghyldwlrqv ri fxuuhqw dqg ixwxuh uhdo udwhv zlwk uhvshfw wr wkh qdwxudo uhdo

<Htxdwlrq +4, uhsuhvhqwv d orj0olqhdu dssur{lpdwlrq ri htxdwlrq +D1;, lq Dsshqgl{ D/
zkloh htxdwlrqv +5, duh ghulyhg iurp +D149,1
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udwh1 H{shfwdwlrqv ri d frqwlqxrxv frqwudfwlrq ri wkh uhdo udwh deryh wkh
qdwxudo udwh ohdg wr d qhjdwlyh rxwsxw jds�

Wkh vxsso| eorfn ri wkh prgho frqwdlqv wkh djjuhjdwh vxsso| htxdwlrqv
ri uhjlrqv M dqg 8 dv

ZM| ' E�� ?�&MA E eA| � hA|� n &M� E e�`
| �

h�`
| � n q.|Z

M
|n�/ +6,

Z8| ' �?&8A E
eA| � hA|� n &8� E

e�`
| �

h�`
| � n q.|Z

8
|n�/ +7,

zkhuh wkh uhjlrq0vshfl�f lq dwlrq udwhv ghshqg rq wkh h{shfwdwlrqv ri ixwxuh
sulfh0vhwwlqj ehkdylru dv zhoo dv rq wkh ghyldwlrqv ri wkh whupv ri wudgh dqg
frqvxpswlrq iurp wkhlu qdwxudo udwhv143 Wkh eljjhu wkh uhjlrq/ wkh pruh uhod0
wlyh sulfhv lq xhqfh wkh lq dwlrq udwhv1 Irfxvlqj rq wkh DV htxdwlrq lq uhjlrq
M/ dq lqfuhdvh lq wkh whupv ri wudgh vkliwv wkh DV htxdwlrq dqg lqfuhdvhv lq d0
wlrq ri uhjlrqM wkurxjk wzr fkdqqhov1 Wkh �uvw lv wkh h{shqglwxuh0vzlwfklqj
h�hfw= dq lqfuhdvh lq wkh sulfh ri jrrgv surgxfhg lq uhjlrq 8 uhodwlyh wr jrrgv
surgxfhg lqM erdvwv wkh ghpdqg ri jrrgv surgxfhg lq uhjlrqM/ sxvklqj xs
lq dwlrq lq wklv uhjlrq1 Wkh vhfrqg lv wkh uhgxfwlrq lq wkh pdujlqdo xwlolw| ri
qrplqdo lqfrph= wkh rswlpdo uhvsrqvh lv wr lqfuhdvh sulfhv lq rughu wr r�vhw
wkh idoo lq uhyhqxhv1 Zh fdq uhduudqjh htxdwlrq +6, dqg +7, lq d irup wkdw lv
idploldu zlwk wkh �Qhz0Nh|qhvldq Skloolsv fxuyh� olwhudwxuh

ZM| ' E� � ?�E&MA � &M� � � E eA| � hA|� n &M� � E etMc| � htMc|� n q.|Z
M
|n�/ +8,

Z8| ' �?E&8A � &8� � � E
eA| � hA|� n &8� � E

et8c| � ht8c|� n q.|Z
8
|n�/ +9,

lq zklfk zh kdyh hpskdvl}hg wkh ghshqghqfh rq wkh uhjlrq0vshfl�f rxwsxw
jds1 Exw/ lq frqwudvw zlwk wkh forvhg0hfrqrp| irupxodwlrq/ wkh whupv ri
wudgh jds vwloo pdwwhuv1

Wkh odwwhu olqn kdv lqwhuhvwlqj lpsolfdwlrqv1 Wkh �Qhz0Nh|qhvldq Skloolsv
fxuyh� kdv dwwudfwhg frqvlghudeoh dwwhqwlrq iurp uhvhdufkhuv1 D elj fulwlflvp
ri wkh forvhg0hfrqrp| irupxodwlrq lv wkh devhqfh ri d wudgh0r� ehwzhhq vwdel0
ol}lqj lq dwlrq dqg rxwsxw jds1 Lq dwlrq fdq eh uhgxfhg dw qr frvw lq whupv ri
rxwsxw jds1 Qrq udwlrqdolw| lq wkh irupdwlrq ri h{shfwdwlrqv/ Urehuwv +4<<;,/

43Zh kdyh wkdw � lv wkh lqwhuwhpsrudo glvfrxqw idfwru lq wkh frqvxphu suhihuhqfhv> � lv
wkh hodvwlflw| ri vxevwlwxwlrq lq frqvxpswlrq ehwzhhq jrrgv surgxfhg lq wkh vdph uhjlrq1
Zh kdyh gh�qhg nl

F
� ^+4��l�,+4��l,@�l`�^+�.�,@+4.��,` dqg nlW @ nlF �^+4.�,@+�.�,`

iru l @ K ru I 1 Khuh �Kw @oqSK>w@SK>w�4/ �
I
w @oqSI>w@SI>w�4/ zkhuh SK>w dqg SI>w duh

sulfhv ri wkh exqgohv ri jrrgv surgxfhg uhvshfwlyho| lq uhjlrq K dqg I= D ixoo ghulydwlrq
lv lq Dsshqgl{ E1
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dqg sduwldoo| edfnzdug0orrnlqj sulfh0vhwwhuv/ Jdoð dqg Jhuwohu +4<<;,/ duh wkh
h{whqvlrqv wkdw kdyh ehhq xvhg lq rughu wr uhvsrqg wr wklv fulwlflvp1 Zlwk0
rxw uhod{lqj dq| dvvxpswlrq/ rxu rshq0hfrqrp| irupxodwlrq jlyhv d gl�huhqw
shuvshfwlyh1 Irfxvlqj rq wkh DV htxdwlrq ri uhjlrq M/ zh kdyh

ZM| ' H|

"[
&'f

q&dE� � ?�E&MA � &M� � � E eA|n& � hA|n&� n &M� � E etMc|n& �
htMc|n&�o/

zkhuh d }hur lq dwlrq udwh uhtxluhv erwk wkh whupv ri wudgh jds dqg wkh
rxwsxw jds wr eh }hur1 Dv zh zloo vhh lq wkh qh{w vhfwlrqv/ lw lv dq h{fhswlrq
zkhq wkhvh wzr jdsv fdq eh forvhg vlpxowdqhrxvo|144 Ixuwkhupruh lq rxu
vshfl�fdwlrq lw lv lqkhuhqw dq lpsolflw lqhuwld lq wkh lq dwlrq udwh1 Lq idfw wkh
gh�qlwlrq ri wkh whupv ri wudgh lpsolhv

A|

A|3�
'
�8c|

�Mc|

�Mc|3�

�8c|3�

/

dqg lq wkh orj0olqhdu irup

eA| ' eA|3� n Z8| � ZM| 1 +:,

Lw iroorzv wkdw wkh whupv ri wudgh lv d vwdwh yduldeoh1 Li prqhwdu| srolf| lv qrw
deoh wr holplqdwh wkh olqn ehwzhhq wkh lq dwlrq udwh dqg wkh whupv ri wudgh/
lq dwlrq lwvhoi zloo eh d ixqfwlrq ri lwv sdvw ydoxhv1 Wkxv rxu vshfl�fdwlrq
srlqwv wrzdug d vlpxowdqhrxv hvwlpdwlrq ri wkh wzr DV htxdwlrqv xqghu wkh
uhvwulfwlrq lpsrvhg e| wkh whupv ri wudgh lghqwlw|/ lq rughu wr ehwwhu ghvfuleh
wkh lq dwlrq g|qdplfv1

Krz lpsruwdqw duh whupv ri wudgh h�hfwvB Wkh dqvzhu ghshqgv rq wkh
ghjuhh ri rshqqhvv ri wkh uhjlrqv zlwklq wkh xqlrq1 Dv iru wkh Hxurshdq
Xqlrq dv d zkroh/ wkh udwlr ri h{sruwv ri jrrgv wr xqlrq JGS/ lv ri wkh
rughu ri 47(1 Zkloh hdfk frxqwu|/ frqvlghuhg vhsdudwho|/ kdv dq h{sruw udwlr
lqfoxglqj wkh lqwud0xqlrq wudgh/ udqjlqj iurp 4<( wr 95(1 Wkxv lqwud0xqlrq
rshqqhvv lv kljk dqg whupv ri wudgh h�hfwv duh lpsruwdqw1

Htxdwlrqv +4,/ +5,/ +6,/ +7, dqg +:, frpelqhg zlwk wkh orj0olqhdu yhuvlrq
ri wkh lqwhuhvw udwh uxoh fkdudfwhul}h frpsohwho| rxu orj0olqhdu htxloleulxp
g|qdplfv1

44Hufhj/ Ohylq dqg Khqghuvrq +4<<<, r�hu d vlplodu frqfoxvlrq lq d forvhg0hfrqrp|
prgho lq zklfk erwk sulfhv dqg zdjhv duh vwlfn|1 Lq wkhlu fdvh wkh vwlfnlqhvv ri uhdo zdjh
fuhdwhv wkh wudgh0r� ehwzhhq rxwsxw dqg lq dwlrq1
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6 Srvlwlyh Dqdo|vlv

Lq wklv vhfwlrq zh irfxv rq vrph srvlwlyh lpsolfdwlrq ri wkh htxloleulxp xqghu
sulfh vwlfnlqhvv zklfk lv ghvfulehg e| wkh orj0olqhdu dssur{lpdwlrq ri wkh
suhylrxv vhfwlrq1

614 Htxdo Ghjuhhv ri QrplqdoUljlglw| Dfurvv Uhjlrqv

Iluvw zh uhvwulfw wkh ghjuhhv ri qrplqdo uljlglw| wr eh wkh vdph dfurvv uhjlrqv/
l1h1 kM ' k8 1 Wklv lv qrw d uhdolvwlf vfhqdulr exw lw fdq surylgh d jrrg
ehqfkpdun iru frpsdulqj pruh jhqhudo iudphzrunv1 Iurp wklv dvvxpswlrq
lw iroorzv wkdw &M� ' &8� / iru � ' �cA 1

Lq wklv fdvh/ wkh DV htxdwlrq uhodwhg wr wkh xqlrq lq dwlrq udwh lv

Z`| ' &�E+
`
| � n q.|Z

`
|n�/ +;,

dqg lw kdv wkh vdph lqwhusuhwdwlrq dv d forvhg0hfrqrp| DV htxdwlrq/ lq zklfk
doo wkh yduldeohv duh vxevwlwxwhg zlwk wkhlu xqlrq fruuhvsrqghqwv1 Wkhuh lv
qr wudgh0r� lq vwdelol}lqj wkh xqlrq lq dwlrq udwh dqg wkh xqlrq rxwsxw jds1
Pruhryhu xvlqj wkh Hxohu htxdwlrq zh kdyh

H|E+
`
|n�� ' +`| n 43�E e-| �

h-| � .|Z
`
|n��1 +<,

Zh fdq cforvh* wklv wzr htxdwlrqv zlwk d sduwlfxodu lqwhuhvw udwh uxoh lq zklfk
wkh lqwhuhvw udwh lv irufhg rqo| wr uhdfw wr d zhljkwhg dyhudjh ri uhjlrqdo ydul0
deohv ru d zhljkwhg dyhudjh ri uhjlrqdo vkrfnv1 Wkh zhljkwv vkrxog frlqflgh
zlwk wkh hfrqrplf vl}h ri wkh uhjlrqv1 Dv dq h{dpsoh/ d fodvvlfdo Wd|oru*v
uxoh ehorqjv wr wklv fodvv

e-| ' >Z`| n �+`| /

lq zklfk wkh lqwhuhvw udwh uhdfwv wr wkh xqlrq lq dwlrq udwh dqg wkh rxw0
sxw jds> > dqg � duh srolf| sdudphwhuv1 Jlyhq wklv sduwlfxodu fodvv ri uxohv/
htxdwlrqv +;,/ +<, frpelqhg zlwk wkh uxoh duh vx!flhqw wr ghwhuplqh wkh htxl0
oleulxp sdwk ri Z`| / +

`
| dqg e-|/ xqghu fhuwdlq uhvwulfwlrqv rq wkh sdudphwhuv

ri wkh uxoh1 Zh kdyh dovr wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Li kM ' k8 dqg li wkh lqwhuhvw udwh uhdfwv rqo| wr d zhljkwhg
dyhudjh ri yduldeohv dqg vkrfnv/ wkhq li wkh htxloleulxp lv ghwhuplqdwh/ dv|p0
phwulf vkrfnv gr qrw fuhdwh dv|pphwulf uhvsrqvhv ri hdfk ri wkh iroorzlqj
yduldeohv Z` / +` dqg e-1
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Surri1 Lw iroorzv gluhfwo| iurp wkh suhylrxv glvfxvvlrq1
Lw lv plvohdglqj dw wklv vwdjh wr lqwhusuhw Sursrvlwlrq 4 dv srlqwlqj wrzdugv

d gluhfw uhodwlrq ehwzhhq d fxuuhqf| xqlrq dqg d sduwlfxodu cforvhg* hfrqrp|
lq zklfk yduldeohv duh vxevwlwxwhg zlwk wkhlu uhvshfwlyh xqlrq dyhudjh1 Lq
idfw wkh uxoh lghqwl�hg lv kljko| vshfldo dqg li lw pd| vhhp d vhqvleoh fodvv ri
uxohv wr zklfk zh fdq irfxv wkh dwwhqwlrq/ zh vkrxog kdyh vrolg dujxphqwv
wr suhihu wklv fodvv lqvwhdg ri rwkhuv1 Pruhryhu iurp d srvlwlyh srlqw ri ylhz
lq dwlrq udwhv lq hdfk uhjlrq duh yduldeohv ri lqwhuhvw dqg wkh ghwhuplqdwlrq
ri uhodwlyh sulfhv lv fuxfldo iru wkhlu ghwhuplqdwlrq1 Zh kdyh wkhq

Z-| ' �&A E eA| � hA|� n qH|Z
-
|n�/ +43,

zkhuh wkh suhvvxuh rq uhodwlyh lq dwlrq lv jlyhq e| wkh ghyldwlrqv ri wkh whupv
ri wudgh iurp wkhlu qdwxudo udwh1 Qrwlqj wkdw Z-| ' eA| �

eA|3� zh rewdlq

H| eA|n� �
� n q n &A

q
eA| n

�

q
eA|3� ' �

&A

q
hA|1 +44,

Sursrvlwlrq 5 Li kM ' k8 / +l, wkhuh h{lvwv d xqltxh vwdeoh vroxwlrq iru wkh
htxloleulxp whupv ri wudgh/ +ll, wkh whupv ri wudgh duh frpsohwho| lqvxodwhg
iurp prqhwdu| srolf|/ +lll, wkh whupv ri wudgh fdqqrw eh dw wkhlu h!flhqw
ohyho hA| dw doo gdwhv | xqohvv hA| ' f dw doo gdwhv |1

Surri1 Lq Dsshqgl{ G1
Wkh uhvxow ri lqvxodwlrq ri wkh whupv ri wudgh lv kljko| vshfldo1 Lw krogv lq

wkh  h{leoh0sulfhv fdvh exw dovr lq wklv vshfldo fdvh zlwk vwlfn| sulfhv1 Zkhq
vhoohuv vhw wkhlu sulfhv/ wkh| frqvlghu dv jlyhq wkh sulfh lqgh{hv dv zhoo dv
wkh djjuhjdwh frqvxpswlrq lqgh{1 Uhjlrqdo sulfh lqgh{hv duh ghwhuplqhg lq
htxloleulxp/ e| wkh sulfh0vhwwlqj ghflvlrqv/ zkloh frqvxpswlrq lv lq xhqfhg
e| prqhwdu| srolf|1 Lq wklv vshfldo fdvh uhjlrqdo sulfh lqgh{hv uhdfw zlwk wkh
vdph pdjqlwxgh wr pryhphqw ri wkh djjuhjdwh frqvxpswlrq/ wkxv qhxwudol}0
lqj prqhwdu| srolf|1 Lq idfw wkh ghjuhh ri lq xhqfh ri djjuhjdwh frqvxpswlrq
rq vhoohuv zkr duh fkdqjlqj wkhlu sulfh lv lqghshqghqw ri wkh uhjlrq ri uhvl0
ghqfh ri wkh vhoohuv1 Pruhryhu zkhq kM ' k8 wkh vdph iudfwlrq ri vhoohuv lv
fkdqjlqj sulfhv lq hdfk uhjlrq1 Lw iroorzv wkdw prqhwdu| srolf| fdqqrw lqgxfh
dv|pphwulhv lq wkh lq dwlrq udwhv1

Krzhyhu khuh zh vwuhvv wkdw/ hyhq wkrxjk prqhwdu| srolf| lv qrw lq x0
hqwldo/ glvwruwlrqv jlyhq e| wkh vwlfnlqhvv ri sulfhv uhpdlq dqg wkh sdwk ri
wkh whupv ri wudgh grhv qrw pdwfk fkdqjhv lq wkh qdwxudo ohyho1 Wkh ghjuhh
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ri sulfh vwlfnlqhvv pdwwhuv iru wkh ghjuhh ri lqhuwld lq wkh whupv ri wudgh1 Li
sulfhv dgmxvw ohvv iuhtxhqwo|/ wkh uhvsrqvh ri uhodwlyh lq dwlrq wr fkdqjhv lq
wkh whupv ri wudgh iurp lwv qdwxudo udwh ghfuhdvhv dqg wkh lqhuwld lq wkh whupv
ri wudgh lqfuhdvhv1

615 Gl�huhqw Ghjuhhv ri Qrplqdo Uljlglw| Dfurvv Uh0

jlrqv

Lq wkh suhylrxv sdudjudsk zh kdyh dqdo|}hg wkh fdvh lq zklfk wkh gxudwlrq ri
sulfh frqwudfwv lv htxdol}hg ehwzhhq uhjlrqv1 Khuh zh uhod{ wklv dvvxpswlrq lq
rughu wr glvfxvv wkh urexvwqhvv ri wkh deryh frqfoxvlrqv1 Wdnlqj d zhljkwhg
dyhudjh ri wkh DV htxdwlrqv zh rewdlq

Z`| ' wE eA| � hA|� n VE et `
| �

ht `
| � n qH|Z

`
|n�/ +45,

zkhuh qrw rqo| wkh ghyldwlrqv ri xqlrq rxwsxw iurp lwv qdwxudo ohyho/ exw
dovr wkh ghyldwlrq ri wkh whupv ri wudgh iurp wkhlu qdwxudo udwh/ jhqhudwh
suhvvxuhv rq xqlrq lq dwlrq udwh145 Lw lv qr orqjhu wuxh wkdw wkh forvhg0
hfrqrp| yhuvlrq ri wkh Qhz0Nh|qhvldq Skloolsv fxuyh fdq eh dgdswhg wr d
fxuuhqf| duhd1 Xqolnh wkh suhylrxv vhfwlrq/ uhodwlyh sulfhv duh lpsruwdqw dqg
d wudgh0r� ehwzhhq vwdelol}lqj xqlrq lq dwlrq dqg xqlrq rxwsxw pd| h{lvw1

Lq wklv jhqhudo fdvh/ uhodwlyh lq dwlrq udwh lv

Z-| ' ��E eA| � hA|� n /E et `
| �

ht `
| � n qH|Z

-
|n�/ +46,

zkhuh djdlq xqolnh wkh suhylrxv vhfwlrq/ prqhwdu| srolf| kdv dq lq xhqfh
rq wkh whupv ri wudgh/ wkurxjk wkh lq xhqfh rq xqlrq frqvxpswlrq ru xqlrq
rxwsxw1 Lq jhqhudo prqhwdu| srolf| uxohv fdq vwdelol}h ru ghvwdelol}h wkh whupv
ri wudgh dqg pruh lpsruwdqwo| wkh lqhuwld ri wkh whupv ri wudgh fdq d�hfw wkh
g|qdplfv ri xqlrq lq dwlrq dqg frqvxpswlrq1

Lq wklv zrun/ zh duh qrw gluhfwo| lqwhuhvwhg lq hydoxdwlqj rqo| txdqwlwdwlyh
uhodwlrqv dprqj yduldeohv iroorzlqj gl�huhqw uxohv/ exw zh irfxv pruh rq
qrupdwlyh lvvxhv1 Dv d uhvxow ri wklv vhfwlrq/ vrph lqwhuhvwlqj txhvwlrqv

45Zh kdyh gh�qhg
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dulvh1 Vkrxog prqhwdu| srolf| eh frqgxfwhg lq d zd| wr vwdelol}h wkh xqlrq
lq dwlrq udwh ru vkrxog lw wdnh lqwr frqvlghudwlrq wkh glvwulexwlrq ri lq dwlrq
udwhv dfurvv uhjlrqvB Vkrxog prqhwdu| srolf| vwdelol}h xqlrq rxwsxw ru vkrxog
lw vwdelol}h uhjlrq0vshfl�f rxwsxwB Lq rughu wr surfhhg zlwk wkhvh qrupdwlyh
lvvxhv/ d zhoiduh fulwhulrq vkrxog eh vshfl�hg1

7 Qrupdwlyh Dqdo|vlv

Wkh remhfwlyhv ri wkh prqhwdu| srolf|pdnhuv lq d vshfl�f frxqwu| ru duhd
duh d eohqglqj ri gl�huhqw idfwruv= vwuxfwxuh ri wkh hfrqrp|/ suhihuhqfhv hl0
wkhu ri wkh vrflhw| ru ri wkh srolwlfdo dxwkrulw|/ lqwhuqdo suhihuhqfhv ri wkh
fhqwudo edqn/ lqghshqghqfh ri wkh fhqwudo edqn iurp wkh srolwlfdo dxwkrul0
wlhv1 Lq vrph fdvhv lw lv wkh ohjlvodwru wkdw dvvljqv wkh fhqwudo edqn vshfl�f
remhfwlyhv146

Lq wkh Hxurshdq Prqhwdu| Xqlrq/ wkh Hxurshdq V|vwhp ri Fhqwudo Edqn
kdv wkh sulpdu| remhfwlyh ri pdlqwdlqlqj sulfh vwdelolw|1 Prqhwdu| srolf|
pd| vxvwdlq wkh hfrqrplf jurzwk ri wkh uhjlrqv/ exw wklv vkrxog eh grqh
zlwkrxw dq| suhmxglfh wr sulfh vwdelolw|1 Dv rxwolqhg e| Vyhqvvrq +4<<<e,/
gh�qlqj sulfh vwdelolw| erlov grzq wr gh�qlqj wkh prqhwdu|0srolf| orvv ixqf0
wlrq1 Exw wkh dufklwhfwv ri Hxurshdq prqhwdu| srolf| kdyh ehhq pruh h{solflw
e| vwdwlqj wkdw �sulfh vwdelolw| vkdoo eh gh�qhg dv d |hdu0rq0|hdu lqfuhdvh lq
wkh Kduprql}hg Lqgh{ ri Frqvxphu Sulfhv +KLFS, iru wkh hxur duhd ri eh0
orz 5(�147 E| jlylqj d txdqwlwdwlyh gh�qlwlrq ri sulfh vwdelolw|/ wkh| kdyh
lpsolflwo| gh�qhg wkh prqhwdu|0srolf| orvv ixqfwlrq lq whupv ri wkh KLFS1 Lq
wklv zrun zh dujxh wkdw lw lv qrw dozd|v wkh fdvh wkdw wkh rswlpdo prqhwdu|
srolf| lv dfklhyhg zlwk wkh vwdelol}dwlrq ri wkh KLFS +lq rxu prgho zh kdyh
ZMU�� ' Z` ,1 Hyhq li lw lv dq dsshdolqj dqg vlpsoh wdujhw/ lw grhv qrw
surshuo| wdnh lqwr dffrxqw doo wkh frvwv wkdw vrflhw| lqfxuv ehfdxvh sulfhv gr
qrw doorfdwh uhvrxufhv h!flhqwo|1

Iroorzlqj Urwhpehuj dqg Zrrgirug +4<<:/ 4<<;,/ Nlqj dqg Zropdq
+4<<;, dqg Zrrgirug +4<<<d/ 4<<<e,/ d vwdqgdug sxeolf �qdqfh dssurdfk

46Vhh Eolqghu +4<<;, iru d ylhz rq fhqwudo edqnlqj1
47Wkh Kduprqlvhg Lqgh{ ri Frqvxphu Sulfhv lqvlgh wkh hxur0duhd lv d zhljkwhg dyhudjh

ri wkh vlqjoh0frxqwu| KLFS1 Hdfk frxqwu| kdv d zhljkw htxdo wr wkh vkduh ri lwv wrwdo sulydwh
frqvxpswlrq uhodwlyh wr wkh hxur0duhd sulydwh frqvxpswlrq1 Wkh sulydwh frqvxpswlrq ri
hdfk frxqwu| lv hydoxdwhg lq wkh frpprq fxuuhqf| dqg wkhq uhodwhg wr wkh hxur0duhd
frqvxpswlrq1 Lq rxu prgho wkh KLFS lv �Z 1
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lv xvhg lq rughu wr hydoxdwh wkh pdjqlwxgh ri wkh glvwruwlrqv h{lvwlqj lq wkh
hfrqrp|1 Dv wd{dwlrq fuhdwhv glvwruwlrqv lq sulfhv dqg txdqwlwlhv/ wkhuhe|
fdxvlqj d ghdgzhljkw orvv/ wkh glvwruwlrqv wkdw doorz prqhwdu| srolf| wr h{lvw
fuhdwh d plvdoorfdwlrq ri txdqwlwlhv dqg sulfhv zlwklq hdfk uhjlrq dqg dfurvv
uhjlrqv1 Wklv dssurdfk lv yhu| dwwudfwlyh ehfdxvh lq wkh forvhg0hfrqrp|
iudphzrun lw gholyhuv d zhoiduh fulwhulrq rqo| lq whupv ri vtxduhv ri lq d0
wlrq dqg rxwsxw jds/ wkh odwwhu wdnhq lq ghyldwlrqv iurp d ghvluhg ohyho1 Lw
dovr mxvwl�hv sulfh vwdelolw| dv wkh rswlpdo frqgxfw ri prqhwdu| srolf|/ vhh
Zrrgirug +4<<<d,1

Lq rxu iudphzrun/ d qdwxudo zhoiduh fulwhulrq wkdw doorzv dq hydoxdwlrq ri
wkh ghdgzhljkw orvv lv wkh glvfrxqwhg vxp ri wkh xwlolw|  rzv ri wkh krxvhkrogv
ehorqjlqj wr wkh zkroh xqlrq1 Wkh dyhudjh xwlolw|  rzv/ glvuhjduglqj oltxlglw|
h�hfwv/ lv gh�qhg dw hdfk gdwh | dv
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zkhuh lw kdv ehhq lpsolflwo| dvvxphg wkdw hdfk uhjlrq kdv d zhljkw htxdo wr
lwv hfrqrplf vl}h148 Wklv sduwlfxodu fkrlfh ri zhljkwv kdv d frqyhqlhqw lpsol0
fdwlrq= wkh rswlpdo htxloleulxp doorfdwlrq ehwzhhq ohlvxuh dqg frqvxpswlrq
lq d fhqwudo sodqqhg hfrqrp| lpsolhv wkh h!flhqw frqglwlrq/ l1h1 wkh htxdo0
lw| ehwzhhq wkh pdujlqdo xwlolw| ri frqvxpswlrq dqg ohlvxuh1 Wkh zhoiduh
fulwhulrq ri wkh zkroh xqlrq lv wkhq gh�qhg dv
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Iroorzlqj Urwhpehuj dqg Zrrgirug +4<<:/4<<;, dqg Zrrgirug +4<<<d,/ zh
frpsxwh d vhfrqg0rughu Wd|oru vhulhv h{sdqvlrq ri ` durxqg wkh ghwhuplq0
lvwlf vwhdg| vwdwh zkhuh doo wkh vkrfnv duh }hur1 Rxu vhfrqg0rughu dssur{l0
pdwlrq gholyhuv dq lqwxlwlyh uhsuhvhqwdwlrq ri wkh zhoiduh ixqfwlrq=
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zlwk
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48Zh kdyh wkdw X dqg Y duh hohphqwv ri wkh xwlolw| ixqfwlrq ri wkh frqvxphu zklfk
lv ghvfulehg lq Dsshqgl{ D/ zkhuh |+m, lv wkh rxwsxw surgxfhg e| djhqw m/ zkloh }l lv d
uhjlrq0vshfl�f vkrfn1
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zh kdyh wkdw l/ \/ K/ � duh ixqfwlrqv ri wkh vwuxfwxudo sdudphwhuv ri wkh
prgho zkloh w1l1s1 ghqrwhv sdudphwhuv wkdw duh lqghshqghqw ri wkh srolf|
dqg JEn1n�� lqfoxghv whupv wkdw duh ri rughu kljkhu wkdq wkh vhfrqg lq wkh
erxqg n1n rq wkh dpsolwxgh ri wkh vkrfnv frqvlghuhg lq wkh dssur{lpdwlrq149

Ixuwkhupruh +` : f dulvhv ehfdxvh wkh vwhdg| vwdwh xqlrq rxwsxw/ durxqg
zklfk zh duh olqhdul}lqj/ lv lqh!flhqwo| orz gxh wr wkh prqrsrolvwlf glvwru0
wlrqv14:

Lqwhuhvwlqj frpsdulvrqv fdq eh dgguhvvhg zlwk uhihuhqfh wr wkh forvhg0
hfrqrp| fdvh ri Urwhpehuj dqg Zrrgirug +4<<:/4<<;,/ Drnl +4<<;,/ Zrrg0
irug +4<<<d/4<<<e,14; Rxu zhoiduh fulwhulrq fdq eh lqwhusuhwhg dv d jhqhudo0
l}dwlrq ri wkhlu iudphzrun1 Li rqh uhjlrq ehfrphv elj lq vl}h/ l1h1 ? $ � ru
?$ f/ wkh zhoiduh fulwhulrq ehfrphv wkh forvhg0hfrqrp| fdvh ri Urwhpehuj
dqg Zrrgirug/ zkhuh wkh yduldelolw| ri wkh whupv ri wudgh lv qr orqjhu lp0
sruwdqw1 Li wkh vwlfnlqhvv ydqlvkhv lq rqh uhjlrq/ l1h1 li kM $ f ru k8 $ f/
wkh zhoiduh fulwhulrq erlov grzq wr Drnl*v zhoiduh fulwhulrq/ zkhuh erwk wkh
yduldelolw| ri wkh whupv ri wudgh dqg wkh yduldelolw| ri wkh lq dwlrq udwh +rqo|
lq wkh vwlfn|0sulfh vhfwru, pdwwhu1

Rxu jhqhudo iudphzrun vkhgv vrph oljkw rq zklfk yduldeohv duh vljql�fdqw
lq rughu wr frpsxwh wkh zhoiduh ixqfwlrq zkhq lqwhuuhjlrqdo uhodwlyh sulfhv
duh lpsruwdqw1 Zkdw pdwwhuv lv wkh vtxduhg ghyldwlrq ri wkh xqlrq rxwsxw
jds iurp wkh ghvluhg ohyho ri xqlrq rxwsxw1 D srvlwlyh rxwsxw jds lv ghvlu0
deoh ehfdxvh ri wkh lqh!flhqf| dvvrfldwhg zlwk wkh prqrsrolvwlf glvwruwlrqv1
Fkdqjhv lq wkh whupv ri wudgh h{sodlq glyhujhqfhv ri wkh surgxfwlrq dfurvv
uhjlrqv zklfk duh wrohudwhg iurp wkh zhoiduh srlqw ri ylhz rqo| li wkh| pdwfk
fkdqjhv lq wkh qdwxudo udwh ri wkh whupv ri wudgh1 Khuh wkh uroh ri uhodwlyh
sulfhv hphujhv lq doorfdwlqj wkh uhvrxufhv dfurvv uhjlrqv1 Prqhwdu| srolf|
vkrxog lqgxfh fkdqjhv lq uhodwlyh sulfhv dv li sulfhv zhuh  h{leoh/ ehfdxvh
lq wklv fdvh uhvrxufhv duh doorfdwhg rswlpdoo| zkhq wkh hfrqrp| h{shulhqfhv
dv|pphwulf vkrfnv1 Wkh lq dwlrq udwh hqwhuv lq d yhu| vshfl�f zd|= lw lv dq
dyhudjh ri wkh vtxduhv ri wkh uhjlrq0vshfl�f lq dwlrq udwhv1 Lq dwlrq lv frvwo|
ehfdxvh lw lqgxfhv dq lqh!flhqw yduldelolw| ri uhodwlyh sulfhv dqg ri rxwsxw

49Ghwdlov duh lq Dsshqgl{ F1
4:D vlplodu v|vwhpdwlf lqh!flhqf| lq wkh vwhdg| vwdwh ohyho ri wkh whup ri wudgh zrxog

kdyh dulvhq li zh zhuh doorzlqj dq dv|pphwulf ghwhuplqlvwlf vwhdg|0vwdwh zlwk �K 9@ �I 1
Wklv fdvh grhv qrw dgg ixuwkhu lqvljkwv wr wkh dqdo|vlv wkdw iroorzv1

4;Urwhpehuj dqg Zrrgirug +4<<:/4<<;, dqg Zrrgirug +4<<<d/4<<<e, duh h{dpsoh ri
forvhg0hfrqrp| prgho zlwk rqh vhfwru1 Drnl +4<<;, suhvhqwv d forvhg0hfrqrp| prgho zlwk
wzr vhfwruv/ rqh zlwk  h{leoh sulfhv dqg wkh rwkhu zlwk vwlfn| sulfhv1
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zlwklq hdfk uhjlrq1
Pruhryhu rxu plfur0irxqghg zhoiduh fulwhulrq lpsolhv d ghwhuplqhg zhljkw/

lq whupv ri wkh vwuxfwxudo sdudphwhuv ri wkh prgho/ wr eh jlyhq wr wkh vtxduhv
ri wkh lq dwlrq udwhv1 Li wkh ghjuhhv ri qrplqdo uljlglw| duh htxdol}hg dfurvv
uhjlrqv/ wkh uhohydqw yduldeoh lv wkh h{dfw zhljkwhg dyhudjh ri wkh vtxduhv
ri wkh uhjlrq0vshfl�f lq dwlrq udwhv> zkloh lq wkh fdvh uhjlrqv kdyh gl�huhqw
ghjuhhv ri sulfh uljlglw|/ wkh lq dwlrq udwh lq wkh uhjlrq zlwk kljkhu ghjuhh ri
qrplqdo uljlglw| zloo kdyh d kljkhu zhljkw lq wkh zhoiduh ixqfwlrq1 Lq zkdw
iroorzv/ zh �uvw dqdo|}h wkh zhoiduh lpsolfdwlrq lq wkh fdvh wkh ghjuhh ri
uljlglw| lv wkh vdph/ wkdq zh zloo irfxv rq wkh fdvh lq zklfk rqh uhjlrq lv
fkdudfwhul}hg e|  h{leoh sulfhv/ �qdoo| wkh jhqhudo fdvh zloo eh frqvlghuhg1

714 Htxdo Ghjuhhv ri Qrplqdo Uljlglwlhv Dfurvv Uh0

jlrqv

Zh ehjlq e| dqdo|}lqj wkh fdvh lq zklfk wkh gxudwlrq ri wkh sulfh frqwudfwv
lv lghqwlfdo lq erwk uhjlrqv1 Wkh orvv ixqfwlrq vlpsol�hv wr
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Iluvw zh irfxv rq wkh rswlpdo srolf| lq wkh fdvh lq zklfk wkh prqrsrolvwlf
glvwruwlrqv duh shuihfwo| qhxwudol}hg e| dq dssursuldwh vxevlg|14< Zh kdyh
wkhq +` ' f1 Lq wklv fdvh wkh h!flhqw rxwfrph frlqflghv zlwk wkh doorfdwlrq
wkdw zrxog dulvh li sulfhv zhuh shuihfwo|  h{leoh lq erwk uhjlrqv1

Sursrvlwlrq 6 Li +` ' f dqg kM ' k8 / wkh rswlpdo srolf| lv wr vhw ZMU��
|

'
f dw doo gdwhv |�

Surri1 Iurp sursrvlwlrq 5 zh nqrz wkdw lq wklv fdvh wkh whupv ri wudgh dqg
uhodwlyh lq dwlrq duh lqvxodwhg iurp prqhwdu| srolf|1 Wkh sduw ri wkh orvv
ixqfwlrq wkdw fdq eh d�hfwhg e| prqhwdu| srolf| lqfoxghv rqo| wkh vtxduhv
ri wkh xqlrq rxwsxw jds dqg ri wkh KLFS lq dwlrq udwh1 Jlyhq wkdw wkhuh lv
qr wudgh0r� ehwzhhq vwdelol}lqj erwk wkhvh wzr yduldeohv/ wkh rswlpdo srolf|
lv wr wdujhw wr }hur wkh KLFS lq dwlrq udwh1 Lq wklv htxloleulxp wkh lpsolhg
sdwk ri wkh lqwhuhvw udwh zloo iroorz wkh qdwxudo udwh1

4<Lq rxu frqwh{w wklv lv srvvleoh e| fkrrvlqj �
K @ �

I @ +4 � �,�4/ zkhuh �K dqg �
I

duh glvwruwlqj wd{hv rq wkh surgxfwlrq/ uhvshfwlyho| lq uhjlrq K dqg I 1
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Wklv srolf| pd{lpl}hv wkh zhoiduh ixqfwlrq exw lw grhv qrw uhdfk wkh
h!flhqw rxwfrph frqvlvwhqwo| zlwk Sursrvlwlrq 51 Prqhwdu| srolf| fdqqrw
fruuhfw wkh lqh!flhqflhv lqgxfhg e| wkh voxjjlvk dgmxvwphqw ri uhodwlyh sulfhv1
Lw lv qr orqjhu wuxh/ dv lw lv wkh fdvh lq wkh Jrrgiulhqg dqg Nlqj +4<<:,
dqdo|vlv/ wkdw e| vwdelol}lqj d fruh phdvxuh ri lq dwlrq � lq rxu fdvh d
zhljkwhg dyhudjh ri wkh lq dwlrq udwhv�prqhwdu| srolf| fdq uhdfk h!flhqf|/
vlpso| ehfdxvh wkh whupv ri wudgh duh rxw ri lwv frqwuro1

Krzhyhu wkh srolf| suhvfulswlrq/ wkdw prqhwdu| dxwkrulw| vkrxog vwdel0
ol}h wkh KLFS/ lv ydolg/ ehlqj wkh rswlpdo srolf| lq wklv frqvwudlqhg htxlole0
ulxp1 Pruhryhu hyhq lq wkh fdvh lq zklfk wkh prqrsrolvwlf glvwruwlrqv duh
qrw frpsohwho| holplqdwhg/ l1h1 +` : f/ wkh rswlpdo srolf| lqyrnhv d orqj0uxq
vwdelol}dwlrq ri wkh KLFS1

Sursrvlwlrq 7 Li +` : f dqg kM ' k8 / wkh rswlpdo srolf| lv wr frpplw wr

d ghwhuplqlvwlf srvlwlyh sdwk ri ZMU�� wkdw dv|pswrwlfdoo| frqyhujhv wr }hur1

Surri1 Vhh Zrrgirug +4<<<d, iru d sdudooho forvhg0hfrqrp| surri1
Lq wklv fdvh ZMU��

|
' ZMU��

f
b| zkhuh ZMU��

f
dqg b duh srvlwlyh/ zlwk b

ohvv wkdq rqh1 Wkh lghd wkdw wkh lq dwlrq udwh frqyhujhv wr }hur lv frqvlvwhqw
zlwk wkh uhvxowv ri Nlqj dqg Zropdq +4<<;,/ lq zklfk zlwk Wd|oru0vw|oh ryhu0
odsslqj sulfh frqwudfwv wkh rswlpdo vwhdg|0vwdwh srolf| lv wkdw ri frpsohwho|
vwdelol}lqj sulfhv/ hyhq lq wkh suhvhqfh ri vpdoo glvwruwlrqv gxh wr wkh pr0
qrsrolvwlf lqh!flhqflhv1 Hyhq wkrxjk wkhuh lv d orqj0uxq wudgh0r� ehwzhhq
xqlrq rxwsxw dqg lq dwlrq/ prqhwdu| srolf| grhv qrw h{sorlw wklv wudgh0r�/
h{fhsw dw wlph 3 zkhq wkh frpplwphqw lv vwduwhg1 Krzhyhu/ lq wkh fdvh
prqhwdu| srolf| lqwhqgv wr frpplw wr d sdwwhuq ri ehkdylru dw d gdwh idu lq
wkh sdvw/ wkhq dq| lqfhqwlyh wr lq dwh zloo glvdsshdu dqg wkh rswlpdo srolf|
zloo lqyrnh vwdelol}dwlrq ri wkh KLFS lqgh{/ dv lq wkh suhylrxv sursrvlwlrq1
Wklv gh�qlwlrq ri frpplwphqw/ iurp d �wlphohvv� shuvshfwlyh/ vhhpv pruh
dssursuldwh/ dv hpskdvl}hg e| Zrrgirug +4<<<f,1

Lw lv zruwk vwuhvvlqj wkdw hyhq lq wklv fdvh h!flhqf| lv qrw rewdlqhg eh0
fdxvh ri wkh frpelqdwlrq ri wkh lqh!flhqf| lqgxfhg e| wkh vwlfnlqhvv ri uho0
dwlyh sulfhv dqg wkh h{lvwhqfh ri prqrsrolvwlf glvwruwlrqv1

Khuh zh pryh wr dqrwkhu vshfldo fdvh lq zklfk rqh uhjlrq lv fkdudfwhul}hg
e| frpsohwho|  h{leoh sulfhv1
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715 Ioh{leoh Sulfhv lq Rqh Uhjlrq

Lq wklv vxevhfwlrq zh irfxv rq wkh vshfldo fdvh lq zklfk rqh uhjlrq/ 8 / kdv
 h{leoh sulfhv zkloh wkh rwkhu uhjlrq/ M/ kdv vwlfn| sulfhv1 Wklv lv dq h{0
wuhph fdvh exw lw r�huv vljql�fdqw lqvljkwv lq rughu wr xqghuvwdqg wkh pruh
jhqhudo fdvh1 Djdlq zh vwduw e| dvvxplqj wkdw wkh prqrsrolvwlf glvwruwlrqv
duh frpsohwho| r�vhw e| glvwruwlqj vxevlglhv1 Wkh rqo| glvwruwlrq uhpdlqlqj
lv wkh rqh dvvrfldwhg zlwk wkh vwlfnlqhvv dqg vwdjjhuhg qdwxuh ri sulfhv lq
uhjlrq M1

Sursrvlwlrq 8 Li +` ' f dqg li surgxfwlrq lq rqh uhjlrq lv fkdudfwhul}hg

e|  h{leoh sulfhv/ wkhq lw lv rswlpdo wr vwdelol}h wkh lq dwlrq udwh lq wkh uhjlrq

zlwk vwlfn| sulfhv1 Xqghu wkh rswlpdo srolf|/ wkh sdwkv ri frqvxpswlrq/ rxwsxw

dqg whupv ri wudgh duh frqvlvwhqw zlwk wkh h!flhqw rxwfrph1

Surri1 Lq Dsshqgl{ G1
Wkh frqfoxvlrqv ri wklv sursrvlwlrq duh frqvlvwhqw zlwk wkh �qglqjv ri

Drnl +4<<;, dqg Hufhj hw do1 +4<<<,1 Wzr vljql�fdqw ihdwxuhv ri sursrvlwlrq
8 duh wkdw= �� prqhwdu| dxwkrulw| vkrxog wdujhw rqo| wkh lq dwlrq udwh ri wkh
uhjlrq lq zklfk sulfhv duh vwlfn|/ zkloh wdujhwlqj KLFS lv vxe0rswlpdo/ ���
h!flhqf| lv rewdlqhg1

Lq wklv fdvh/ wkhuh lv rqo| rqh glvwruwlrq dqg rqh lqvwuxphqw/ dqgprqhwdu|
srolf| kdv wkh uljkw lqvwuxphqw wr frsh zlwk wkh h{lvwlqj glvwruwlrq1 Wklv
dulvhv ehfdxvh lq dwlrq lwvhoi fdq fuhdwh glvshuvlrq ri rxwsxw dqg sulfhv zlwklq
wkh uhjlrq1 Lq idfw fkdqjhv lq uhodwlyh sulfhv zlwklq d uhjlrq duh vrxufhv ri
lqh!flhqflhv jlyhq wkdw wkh gl�huhqwldwhg jrrgv duh surgxfhg dffruglqj wr
wkh vdph whfkqrorj|1 E| frpplwwlqj wr d }hur lq dwlrq udwh lq wkh uhjlrq lq
zklfk sulfhv duh vwlfn|/ prqhwdu| srolf| fdq dyrlg wkh glvshuvlrq ri uhvrxufhv
zlwklq wkdw uhjlrq1 Pruhryhu wkh whupv ri wudgh duh qr orqjhu d vrxufh ri
glvwruwlrqv/ jlyhq wkdw sulfhv lq uhjlrq 8 duh  h{leoh dqg wkh| fdq dgmxvw wr
lqgxfh dq h!flhqw sdwk ri wkh whupv ri wudgh1

Sursrvlwlrq 9 Li +` : f dqg li surgxfwlrq lq rqh uhjlrq lv fkdudfwhul}hg

e|  h{leoh sulfhv/ lw lv rswlpdo wr frpplw wr d ghwhuplqlvwlf srvlwlyh sdwk ri

wkh lq dwlrq lq wkh vwlfn|0sulfh uhjlrq1 Wklv sdwk dv|pswrwlfdoo| frqyhujhv wr

}hur1

Surri1 Lq Dsshqgl{ G1

53



Zh kdyh vkrzq wkdw hyhq lq wklv fdvh/ wkh rswlpdo srolf| lpsolhv d ghwhu0
plqlvwlf srvlwlyh sdwk iru wkh lq dwlrq udwh lq wkh vwlfn|0sulfh uhjlrq/ zkloh
djdlq wdujhwlqj KLFS lv vxe0rswlpdo1 Lq frqwudvw wr sursrvlwlrq 9/ h!flhqf|
lv qrw rewdlqhg/ ehfdxvh wkh qxpehu ri glvwruwlrqv � lq wklv fdvh wkh pr0
qrsrolvwlf glvwruwlrqv dqg wkh glvshuvlrq ri uhodwlyh sulfhv zlwklq rqh uhjlrq
� h{fhhg wkh qxpehu ri lqvwuxphqwv/ rqo| wkh lqwhuhvw udwh1

D jhqhudo vxppdu| fdq eh gudzq iurp wkh vshfldo fdvhv ri wkhvh odvw wzr
vxevhfwlrqv1 Lw lv xvhixo wr gh�qh wkh fodvv ri clq dwlrq wdujhwlqj* srolflhv
dv wkh srolflhv lq zklfk prqhwdu| dxwkrulw| dlpv dw vwdelol}lqj d zhljkwhg
dyhudjh ri wkh uhjlrq0vshfl�f lq dwlrq udwhv dv

BZM n E�� B�Z8 ' f

zkhuh f � B � �1 Wkhq li wkh uhjlrqv kdyh lghqwlfdo ghjuhhv ri qrplqdo
uljlglwlhv/ lw lv rswlpdo wr vhw B htxdo wr wkh hfrqrplf vl}h ri uhjlrq M/ l1h1
B ' ?/ zkloh li uhjlrq 8 kdv  h{leoh sulfhv/ wkhq lw lv rswlpdo wr jlyh doo wkh
zhljkw wr wkh lq dwlrq lq wkh uhjlrq zlwk vwlfn| sulfhv/ l1h1 B ' �/ rq wkh
frqwudu| li sulfhv lq uhjlrq M duh  h{leoh/ lw vkrxog eh B ' f1

716 Jhqhudo Fdvh

Lq wklv vxevhfwlrq zh dqdo|}h wkh jhqhudo fdvh lq zklfk erwk uhjlrqv duh
fkdudfwhul}hg e| gl�huhqw ghjuhhv ri qrplqdo uljlglw|1 Dv d uhplqghu/ wkhuh
duh wkuhh pdlq glvwruwlrqv lq wklv frqwh{w= �� wkh prqrsrolvwlf glvwruwlrq wkdw
lqgxfhv dq lqh!flhqw ohyho ri rxwsxw> ��� lq dwlrq lq hdfk uhjlrq wkdw fuhdwhv
dq lqh!flhqw glvshuvlrq ri sulfhv> ���� vwlfnlqhvv ri sulfhv lq erwk uhjlrqv
wkdw pd| fuhdwh d qrq h!flhqw sdwk ri wkh whupv ri wudgh lq uhvsrqvh wr
dv|pphwulf glvwxuedqfhv1

Iluvw zh irfxv rq wkh fdvh lq zklfk wkh prqrsrolvwlf glvwruwlrqv duh frp0
sohwho| r�vhw1 Lq wkh h!flhqw rxwfrph lq dwlrq udwhv/ rxwsxw jds dqg whupv
ri wudgh jds vkrxog eh }hur1

Sursrvlwlrq : Li +` ' f dqg erwk uhjlrqv kdyh qrplqdo uljlglwlhv/ wkh h!0
flhqw rxwfrph lv qrw ihdvleoh1

Surri1 Lq Dsshqgl{ G1

Fruroodu| ; Lq d fxuuhqf| duhd zlwk shuydvlyh qrplqdo uljlglwlhv dqg pr0

qrsrolvwlf glvwruwlrqv/ wkh h!flhqw rxwfrph lv qrw ihdvleoh1

54



Wkh qrq ihdvlelolw| ri wkh h!flhqw rxwfrph lv h{sodlqhg e| wkh odfn ri
lqvwuxphqwv1 Prqhwdu| srolf| kdv rqo| rqh lqvwuxphqw dqg lw fdqqrw frsh
zlwk doo wkh glvwruwlrqv1 Dv dq h{dpsoh frqvlghu wkh fdvh lq zklfk prqh0
wdu| srolf| pdqdjhv wr vwdelol}h erwk uhjlrq0vshfl�f lq dwlrq udwhv1 Sulfhv
gr qrw pryh/ dqg wklv holplqdwhv wkh lqh!flhqw glvshuvlrq ri rxwsxw zlwklq
uhjlrqv/ exw uhodwlyh sulfhv fdqqrw dgmxvw wr rswlpdoo| uhdfw wr dv|pphwulf
glvwxuedqfhv1 Uhgxflqj wkh glvwruwlrqv lq erwk uhjlrqv lv lqfrqvlvwhqw zlwk
wkh h!flhqw doorfdwlrq ri uhvrxufhv dfurvv uhjlrqv1 Wkh vdph uhvxow ri lqhi0
�flhqf| h{lvwv dovr lq d forvhg0hfrqrp| prgho zlwk erwk vwlfn| sulfhv dqg
zdjhv/ dv glvfxvvhg e| Hufhj hw do1 +4<<<,1

Zkdw vkrxog prqhwdu| srolf| grB Ehiruh fkdudfwhul}lqj wkh rswlpdo sro0
lf| xqghu ixoo frpplwphqw/ zh dqdo|}h wkh rswlpdo uxoh lq wkh fdvh lq zklfk
prqhwdu| srolf| fdq frpplw wr wkh fodvv ri wkh clq dwlrq0wdujhwlqj* srol0
flhv1 Wklv idplo| lv ri sduwlfxodu lqwhuhvw ehfdxvh lw frqwdlqv erwk wkh KLFS0
wdujhwlqj srolf| dqg wkh rswlpdo srolflhv ri wkh vshfldo fdvhv rxwolqhg lq wkh
suhylrxv sdudjudsk1

Sursrvlwlrq < Li +` ' f dqg sulfhv duh vwlfn| lq erwk uhjlrqv dqg li prq0

hwdu| dxwkrulw| fdq frpplw rqo| wr wkh fodvv ri wkh clq dwlrq wdujhwlqj* srol0

flhv/ wkhq lw lv rswlpdo wr jlyh kljkhu zhljkw wr wkh uhjlrq zlwk kljkhu ghjuhh

ri qrplqdo uljlglw|1

Lq xqghuvwdqglqj wklv uhvxow/ lw lv lpsruwdqw wr qrwh wkdw wkh rxwsxw jds lv
lwvhoi plqlpl}hg e| d srolf| lq wklv fodvv lq zklfk kljkhu zhljkw lv jlyhq wr wkh
vwlfnlhu0sulfh uhjlrq1 Wkh vdph dujxphqw dssolhv wr wkh whupv ri wudgh jds
dqg wr wkh zhljkwhg dyhudjh ri wkh vtxduhv ri lq dwlrq1 Iljxuh 4 vkrzv krz
wkh rswlpdo fkrlfh ri wkh zhljkw B ydulhv dfurvv wkh ryhudoo srvvleoh ghjuhhv
ri qrplqdo uljlglwlhv kM dqg k8 153 Frqvlvwhqwo| zkhq wkh ghjuhhv ri uljlglw|
duh wkh vdph/ B lv vhw htxdo wr wkh hfrqrplf vl}h ?/ zkloh zkhq kM : k8 zh
kdyh B : ?1

Ixuwkhu lqvljkwv rq wklv fodvv ri srolflhv fdq eh gudzq e| qrwlqj wkdw

BZM
|
n E�� B�Z8

|
' H|
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�'f

q�d&`� +`| n &`A E eA| � hA|�o ' f/

zkhuh &`� dqg &`A duh frpelqdwlrqv ri wkh sdudphwhuv ri wkh prgho1 Lq wkh
htxloleulxp lpsolhg e| wklv fodvv ri srolflhv wkh rxwsxw jds dqg wkh whupv ri

53Wkh cfdoleudwlrq* ri wkh sdudphwhuv lv h{sodlqhg lq wkh qh{w vhfwlrq/ zkhuh wkh hfrqrplf

vl}h q lv vhw htxdo wr 318=
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wudgh jds duh sursruwlrqdo dw hdfk gdwh |1 Pruhryhu lw lv srvvleoh wr vkrz
wkdw wkh htxloleulxp sdwkv ri +`| / S|/ Z

`
| dqg eA| fdq eh ghvfulehg e| sduwlf0

xodu olqhdu frpelqdwlrqv ri wkh yduldeohv eA|3� dqg hA|1 Li hA| lv d Pdunryldq
surfhvv/ wkhq wkh odwwhu wzr yduldeohv uhsuhvhqwv wkh vpdoohvw vhw ri vwdwh ydul0
deohv wkdw frqwdlqv doo wkh lqirupdwlrq qhhghg wr iruhfdvw wkh ixwxuh hyroxwlrq
ri wkh hfrqrp|1 Lw fdq eh vkrzq wkdw lq wkh fodvv ri srolflhv ghvfulehg e|
doo wkh olqhdu frpelqdwlrqv ri wkhvh wzr vwdwh yduldeohv/ wkh rswlpdo clq dwlrq
wdujhwlqj* srolf| lv qrw rswlpdo154 Dv hpskdvl}hg e| Zrrgirug +4<<<e,/ zlwk
iruzdug0orrnlqj yduldeohv/ lw lv qrw wkh fdvh wkdw wkh dqdo|vlv ri wkh rswlpdo
sodq fdq eh uhvwulfwhg wr wkh fodvv ri srolflhv wkdw lpsolhv dq htxloleulxp
sdwk lq zklfk rqo| wkh vwdwh yduldeohv duh uhohydqw1 Rswlpdo frqwuro ehkdyhv
gl�huhqwo| lq wkh suhvhqfh ri iruzdug0orrnlqj yduldeohv1 Khuh zh fkdudfwhu0
l}h wkh rswlpdo sodq lq wkh fdvh lq zklfk wkh prqrsrolvwlf glvwruwlrqv duh
holplqdwhg1

Sursrvlwlrq 43 Li +` ' f/ kM 9' k8 dqg li hA| iroorzv d Pdunryldq surfhvv/

wkhq wkh rswlpdo sodq lqyroyhv hyroxwlrq ri wkh hqgrjhqrxv yduldeohv dffruglqj

wr DUPD surfhvvhv

CEu� eA| ' T Eu� hA|/
MEu�S`| ' -Eu� hA|/
(Eu�eZ`| ' � Eu� hA|/

zkhuh u lv wkh odj rshudwru/ dqg zkhuh wkh sro|qrpldov rq wkh OKV duh ri

wklug rughu zkloh wkh sro|qrpldov rq wkh UKV duh ri vhfrqg rughu1

Surri1 Lq Dsshqgl{ G1
Wkh deryh sursrvlwlrq vkrzv wkdw lw lv qrw wkh fdvh wkdw wkh rswlpdo sodq

lv rqo| d ixqfwlrq ri wkh fxuuhqw vwdwh ri wkh hfrqrp|/ exw dovr ri sdvw vwdwhv1
Wkh lqhuwld ehkdylru ri wkh rswlpdo sodq kdv wzr frpsrqhqwv= rqh lv gxh wr
wkh lqwulqvlf lqhuwld ri uhodwlyh sulfhv wkdw dovr d�hfwv rwkhu qrq0rswlpdo sodqv/
wkh rwkhu frpsrqhqw lv gxh wr wkh jdlq lq fuhglelolw| wkdw prqhwdu| srolf|
fdq dfklhyh li dovr �lq wkh vkruw wxq wkh edqn uhjdugv lwvhoi dv frqvwudlqhg
wr ixo�oo suhylrxv +h{solflw ru lpsolflw, frpplwphqwv� +Zrrgirug +4<<<e,/
sj1:,1 Rqo| e| frqwlqxlqj wr uhvsrqg wr sdvw vkrfnv fdq prqhwdu| srolf|
hvwdeolvk wkh uljkw frpplwphqw wkdw sxvkhv h{shfwdwlrqv wrzdugv wkh rswlpdo
doorfdwlrq1

54Wr wklv fodvv ehorqjv dovr wkh glvfuhwlrqdu| htxloleulxp/ lq zklfk prqhwdu| dxwkrulw|

uh0rswlpl}hv dw hdfk gdwh/ wdnlqj dv jlyhq wkh sdvw ydoxhv ri wkh vwdwh yduldeohv1
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Sursrvlwlrq 44 Li +` : f/ k 9' kW dqg li hA| iroorzv d Pdunryldq surfhvv/

wkh rswlpdo sodq lpsolhv wkh vdph uhvsrqvhv wr wkh vkrfnv dv lq Sursrvlwlrq

431

Surri1 Lq Dsshqgl{ G
Wkh vroxwlrq ri Sursrvlwlrq 44 gl�huv iurp Sursrvlwlrq 43 rqo| e| wkh

h{lvwhqfh ri wkh lqfhqwlyh wr lqfuhdvh xqlrq rxwsxw jds wrzdugv d ghvluhg
ohyho1 Wklv lqfhqwlyh h{lvwv rqo| dw wkh gdwh lq zklfk wkh frpplwphqw lv
hvwdeolvkhg1 Wklv frpsrqhqw lv ghwhuplqlvwlf dqg lw grhv qrw d�hfw wkh uh0
vsrqvh ri wkh yduldeohv wr wkh whupv ri wudgh vkrfn1 Pruhryhu lw dssurdfkhv
}hur dv|pswrwlfdoo|/ dv wlph jrhv wr lq�qlw|1

8 Vrph Qxphulfdo Frpsdulvrqv

Lq wklv vhfwlrq zh frpsduh wkh zhoiduh rxwfrphv wkdw fdq eh dfklhyhg xqghu
wkh gl�huhqw srolflhv rxwolqhg lq wkh suhylrxv vhfwlrq1 Zh irfxv rq wkh fdvh lq
zklfk +` ' f1 Zh frqvlghu wkuhh srolflhv= 4, wkh KLFS wdujhwlqj srolf|/ l1h1
ZMU��
| ' f> 5, wkh rswlpdo clq dwlrq wdujhwlqj* srolf|/ l1h1 BZM| nE��B�Z

8
| ' f/

zlwk B fkrvhq rswlpdoo|> 6, wkh rswlpdo srolf|1 Lw lv zruwk qrwlqj wkdw hdfk
fodvv ri orzhu qxpehu lv qhvwhg lq wkh fodvv zlwk kljkhu qxpehuv/ h1j1 4, lv lq
5,1 Wkhuh lv dovr d qdwxudo udqn dprqj wkhvh srolflhv/ wkh zhoiduh lv lqfuhdvhg
prqrwrqlfdoo| lq sdvvlqj iurp orzhu qxpehuv wr kljkhu qxpehuv1 Lq rughu
wr rewdlq wkh h{dfw pdjqlwxgh ri wkhvh frpsdulvrqv/ zh qhhg wr cfdoleudwh*
wkh prgho dffruglqj wr ydoxhv ri wkh sdudphwhuv lpsolhg e| wkh Hxurshdq
hfrqrplhv ehorqjlqj wr wkh HPX1

Wkh sdudphwhu q lv htxdo wr wkh jurvv uhdo udwh ri uhwxuq1 Zh vhw q htxdo wr
f�bb/ lpso|lqj d uhdo udwh ri uhwxuq htxdo wr ��f� rq dyhudjh dqg rq d txduwhuo|
edvlv1 Rq dq dqqxdo edvlv wkh uhdo lqwhuhvw udwh lv fdoleudwhg dssur{lpdwho|
dw e shufhqwdjh srlqwv/ zklfk lv wkh dyhudjh ri wkh uhdo udwh ryhu wkh sdvw 53
|hduv lq Jhupdq|1 Wkh sdudphwhu j/ wkh ghjuhh ri prqrsrolvwlf frpshwlwlrq/
lv vhw vxfk wkdw lq wkh vwhdg| vwdwh wkh pdun0xs ri sulfhv ryhu pdujlqdo frvwv
lv durxqg �DI/ zklfk lv d uhdvrqdeoh sdudphwhu iru wkh Hxurshdq hfrqrplhv1
Zh wkxv vhw j htxdo wr .�SS1

Lq rughu wr fdoleudwh wkh hodvwlflw| ri oderu vxsso| zh vxssrvh dv lq Urwhp0
ehuj dqg Zrrgirug +4<<:, wkdw rxwsxw lv surgxfhg dffruglqj wr d surgxfwlrq
ixqfwlrq s E� � zkhuh� duh krxuv zrunhg/ zkloh }E�� lv wkh glvxwlolw| ri zrun0
lqj iru wkh krxvhkrog1 Zh kdyh wkdw �Et � ' }Es3�Et ��1 Zh fdq wkhq zulwh

57



wkh hodvwlflw| ri oderu vxsso| # dv

# ' "�+ � 4�
s ��s

Es ��2

zkhuh "�+ lv wkh hodvwlflw| ri wkh dyhudjh uhdo zdjh zlwk uhvshfw wr yduldwlrq
lq surgxfwlrq1 Urwhpehuj dqg Zrrgirug +4<<:, lq fdoleudwlqj wkh XV hfrq0
rp| fkrrvh d ydoxh iru "�+ ri f��1 Iroorzlqj Fdopiruv +4<<;, dqg dffruglqj
wr zrunv ri Od|dug hw do1 +4<<4, dqg Edoo +4<<7,/ wklv hodvwlflw| lv kljkhu
lq Hxursh/ hvshfldoo| xqghu xqidyrudeoh vxsso| vkrfnv1 Pruhryhu vhyhudo du0
jxphqwv srlqw wrzdug dq lqfuhdvh lq wkh  h{lelolw| ri zdjhv lq Hxursh dv
d frqvhtxhqfh ri wkh prqhwdu| xqlrq1 Zh fkrrvh dq hodvwlflw| ri f�D1 Wkh
sdudphwhu �s ��s*Es ��2 lv dssur{lpdwhg e| wkh vkduh ri oderu lq wrwdo lqfrph/
f���1 Wkh ulvn dyhuvlrq frh!flhqw 4 lv vhw htxdo wr �*S/ dv lq wkh Urwhpehuj
dqg Zrrgirug *v hvwlpdwhv1 Wkxv zh kdyh wkdw # lv htxdo wr f�S.1

Lq rxu dqdo|vlv lw lv fuxfldo wr fdoleudwh wkh sdudphwhuv lqglfdwlqj wkh
ghjuhhv ri qrplqdo uljlglw| lq wkh wzr uhjlrqv/ kM dqg k8 / dv zhoo dv wkh
hfrqrplf vl}h ri hdfk uhjlrq/ ? dqg E�� ?�1 Zh gr qrw kdyh gdwd rq wkh dy0
hudjh ohqjwk ri lqglylgxdo sulfh dgmxvwphqw iru Hxursh1 Iru wkh XV hfrqrp|
d vhqvleoh ydoxh vhhpv 6 txduwhuv/ dffruglqj wr wkh vxuyh| ri Eolqghu hw do1
+4<<;,1 Lq d vxuyh| rq XN frpsdqlhv/ Kdoo hw do1 +4<<:, �qg wkdw dyhudjh
frqwudfwv odvw 5 txduwhuv1 Xqiruwxqdwho| wkhuh duh qr htxlydohqw vwxglhv iru
wkh Hxurshdq hfrqrplhv ehorqjlqj wr HPX1

Lq rxu frqwh{w jlyhq wkdw wkh gxudwlrq ri d sulfh frqwudfw lq hdfk uhjlrq
lv �*E��k��/ zh gh�qh wkh dyhudjh gxudwlrq ri frqwudfwv lq wkh xqlrq dv wkh
zhljkwhg dyhudjh ri wkh gxudwlrq ri frqwudfwv lq wkh uhjlrqv�( � E��kM�3?�
E� � k8 �?3�/ zkloh wkh uhodwlyh gxudwlrq lv gh�qhg dv -( � E� � k8 � � E� �
kM�3�1 Zh ohw �( dvvxph wkh ydoxhv= 5/ 6/ 7 / 9/ ; txduwhuv/ l1h1 wkh dyhudjh
gxudwlrq ri frqwudfwv lq Hxursh lv dvvxphg wr eh ehwzhhq 9 prqwkv dqg 5
|hduv1 Jlyhq d ydoxh iru wkh dyhudjh gxudwlrq/ zh ohw wkh uhodwlyh gxudwlrq
ydu| dfurvv wkh vshfwuxp ri ydoxhv ri k1 Dv d fodul�fdwlrq ri wkh gh�qlwlrq
ri dyhudjh dqg uhodwlyh gxudwlrq/ li wkh dyhudjh gxudwlrq lv 6 txduwhuv dqg
wkh uhodwlyh gxudwlrq lv 5/ wkhq frqwudfwv odvw 7 txduwhuv lq uhjlrq M dqg 5
txduwhuv lq uhjlrq 8 1 E| doorzlqj �( wr dvvxph uhdolvwlf ydoxhv dqg -( wr
ydu| dfurvv wkh vshfwuxp ri wkh srvvleoh ydoxhv/ zh ryhufrph wkh odfn ri gdwd
rq wkh ghjuhh ri sulfh uljlglw|1

Lq glylglqj wkh frxqwulhv ehorqjlqj wr wkh HPX lq wzr vxejurxsv/ zh
fkrrvh dv fulwhulrq wkh khwhurjhqhlw| lq wkh ghjuhhv ri qrplqdo uljlglw| dfurvv
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Hxursh= dv dq lqglfdwru zh frqvlghu wkh shufhqwdjh lqfuhdvh lq zdjhv lq uh0
vsrqvh wr d rqh shufhqwdjh srlqw idoo lq wkh xqhpsor|phqw udwh +Wdeoh 5,1
Zh odeho dv M uhjlrq wkh frxqwulhv ri zklfk wkh uhvsrqvh lv ohvv wkdq 4(/
qdpho| Ehojlxp/ Ilqodqg/ Jhupdq|/ Luhodqg/ Qhwkhuodqgv dqg Vsdlq1 Wkh
rwkhu frxqwulhv ehorqj wr uhjlrq 8 1 Lq wklv fdvh ? lv htxdo wr f�D2� dffruglqj
wr Wdeoh 4 dqg zh dssur{lpdwh lw wr f�D1 Wkh h{lvwhqfh ri dv|pphwulf glvwxu0
edqfhv ehwzhhq uhjlrq M dqg 8 lv fuxfldo lq rxu dqdo|vlv dqg lw frxog kdyh
ehhq xvhg dv d fulwhulrq wr sduwlwlrq wkh frxqwulhv1 Krzhyhu wkh glvwlqfwlrq
ehwzhhq cfruh* dqg cshulskhu|* lv frqwuryhuvldo dqg lw ghshqgv rq wkh qdwxuh
ri wkh vkrfnv/ vxsso| ru ghpdqg/ prqhwdu| ru qrq prqhwdu|1 Krzhyhu df0
fruglqj wr vwxglhv/ dv Ed|rxpl dqg Hlfkhqjuhhq +4<<9, dqg Fkdplh hw do1
+4<<7,/ d sduwlwlrq lq wzr uhjlrq ri dssur{lpdwho| htxdo vl}h vhhpv d jrrg
frpsurplvh1

Ilqdoo| zh dvvxph wkdw wkh vkrfn hA| iroorzv d Pdunryldq surfhvv/ d �uvw
rughu dxwruhjuhvvlyh surfhvv ri wkh nlqg hA| ' � hA|3� n 0| zkhuh 0| lv d zklwh0
qrlvh surfhvv1 Iru rxu dqdo|vlv/ zh gr qrw qhhg wr hvwlpdwh wkh yduldqfh ri
wklv surfhvv/ ehfdxvh frpsdulvrqv ri zhoiduh duh lqghshqghqw ri wklv yduldqfh1
Zh vhw lw htxdo wr rqh zkloh wkh frh!flhqw ri shuvlvwhqfh lv duelwudulo| vhw
htxdo wr f�S1

Rxu zhoiduh fulwhulrq lv wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh zhoiduh ixqf0
wlrq `

Hd` o ' �lH

+
Hfi

"[
|'f

q|u|j

,
/

dv lq Zrrgirug +4<<<e,/ zkhuh zh kdyh qrupdol}hg L�� wr �1 Wkh h{shfwd0
wlrq Hf lv wdnhq dw wlph }hur edvhg xsrq doo wkh lqirupdwlrq dydlodeoh dw wkdw
gdwh1 Lw lv wkhq frqglwlrqdo xsrq wkh lqlwldo frqglwlrq eA3� ' f dqg wkh lqlwldo
frqglwlrq rq wkh vwdwh hA3�1Zkloh wkh h{shfwdwlrq H lv wdnhq e| lqwhjudwlqj
ryhu wkh vwdwlrqdu| glvwulexwlrq ri hA3�1

Wdeoh 6 frpsduhv wkh KLFS0wdujhwlqj srolf| dqg wkh rswlpdo clq dwlrq
wdujhwlqj* srolf| dw fhuwdlq dyhudjh dqg uhodwlyh gxudwlrqv1 Jlyhq d �{hg
ydoxh iru wkh dyhudjh gxudwlrq/ zh frqvlghu gl�huhqfhv lq wkh uhodwlyh gxud0
wlrq ri frqwudfwv ehwzhhq wkh wzr uhjlrqv ri wkh 3(/ 53(/ 83( dqg 433(1
Froxpq 6 dqg 7 suhvhqw wkh rswlpdo zhljkwv lq wkh fodvv ri wkh clq dwlrq
wdujhwlqj* srolflhv1 Zkhq wkh sulfh0frqwudfwv kdv wkh vdph dyhudjh ohqjwk
lq erwk uhjlrqv/ wkh rswlpdo fkrlfh frlqflghv zlwk wkh hfrqrplf vl}h ri wkh
uhjlrq/ lq wklv fdvh B ' ? ' f�D1 Hyhq iru vpdoo gl�huhqfhv lq wkh gxudwlrqv
ri frqwudfwv zlwklq wkh xqlrq/ wkh rswlpdo zhljkwv fkdqjh e| d frqvlghudeoh
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dprxqw1 Li frqwudfwv lq uhjlrq M odvw wkh 53( pruh wkdq frqwudfwv lq uhjlrq
8 / wkh zhljkw wr eh jlyhq wr wkh lq dwlrq udwh lq wkh uhjlrq zlwk vwlfnlhu sulfh/
uhjlrqM/ vkrxog eh lqfuhdvhg e| wkh 53(/ sdvvlqj iurp 318 wr dssur{lpdwho|
319� Zkloh li frqwudfwv lq uhjlrq M odvw wzr wlphv pruh wkdq frqwudfwv lq uh0
jlrq 8 / wkhq wkh zhljkw wr eh jlyhq wr wkh lq dwlrq udwh lq uhjlrq M vkrxog
eh lqfuhdvhg e| wkh 93(/ sdvvlqj iurp 318 wr 31;1 Wkh odvw froxpq suhvhqwv
wkh shufhqwdjh uhgxfwlrq lq wkh ghdgzhljkw orvv wkdw vrflhw| fdq rewdlq e|
xvlqj wkh rswlpdo clq dwlrq wdujhwlqj* srolf| lqvwhdg ri wkh KLFS0wdujhwlqj1
Wklv shufhqwdjh uhgxfwlrq lv frpsxwhg dv

(- �
Hd`�o� Hd`2o

Hd`�o� Hd`�o
� �ff/

zkhuh Hd`�o/ Hd`2o/ Hd`�o duh wkh zhoiduh fulwhuld dvvrfldwhg uhvshfwlyho|
zlwk wkh KLFS0wdujhwlqj srolf|/ wkh rswlpdo clq dwlrq wdujhwlqj* srolf| dqg
wkh rswlpdo sodq1 Wkh uhgxfwlrq lq wkh ghdgzhljkw orvv lv dozd|v deryh wkh
<8 (1

Jlyhq d �{hg dyhudjh gxudwlrq/ Iljxuh 5 wr 9 sorw wkh frpsdulvrqv dprqj
wkh wkuhh fodvvhv ri srolflhv iru doo wkh ydoxhv ri uhodwlyh gxudwlrq1 Wkh grwwhg
olqh fruuhvsrqgv wr wkh KLFS0wdujhwlqj srolf|/ wkh gdvkhg olqh wr wkh rswlpdo
clq dwlrq wdujhwlqj* srolf|/ wkh vrolg olqh wr wkh rswlpdo srolf|1 Rqo| zkhq
wkh uhodwlyh gxudwlrq lv htxdo wr �/ frqvlvwhqwo| zlwk rxu wkhruhwlfdo sursrvl0
wlrqv/ duh wkh wkuhh srolflhv htxlydohqw1 Iru rwkhu ydoxhv/ wkh KLFS0wdujhwlqj
srolf| lv vxe0rswlpdo/ zkloh wkh rswlpdo clq dwlrq wdujhwlqj* srolf| fdq zhoo
dssur{lpdwh wkh ihdvleoh �uvw0ehvw1 Jlyhq wkh frpsoh{lw| ri wkh rswlpdo sodq/
wkh clq dwlrq wdujhwlqj* uhsuhvhqwv d wudqvsduhqw dqg ihdvleoh srolf| wr lpsoh0
phqw1 Iljxuh : wr 44 sorw wkh ghdgzhljkw orvv uhgxfwlrq/ (-1 Wkh zhoiduh
jdlq zlwk uhvshfw wr wkh KLFS0wdujhwlqj lv uhpdundeoh1 Lq frqwudvw wr wkh
KLFS0wdujhwlqj/ wkh rswlpdo clq dwlrq wdujhwlqj* lqgxfhv d qhduo| rswlpdo
dgmxvwphqw lq uhodwlyh sulfhv1

Lw fdq eh dujxhg wkdw prqhwdu| xqlrq/ dv d uhjlph vkliw/ zloo lqgxfh d
frqyhujhqfh lq wkh ghjuhh ri qrplqdo uljlglwlhv dfurvv uhjlrqv/ mxvwli|lqj wkhq
wkh KLFS wdujhwlqj1 Wklv frqyhujhqfh pljkw eh wuxh dprqj lqgxvwulhv lq
wkh vdph vhfwru ehorqjlqj wr gl�huhqw uhjlrqv/ exw qrw dprqj lqgxvwulhv lq
gl�huhqw vhfwruv1 Rxu prgho vkrxog eh lqwhusuhwhg dorqj wkhvh olqhv1
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9 Rewdlqlqj H!flhqf| zlwkPxowlsoh Fxuuhq0

flhv

Zh kdyh vkrzq wkdw/ lqghshqghqw ri wkh h{lvwhqfh ri prqrsrolvwlf glvwruwlrqv/
lw lv qhyhu srvvleoh wr rewdlq wkh h!flhqw rxwfrph xqghu wkh k|srwkhvlv wkdw
erwk uhjlrqv kdyh vwlfn| sulfhv1 Lw lv qr orqjhu wkh fdvh/ dv vxjjhvwhg e|
Jrrgiulhqg dqg Nlqj +4<<:, dqg vkrzq wkurxjk dq h{solflw zhoiduh dqdo|vlv
e| Drnl +4<<;,/ wkdw e| wdujhwlqj d fruh phdvxuh ri lq dwlrq wkh h!flhqw
htxloleulxp fdq eh rewdlqhg1

Krz fdq zh rewdlq h!flhqf| lq wkh jhqhudo iudphzrunB Wkh dqvzhu
fdq eh xqghuvwrrg dv d sureohp ri dvvljqphqw ehwzhhq lqvwuxphqwv dqg
glvwruwlrqv1 Lq prghov olnh wkdw frqvlghuhg khuh/ prqhwdu| srolf| sod|v dq
lpsruwdqw uroh/ ehfdxvh ri wkh frpelqhg lqwhudfwlrq ehwzhhq prqrsrolvwlf
frpshwlwlrq dqg vwlfn| sulfhv1 Lq rxu iudphzrun zh kdyh wkuhh glvwruwlrqv=
wzr duh lq frpprq zlwk wkh forvhg0hfrqrp| olwhudwxuh/ uhvshfwlyho| wkh h{lv0
whqfh ri prqrsrolvwlf frpshwlwlrq dqg wkh vwlfnlqhvv ri sulfhv lq d vwdjjhuhg
vhwwlqj> wkh wklug lv gxh wr wkh lqhuwld ri uhodwlyh sulfhv +wkh whupv ri wudgh,/ dv
d frqvhtxhqfh ri erwk wkh vwlfnlqhvv dqg wkh vwdjjhuhg zd| ri vhwwlqj sulfhv
lq wkh wzr uhjlrqv1 Lq d forvhg hfrqrp| prgho/ li wd{dwlrq lv deoh wr holplqdwh
wkh prqrsrolvwlf glvwruwlrq/ prqhwdu| srolf| fdq vhw lwv lqvwuxphqw wr r�vhw
wkh uhpdlqlqj glvwruwlrqv zklfk dulvh ehfdxvh sulfhv duh vhw dw gl�huhqw gdwhv=
wkh h!flhqw rxwfrph lv rewdlqhg dqg wkhuh lv qr wudgh0r� ehwzhhq yduldelolw|
ri rxwsxw dqg yduldelolw| ri lq dwlrq1

Lqvwhdg lq d fxuuhqf| duhd wkh lqh!flhqw rxwfrph lv d frqvhtxhqfh ri
wkh odfn ri dq lqvwuxphqw ehfdxvh ri wkh dgglwlrqdo glvwruwlrq fdxvhg e| wkh
vwlfnlqhvv ri uhodwlyh sulfhv1 Lq dq rshq hfrqrp| iudphzrun/ wklv sureohp
kdv d vroxwlrq= wkh h{fkdqjh udwh1 Khuh zh frqvlghu wkh prgho dv lw lv lq
d frpsdqlrq sdshu zkhuh wkh h{fkdqjh udwh lv vwloo dq hqgrjhqrxv yduldeoh1
Wkh vwuxfwxudo htxdwlrq ri zruog dqg uhodwlyh lq dwlrq duh h{dfwo| wkh vdph
dv lq wkh vhfwlrq deryh

Z-| ' ��d eA| � hA|o n /d e�| � h�|o n qH|Z
-
|n�/ +48,

Z`| ' wd eA| � hA|o n Vd e�| � h�|o n qH|Z
`
|n�/ +49,

zkloh wkh vwdwh htxdwlrq ri wkh whup ri wudgh ehfrphv

eA| ' eA|3� n Z-| n{7|1
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zkhuh 7 lv wkh qrplqdo h{fkdqjh udwh1 Lq wkh h!flhqw htxloleulxp zkhuheA| ' hA| dqg e�| ' h�|/ lw iroorzv wkdw {7| ' hA| � hA|3�1 Iurp wkh xqfryhuhg
lqwhuhvw sdulw| dqg iurp wkh Hxohu htxdwlrq zh kdyh

H|{7|n� ' e-| � e-W

| / +4:,

H| e�|n� ' e�| n 43�?E e-| � H|Z
M
|n�� n 43�E� � ?�E e-W

| � H|Z
8
|n��1 +4;,

Lw iroorzv wkdw lq wkh h!flhqw htxloleulxp wkh sdwk ri lqwhuhvw udwhv vkrxog
vdwlvi|

H| hA|n� � hA| ' e-| � e-W

| /

H| h�|n� ' h�| n 43�d? e-| n E� � ?� e-W

| o1

Wkh h{fkdqjh udwh surylghv wkh lqvwuxphqw qhhghg wr rewdlq wkh h!flhqw
rxwfrph1 Wkxv ghfhqwudol}hg prqhwdu| srolflhv fdq rewdlq wkh �uvw ehvw li
frqgxfwhg lq d frruglqdwhg zd|1 Wklv srlqwv wr d frvw ri prqhwdu| xqlrq/
vlplodu wr wkh rqh hpskdvl}hg e| Pxqghooldq wkhru|1 Ri frxuvh/ d frpsohwh
qrupdwlyh hydoxdwlrq ri prqhwdu| xqlrq zrxog kdyh wr dovr frqvlghu wkh frvwv
dvvrfldwhg zlwk iruhljq h{fkdqjh wudqvdfwlrqv +qrw prghohg khuh,/ dqg wkh
zd| lq zklfk wkhvh pd| eh lqfuhdvhg e| yrodwlolw| ri wkh h{fkdqjh udwh1 Lw
zrxog dovr kdyh wr frqvlghu srvvleoh sureohpv zlwk wkh lpsohphqwdwlrq ri
wkh rswlpdo h{fkdqjh udwh srolf| +ghvfulehg deryh, e| lqghshqghqw qdwlrqdo
fhqwudo edqnv1 Lw pljkw eh lq wkh lqglylgxdo lqwhuhvw ri rqh frxqwu| wr ghyldwh
iurp wkh mrlqwo| rswlpdo srolf|/ d sureohp wkdw lv dyrlghg lq wkh fdvh ri d
frpprq fhqwudo edqn1 Ixuwkhupruh/ hyhq li erwk qdwlrqdo fhqwudo edqnv
frpplw wr srolflhv frqvlvwhqw zlwk wkh rswlpdo htxloleulxp/ wkhuh pd| eh
sureohp ri lqghwhuplqdf| ri wkh htxloleulxp h{fkdqjh udwh1 Wklv sureohp
dv zhoo lv holplqdwhg e| wkh dgrswlrq ri d frpprq fxuuhqf|1 Wkhvh lvvxhv
uhtxluh ixuwkhu vwxg| ehiruh dq| jhqhudo frqfoxvlrqv derxw wkh ghvludelolw| ri
d prqhwdu| xqlrq fdq eh r�huhg1

: Frqfoxvlrq

Lq wklv zrun zh kdyh dqdo|}hg d fxuuhqf| xqlrq lq d vwrfkdvwlf jhqhudo htxl0
oleulxp prgho1 Rxu vlpsoh iudphzrun kdv surylghg lqwhuhvwlqj lqvljkwv rq
wkh wudqvplvvlrq phfkdqlvp zlwklq d fxuuhqf| duhd1 E| xvlqj wkh cwd{dwlrq
dssurdfk*/ zh kdyh ehhq deoh wr hydoxdwh wkh h{dfw pdjqlwxgh ri wkh glvwru0
wlrqv h{lvwlqj lq rxu prgho1 D zhoiduh fulwhulrq kdv ehhq uhwulhyhg lq whupv
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ri wkh lq dwlrq udwhv/ wkh rxwsxw jds dqg uhodwlyh sulfhv1 Dffruglqj wr wklv
phdvxuh/ zh kdyh vkrzq wkdw wkh rswlpdo sodq lpsolhv d kljk ghjuhh ri lq0
huwld lq wkh lq dwlrq udwh1 Krzhyhu/ d sduwlfxodu lq dwlrq wdujhwlqj srolf|
fdq zhoo dssur{lpdwh wkh ihdvleoh �uvw0ehvw1 Lq wklv lq dwlrq wdujhwlqj srolf|
kljkhu zhljkw vkrxog eh jlyhq wr wkh uhjlrq zlwk kljkhu ghjuhh ri qrplqdo
uljlglw|1

Lq Dsshqgl{ H wkh h{whqvlrq wr d N0uhjlrq hfrqrp| lv suhvhqwhg1 Wkh
pdlq uhvxowv vwloo krog1 Lq wklv gluhfwlrq rxu prgho sursrvhv ixuwkhu lq0
vljkwv lqwr wkh ghedwh rq wkh ydulrxv phdvxuhv ri fruh lq dwlrq/ vhh Eu|dq
dqg Fhffkhwwl +4<<7,1 D jhqhudo htxloleulxp dssurdfk wr fruh lq dwlrq kdv
ehhq lqwurgxfhg e| Drnl +4<<;,1 Lq wklv frqwh{w lw lv qdwxudo wr gh�qh fruh
lq dwlrqdv wkh lq dwlrq udwh wkdw prqhwdu| srolf| vkrxog vwdelol}h lq rughu wr
pd{lpl}h wkh zhoiduh1 Rxu suhvfulswlrq lv wkhq wkdw prqhwdu| srolf| vkrxog
vwdelol}h d zhljkwhg dyhudjh ri wkh vhfwruldo lq dwlrq udwhv/ exw zlwk kljkhu
zhljkw wr eh jlyhq wr wkh vhfwru zlwk kljkhu ghjuhh ri qrplqdo uljlglw|1 Wklv
lv frqvlvwhqw zlwk wkh lghd ri Eu|dq dqg Fhffkhwwl +4<<7, wkdw fruh lq dwlrq
vkrxog eh lqihuuhg iurp wkh h{shfwdwlrqv0edvhg sulfh vhwwhuv1 Krzhyhu/ hyhq
fkdqjhv lq sulfhv/ vpdoohu wkdq wkh dyhudjh/ vkrxog eh h{foxghg iurp wkh
uhohydqw lq dwlrq lqgh{/ li dvvrfldwhg zlwk vhfwru fkdudfwhul}hg e| orz ghjuhh
ri qrplqdo uljlglw|1

Krzhyhu/ wkhuh duh rwkhu gluhfwlrqv lq zklfk wkh pdlq srolf| suhvfulswlrq
ri wklv sdshu lv qrw urexvw1 Lq wkh suhvhqfh ri rwkhu vrxufhv ri uljlglw|/ h1j1
zdjh vwlfnlqhvv dv lq Hufhj hw do1 +4<<<,/ prqhwdu| srolf| vkrxog wdnh lq
frqvlghudwlrq zdjh lq dwlrq lq irupxodwlqj lwv rswlpdo srolf|1 Lqvwhdg li wkh
prqrsrolvwlf glvwruwlrqv duh wlph ydu|lqj/ lw lv wkh fdvh wkdw prqhwdu| srolf|
vkrxog wdujhw dq dssursuldwh rxwsxw jds dv zhoo dv lq dwlrq1 Pruhryhu/ li
wkh oltxlglw| vhuylfhv iurp kroglqj prqh| duh qrw pdujlqdo/ prqhwdu| srolf|
vkrxog dovr sd| dwwhqwlrq wr wkh yrodwlolw| ri wkh qrplqdo lqwhuhvw udwh1 Wklv lv
dovr wkh fdvh li wkh }hur0 rru erxqg rq wkh qrplqdo lqwhuhvw udwh lv hpehgghg
lq wkh dqdo|vlv/ dv lq Zrrgirug +4<<<d,1

Wkhvh txdol�fdwlrqv d�hfwv rxu �qdo frqfoxvlrqv exw qrw rxu hpskdvlv rq
wkh glvwruwlrqv dulvhq ehfdxvh uhodwlyh sulfhv duh vwlfn|1 Lq d pruh jhqhudo
vhwwlqj prqhwdu| srolf| vkrxog edodqfh wkh odwwhu glvwruwlrqv zlwk rwkhuv lq
rughu wr irupxodwh wkh rswlpdo srolf|1

Ilqdoo|/ wklv sdshu kdv rqo| irfxvhg rq wkh rswlpdo sdwk ri wkh hfrq0
rp| zlwkrxw dqdo|}lqj krz wklv rswlpdo sodq fdq eh lpsohphqwhg1 Ixuwkhu
uhvhdufk rq krz prqhwdu| srolf| vkrxog xvh doo lw lqirupdwlrq lq rughu wr
lpsohphqw wkh rswlpdo srolf| kdv wr eh frqgxfwhg1
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Uhihuhqfhv

^4` Drnl/ Nrvxnh ^4<<;`/ �Rswlpdo Prqhwdu| Uhvsrqvhv wr Uhodwlyh Sulfh
Fkdqjhv�/ xqsxeolvkhg/ Sulqfhwrq Xqlyhuvlw|1

^5` Edoo/ Odxuhqfh ^4<<7`/ �Zkdw Ghwhuplqhv wkh Vdful�fh UdwlrB�/ lq
Pdqnlz/ Q1J1/ hg1/ Prqhwdu| Srolf|/ Fklfdjr= Fklfdjr Xqlyhuvlw|
Suhvv1

^6` Ed|rxpl/ W1/ dqg E1 Hlfkhqjuhhq ^4<<9`/ �Rshudwlrqdol}lqj wkh Wkhru|
ri Rswlpxp Fxuuhqf| Duhdv�/ FHSU Glvfxvvlrq Sdshu Qr1 47;71

^7` Ehdq/ Fkduohv ^4<<<`/ �Prqhwdu| Srolf| Xqghu HPX�/ R{irug Uhylhz

ri Hfrqrplf Srolf|/ yro147 Qr161

^8` Ehuqdqnh/ Ehq dqg Plfkdho Zrrgirug ^4<<:`/ �Lq dwlrq Iruhfdvw dqg
Prqhwdu| Srolf|�/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 57= 98609;71

^9` Eolqghu/ Dodq V1 ^4<<;`/ Fhqwudo Edqnlqj lq Wkhru| dqg Sudfwlfhc Fdp0
eulgjh= PLW Suhvv1

^:` Eolqghu/ Dodq V1/ Holh U1G1 Fdqhwwl/ Gdylg H1 Oherz/ dqg Mhuhp| E1
Uxgg ^4<<;`/ Dvnlqj Derxw Sulfhv= D Qhz Dssurdfk wr Xqghuvwdqglqj

Sulfh Vwlfnlqhvv/ Qhz \run= Uxvvhoo Vdjh Irxqgdwlrq1

^;` Eu|dq/ Plfkdho I1 dqg Vwhskhq J1 Fhffkhwwl ^4<<7`/ �Phdvxulqj Fruh
Lq dwlrq�/ lq Pdqnlz/ Q1J1/ hg1/ Prqhwdu| Srolf|/ Fklfdjr= Fklfdjr
Xqlyhuvlw| Suhvv1

^<` Eurfn/ Zlooldp D1 ^4<:7`/ �Prqh| dqg Jurzwk= Wkh Fdvh ri Orqj0Uxq
Shuihfw Iruhvljkw�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 48= :830:::1

^43` Fdopiruv/ Oduv ^4<<;`/ �Pdfurhfrqrplf Srolf|/ Zdjh Vhwwlqj dqg Hp0
sor|phqw � Zkdw Gl�huhqfh Grhv wkh HPX PdnhB�/ Lqvwlwxwh iru Lq0
whuqdwlrqdo Hfrqrplf Vwxglhv Vhplqdu Sdshu Qr198:/ Vwrfnkrop Xql0
yhuvlw|1

^44` Fdoyr/ Jxloohupr D1 ^4<;6`/ �Vwdjjhuhg Sulfhv lq d Xwlolw|0Pd{lpl}lqj
Iudphzrun/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 45= 6;606<;1
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^45` Fdugld/ Hpdqxhod ^4<<4`/ �Wkh G|qdplf ri d Vpdoo Rshq Hfrqrp|
lq Uhvsrqvh wr Prqhwdu|/ Ilvfdo dqg Surgxfwlylw| Vkrfnv�/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv 5;= 74407671

^46` Fkdplh/ Q1/ Ghvhuuhv/ D1/ dqg Odorqgh/ U1 ^4<<7`/ �Rswlpxp Fxuuhqf|
Duhdv dqg Vkrfn Dv|pphwu|= D Frpsdulvrq ri Hxursh dqg wkh Xqlwhg
Vwdwhv�/ Edqn ri Fdqdgd Zrunlqj Sdshu <7241

^47` Fodulgd/ Ulfkdug dqg Mrugl Jdo ^4<<8`/ �Vrxufhv ri Uhdo H{fkdqjh Udwh
Pryhphqwv= Krz Lpsruwdqw duh Qrplqdo VkrfnvB�/ Fduqhjlh Urfkhvwhu
Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 741

^48` Fodulgd/ Ulfkdug/ Mrugl Jdoð dqg Pdun Jhuwohu ^4<<:`/ �Prqhwdu| Srolf|
Uxohv lq Sudfwlfh= Vrph Lqwhuqdwlrqdo Hylghqfh�/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv/ iruwkfrplqj1

^49` Fodulgd/ Ulfkdug/ Mrugl Jdoð dqg Pdun Jhuwohu ^4<<<`/ �Wkh Vflhqfh ri
Prqhwdu| Srolf|�/ Mrxuqdo ri Hfrqrplf Olwhudwxuhc iruwkfrplqj1

^4:` Froh/ Kdurog dqg Pdxulfh Revwihog ^4<<4`/ �Frpprglw| wudgh dqg lqwhu0
qdwlrqdo ulvn vkdulqj= Krz pxfk gr �qdqfldo pdunhwv pdwwhuB�/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 5;= 60571

^4;` Fruvhwwl/ Jldqfduor dqg Sdror Shvhqwl ^4<<:`/ �Zhoiduh dqg Pdfurhfr0
qrplf Lqwhughshqghqfh�/ QEHU Zrunlqj Sdshu Qr1 963:1

^4<` Gruqexvfk Uxgljhu/ F1Idyhur dqg I1Jldyd}}l ^4<<;`/ �Wkh Lpphgldwh
Fkdoohqjhv iru wkh Hxurshdq Fhqwudo Edqn�/ Hfrqrplf Srolf|/ 59/ 480
971

^53` HFE ^4<<<`/ Prqwko| Exoohwlq/ Hxurshdq Fhqwudo Edqn/ Mdqxdu| 4<<<1

^54` Hufhj/ Fkulvwrskhu M1/ Gdoh Z1 Khqghuvrq/ dqg Dqguhz W1 Ohylq ^4<<<`/
�Rswlpdo Prqhwdu| Srolf| zlwk Vwdjjhuhg Zdjh dqg Sulfh Frqwudfwv�/
Ihghudo Uhvhuyh Erdug ri Jryhuqruv Glvfxvvlrq Sdshu qr1 4<<<19731

^55` Jdoð/ Mrugl dqg Pdun Jhuwohu ^4<<;`/ �Lq dwlrq G|qdplfv= D Vwuxfwxudo
Hfrqrphwulf Dqdo|vlv�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ iruwkfrplqj1

^56` Jklurql/ Idelr ^4<<<`/ �Dowhuqdwlyh Prqhwdu| Uxohv iru d Vpdoo Rshq
Hfrqrp|= Wkh Fdvh ri Fdqdgd�/ xqsxeolvkhg/ Ihghudo Uhvhuyh Edqn ri
Qhz \run1
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^57` Jrrgiulhqg/ Pduylq V1/ dqg Urehuw J1 Nlqj ^4<<:`/ �Wkh Qhz Qhr0
fodvvlfdo V|qwkhvlv dqg wkh Uroh ri Prqhwdu| Srolf|�/ lq E1V1 Ehuqdqnh
dqg Urwhpehuj +hgv1,/ QEHU Pdfurhfrqrplf Dqqxdo 4<<:/ Fdpeulgjh/
PD= PLW Suhvv/ 5640;51

^58` Kdoo/ Vlprq/ P1 Zdovk dqg Dqwkrq| \dwhv ^4<<:`/ �Krz Gr XN Frp0
sdqlhv Vhw SulfhvB�/ xqsxeolvkhg/ Edqn ri Hqjodqg1

^59` Nhuu/ Zlooldp dqg Urehuw J1 Nlqj ^4<<9`/ �Olplwv rq Lqwhuhvw Udwh
Uxohv lq wkh LV Prgho�/ Ihghudo Uhvhuyh Edqn ri Ulfkprqg/ Hfrqrplf
Txduwhuo| yroxph ;525 Vsulqj 4<<91

^5:` Nlqj/ Urehuw J1 dqg Doh{dqghu O1 Zropdq ^4<<;`/ �Zkdw Vkrxog Prq0
hwdu| Dxwkrulw| Gr Zkhq Sulfhv duh Vwlfn|B� lq M1E1Wd|oru +hg1,/ Prq0

hwdu| Srolf| Uxohv1 Xqlyhuvlw| ri Fklfdjr Suhvv iru QEHU1

^5;` Nroopdqq/ U1/ ^4<<9`/ �Wkh H{fkdqjh Udwh lq d G|qdplf0Rswlpl}lqj
Fxuuhqw Dffrxqw Prgho zlwk Qrplqdo Uljlglwlhv= D Txdqwlwdwlyh Lqyhv0
wljdwlrq�/ xqsxeolvkhg/ Xqlyhuvlwì gh Prqwuìdo1

^5<` Od|dug/ S1U1J1/ Vwhskhq Qlfnhoo dqg Ulfkdug Mdfnpdq ^4<<4`/ Xqhp0
sor|phqw= pdfurhfrqrplf shuirupdqfh dqg wkh oderxu pdunhw/ R{irug
Xqlyhuvlw| Suhvv1

^63` Odqh/ Sklols U1^4<<;`/ �Wkh Qhz Rshq Hfrqrp| Pdfurhfrqrplfv= D
Vxuyh|�/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ iruwkfrplqj1

^64` Phqgr}d/ Hqultxh J1 ^4<<4`/ �Uhdo Exvlqhvv F|fohv lq d Vpdoo Rshq
Hfrqrp|�/ Dphulfdq Hfrqrplf Uhylhz c ;4= :<:0;4;1

^65` Pxqghoo/ Urehuw D1 ^4<94`/ �D Wkhru| ri Rswlpxp Fxuuhqf| Duhdv�/
Dphulfdq Hfrqrplf Uhylhz 84= 98:09:81

^66` Qlfnhoo/ V1 ^4<<:`/ �Xqhpsor|phqw dqg Oderu Pdunhw Uljlglwlhv= Hxursh
yhuvxv Qruwk Dphulfd�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 441

^67` Revwihog/ Pdxulfh ^4<;8`/ �Iordwlqj H{fkdqjh Udwhv= H{shulhqfh dqg
Survshfwxv�/ Eurrnlqjv Sdshuv rq Hfrqrplfv Dfwlylw|/ 5/ 69<07831

^68` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr� ^4<<8`/ �H{fkdqjh Udwh G|qdp0
lfv Uhgx{�/ Mrxuqdo ri Srolwlfdo Hfrqrp| 436/ 95709931
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^69` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr� ^4<<9`/ Irxqgdwlrqv ri Lqwhuqd0
wlrqdo Pdfurhfrqrplfv1 Fdpeulgjh/ PD= PLW Suhvv1

^6:` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr� ^4<<;`/ �Ulvn dqg H{fkdqjh
Udwhv�/ QEHU Zrunlqj Sdshu qr1 99<71

^6;` Shhuvpdq/ Jhuw dqg Iudqn Vphwv ^4<<<`/ �Xqfhuwdlqw| dqg wkh Wd|oru
Uxoh lq d Vlpsoh Prgho ri wkh Hxur Duhd Hfrqrp|�/ xqsxeolvkhg1

^6<` Urehuwv/ Mrkq P1 ^4<<;`/ �Lq dwlrq H{shfwdwlrqv dqg wkh Wudqvplvvlrq
ri Prqhwdu| Srolf|�/ IHGV Glvfxvvlrq Sdshu qr1 4<<;076/ Ihghudo Uh0
vhuyh Erdug1

^73` Urwhpehuj/ Mxolr M1/ dqg Plfkdho Zrrgirug ^4<<;`/ �Dq Rswlpl}dwlrq0
Edvhg Hfrqrphwulf Iudphzrun iru wkh Hydoxdwlrq ri Prqhwdu| Srolf|�/
lq E1V1 Ehuqdqnh dqg Urwhpehuj +hgv1,/ QEHU Pdfurhfrqrplf Dqqxdo

4<<:/ Fdpeulgjh/ PD= PLW Suhvv1 5<:06791

^74` Urwhpehuj/ Mxolr M1/ dqg Plfkdho Zrrgirug ^4<<;`/ �Lqwhuhvw Udwh Uxohv
lq dq Hvwlpdwhg Vwlfn| Sulfh Prgho�/ lq M1E1Wd|oru +hg1,/ Prqhwdu|

Srolf| Uxohv1 Xqlyhuvlw| ri Fklfdjr Suhvv iru QEHU1

^75` Uxghexvk/ Johqq G1 dqg Oduv H1R1 Vyhqvvrq ^4<<<`/ �Hxurv|vwhp Prq0
hwdu| Wdujhwlqj= Ohvvrqv iurp X1V1 Gdwd�/ xqsxeolvkhg/ Ihghudo Uhvhuyh
Edqn ri Vdq Iudqflvfr1

^76` Vlgudxvnl/ Pljxho ^4<9:`/ �Udwlrqdo Fkrlfh dqg Sdwwhuqv ri Jurzwk lq d
Prqhwdu| Hfrqrp|�/ Dphulfdq Hfrqrplf Uhylhz 8:+5,= 86708771

^77` Vphwv/ Iudqn ^4<<8`/ �Fhqwudo Edqn Pdfurhfrqrphwulf Prghov dqg wkh
Prqhwdu| Srolf| Wudqvplvvlrq Phfkdqlvp/� lq Ilqdqfldo Vwuxfwxuh dqg

wkh Prqhwdu| Srolf| Wudqvplvvlrq Phfkdqlvp/ Edqn iru Lqwhuqdwlrqdo
Vhwwohphqwv +Edvoh/ Vzlw}huodqg,/ 55805991

^78` Vyhqvvrq/ Oduv H1R1 ^4<<<d`/ �Prqhwdu| Srolf| Lvvxhv iru wkh Hxurv|v0
whp�/ Fduqhjlh0Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ iruwkfrp0
lqj1

^79` Vyhqvvrq/ Oduv H1R1 ^4<<<e`/ �Krz Vkrxog Prqhwdu| Srolf| Eh Frq0
gxfwhg lq dq Hud ri Sulfh Vwdelolw|�/ xqsxeolvkhg/ LLHV1
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^7:` Wd|oru/ Mrkq ^4<<6`/ Pdfurhfrqrplf Srolf| lq Zruog Hfrqrp|= Iurp

Hfrqrphwulf Ghvljq wr Sudfwlfdo Rshudwlrq/ Qhz \run= Z1Z1Qruwrq1

^7;` X}dzd/ Klurixpl ^4<9;`/ �Wlph Suhihuhqfh/ wkh Frqvxpswlrq Ixqfwlrq
dqg Rswlpxp Dvvhw Kroglqjv/� lq M1Q1Zroih/ hg1/ Ydoxh/ Fdslwdo dqg
Jurzwk= Sdshuv lq Krqru ri Vlu Mrkq Klfnv/ Hglqexujk= Hglqexujk
Xqlyhuvlw| Suhvv/ 4<9;/ ss17;808371

^7<` Zhhudsdqd/ Dnlod ^4<<;`/ �Wkh Shuirupdqfh ri Vlpsoh Prqhwdu| Srolf|
Uxohv lq d Odujh Rshq Hfrqrp|�/ xqsxeolvkhg/ Vwdqirug Xqlyhuvlw|1

^83` Zrrgirug/ Plfkdho ^4<<9`/ �Frqwuro ri wkh Sxeolf Ghew= D Uhtxluhphqw
iru Sulfh Vwdelolw|B�/ QEHU Zrunlqj Sdshu qr1 89;71

^84` Zrrgirug/ Plfkdho ^4<<<d`/ �Lq dwlrq Vwdelol}dwlrq dqg Zhoiduh�/ xq0
sxeolvkhg/ Sulqfhwrq Xqlyhuvlw|1

^85` Zrrgirug/ Plfkdho ^4<<<e`/ �Rswlpdo Prqhwdu| Srolf| Lqhuwld�/ QEHU
Zrunlqj Sdshu qr1 :5941

^86` Zrrgirug/ Plfkdho ^4<<<f`/ �Frpphqwdu|= Krz Vkrxog Prqhwdu| Sro0
lf| Eh Frqgxfwhg lq dq Hud ri Sulfh Vwdelolw|B�/ xqsxeolvkhg/ Sulqfhwrq
Xqlyhuvlw|1

^87` \xq/ Wdfn ^4<<9`/ �Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/
dqg Exvlqhvv F|fohv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 6:= 67806:31
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Dsshqgl{ D

Lq wklv dsshqgl{ zh ghvfuleh wkh prgho lq ghwdlov1 Wkh zkroh duhd lv srsxodwhg

e| d frqwlqxxp ri djhqwv rq wkh lqwhuydo dfc �o1 Wkh srsxodwlrq rq wkh vhjphqw

dfc ?� ehorqjv wr wkh uhjlrq M/ zkloh wkh vhjphqw d?c�o ehorqjv wr 8 1 Wkhuh lv qr
srvvlelolw| ri pljudwlrq dfurvv uhjlrqv1 D jhqhulf djhqw � ehorqjlqj wr wkh fxuuhqf|
duhd lv erwk surgxfhu dqg frqvxphu= d surgxfhu ri d vlqjoh gl�huhqwldwhg surgxfw

dqg d frqvxphu ri doo wkh jrrgv surgxfhg lq erwk uhjlrq M dqg 8 1 Wkxv doo jrrgv
surgxfhg duh wudghg ehwzhhq uhjlrqv1 Suhihuhqfhv ri wkh jhqhulf krxvhkrog � duh
jlyhq e|
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zkhuh wkh xsshu lqgh{ � ghqrwhv d yduldeoh wkdw lv vshfl�f wr djhqw �/ zkloh wkh
xsshu lqgh{ � ghqrwhv d yduldeoh wkdw lv vshfl�f wr uhjlrq �1 Zh kdyh wkdw � ' M
li � 5 dfc ?�/ zkloh � ' 8 li � 5 d?c �o1 H| ghqrwhv wkh h{shfwdwlrq frqglwlrqdo rq

wkh lqirupdwlrq vhw dw gdwh |/ zkloh q lv wkh lqwhuwhpsrudo glvfrxqw idfwru/ zlwk

f 	 q 	 �1
Djhqwv rewdlq xwlolw| iurp frqvxpswlrq dqg iurp wkh oltxlglw| vhuylfhv ri krog0

lqj prqh|/ zkloh wkh| uhfhlyh glvxwlolw| iurp surgxflqj jrrgv1 Wkh xwlolw| ixqfwlrq

lv vhsdudeoh lq wkhvh wkuhh idfwruv1 Zh kdyh wkdw L lv dq lqfuhdvlqj frqfdyh ixqf0

wlrq ri wkh lqgh{ �� gh�qhg dv
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8 duh lqgh{hv ri frqvxpswlrq dfurvv wkh frqwlqxxp ri gl�huhqwldwhg

jrrgv surgxfhg uhvshfwlyho| lq uhjlrq M dqg 8 1 Vshfl�fdoo|/
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+D15,
Zh kdyh wkdw j/ zklfk lv dvvxphg juhdwhu wkdq rqh/ lv wkh hodvwlflw| ri vxevwlwxwlrq
dfurvv jrrgv surgxfhg zlwklq d uhjlrq/ zkloh wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq

wkh exqgohv �M dqg �8 lv �1 Wkh sdudphwhu ? ghqrwhv erwk wkh srsxodwlrq vl}h

dqg wkh chfrqrplf* vl}h ri uhjlrq M/ zkhuh wkh chfrqrplf vl}h* lv wkh vkduh ri wkh

exqgoh ri jrrgv surgxfhg zlwklq wkdw uhjlrq lq wkh frqvxpswlrq lqgh{1
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Dv lq wkh prghov ri Vlgudxvnl +4<9:, dqg Eurfn +4<:7,/ u lv dq lqfuhdvlqj

frqfdyh ixqfwlrq ri wkh uhdo prqh| edodqfhv/ zkloh 1� lv d uhjlrq0vshfl�f vkrfn wr

wkh oltxlglw| suhihuhqfh> zh zloo lqwhusuhw lw dv dq h{rjhqrxv glvwxuedqfh wr prqh|

ghpdqg1 Djhqwv ghulyh xwlolw| iurp wkh uhdo sxufkdvlqj srzhu ri prqh|/ zkhuh

� �
| lv wkh djhqw �*v prqh| edodqfh dw wkh hqg ri gdwh |/ zkloh �

� lv wkh dssursuldwh

uhjlrq0vshfl�f sulfh lqgh{ xvhg wr gh dwh � �
| 1 Khuh �

� lv gh�qhg dv

� � � E� �
M�?E� �

8 �
�3?/

� �
M �

��
�

?

�] ?

J
R�E���3j_�

� �

�3j

/ � �
8 �

��
�

�� ?

�]
�

?
R�Es ��3j_s

� �

�3j

/

zkhuh R�E�� lv wkh sulfh ri jrrg � vrog lq wkh pdunhw ri uhjlrq �1 Wkh sulfh

lqgh{ � � lv surshuo| gh�qhg dv wkh plqlpxp h{shqglwxuh lq uhjlrq � uhtxluhg
wr sxufkdvh jrrgv uhvxowlqj lq wkh frqvxpswlrq lqgh{ ri �� / vxfk wkdw �� ' �1
Vlplodu gh�qlwlrqv duh jlyhq iru � �

M dqg � �
8 1 Khuh zh dvvxph wkdw wkhuh duh qr

wudqvdfwlrq frvwv lq wudqvsruwlqj jrrgv dfurvv uhjlrqv> ixuwkhupruh sulfhv duh vhw

frqvlghulqj wkh zkroh duhd dv d frpprq pdunhw1 Lw iroorzv wkdw RME�� ' R8 E��
dqg RMEs� ' R8 Es�1 Jlyhq wkhvh dvvxpswlrqv dqg jlyhq wkh vwuxfwxuh ri wkh

suhihuhqfhv/ lw lv dovr wkh fdvh wkdw sxufkdvlqj srzhu sdulw| krogv/ l1h1 �M ' �8 1

Zh fdq wkhq gurs wkh lqgh{ � iurp wkh frqvxpswlrq0edvhg sulfh lqgh{hv1

Khuh zh gh�qh wkh whupv ri wudgh A ri uhjlrq 8 dv wkh udwlr ri wkh sulfh ri wkh

exqgoh ri jrrgv surgxfhg lq uhjlrq 8 uhodwlyh wr wkh sulfh ri wkh exqgoh lpsruwhg

iurp uhjlrq M1 Zh kdyh wkhq A � �8*�M 1
Ilqdoo| T lv dq lqfuhdvlqj frqyh{ ixqfwlrq ri djhqw �*v vxsso| ri lwv surgxfw +� 1

Dvvxplqj wkdw djhqwv kdyh glvxwlolw| ri zrunlqj }E� ��/ zkhuh � � lv wkh qxpehu ri

krxuv zrunhg e| djhqw �/ dqg wkdw wkh surgxfwlrq ixqfwlrq lv +� ' sE� ��/ zh fdq
lqwhusuhw T E+�� dv ehlqj htxdo wr }Es3�E+���1 Zh kdyh wkdw 5� lv uhjlrq0vshfl�f
vwrfkdvwlf glvwxuedqfhv1 Zh zloo lqwhusuhw lw dv d surgxfwlylw| vkrfn1

Jlyhq d ghflvlrq rq �� / krxvhkrog � doorfdwhv rswlpdoo| wkh h{shqglwxuh rq

��
M dqg ��

8 e| plqlpl}lqj wkh wrwdo h{shqglwxuh ��� xqghu wkh frqvwudlqw jlyhq

e| +D14,1 Wkhq jlyhq wkh ghflvlrqv rq ��
M dqg ��

8 / krxvhkrog � doorfdwhv wkh h{0
shqglwxuh dprqj wkh gl�huhqwldwhg jrrgv e| plqlpl}lqj �M�

�
M dqg �8�

�
8 xqghu

wkh frqvwudlqwv jlyhq e| +D15,1 Wkh ghpdqgv ri wkh jhqhulf jrrg �/ surgxfhg lq

uhjlrq M / dqg ri wkh jhqhulf jrrg s / surgxfhg lq uhjlrq 8 duh

S�E�� '

#
RE��

�M

$
3j

A �3?�� / S�Es � '

#
REs�

�8

$
3j

A3?��1 +D16,

6:



Ixuwkhupruh zh dvvxph wkdw hdfk �vfdo dxwkrulw| doorfdwhv d ohyho ri sxeolf h{0

shqglwxuh rqo| dprqj wkh jrrgv surgxfhg lq wkh uhjlrq ri lwv vryhuhljqw|1 Wkh

sxeolf h{shqglwxuh surgxfwlrq ixqfwlrqv duh uhvshfwlyho| iru wkh �vfdo dxwkrulw| ri

uhjlrqv M dqg 8

CM '
�
�

?

] ?

f

}E��
j3�

j _�
� j

j3�

/ C8 '
�

�

� � ?

]
�

?
}Es�

j3�

j _s
� j

j3�

>

dqg wkh| lpso| wkh iroorzlqj ghpdqgv ri wkh jhqhulf jrrgv � dqg s

}E�� '

#
RE��

�M

$
3j

CM/ }Es� '

#
REs�

�8

$
3j

C8 1 +D17,

Frpelqlqj +D16, zlwk +D17, zh fdq zulwh wrwdo ghpdqg ri jrrg � dqg s dv

+_E�� '

#
RE��

�M

$
3j

dA �3?�` nCM o/ +_Es � '

#
REs�

�8

$
3j

dA3?�` nC8 o

+D18,
zkhuh wkh xqlrq djjuhjdwh frqvxpswlrq �` lv gh�qhg dv

�` �
]
�

f

��_�1

Uhjlrqv gl�hu iurp rqh dqrwkhu dovr lq wkh vwuxfwxuh ri wkh dvvhwv wudghg1 Zlwklq

hdfk uhjlrq djhqwv fdq wudgh lq d vhw ri vhfxulwlhv wkdw lv vx!flhqw wr frpsohwho|

vsdq doo wkh vwdwhv ri qdwxuh1 Lqvwhdg/ lq wudglqj vhfxulwlhv dfurvv uhjlrqv/ djhqwv duh

doorzhg wr wdnh srvlwlrqv rqo| lq d qrplqdo qrq0frqwlqjhqw erqg ghqrplqdwhg lq

xqlwv ri wkh xqlrq fxuuhqf|1 Pdunhwv duh frpsohwh zlwklq d uhjlrq/ exw lqfrpsohwh

dw dq lqwhuuhjlrqdo ohyho1 Wkh exgjhw frqvwudlqw ri wkh krxvhkrog � lq uhjlrq �
+h{suhvvhg lq uhdo whupv zlwk uhvshfw wr wkh sulfh lqgh{, lv iru hdfk vwdwh r| dw gdwh
|/ dqg iru hdfk gdwh |

H|i^
�
|�

�c�
| jn

��
|

�|E� n-|�
n
� �

|

�|
� ` �

|3� n E�� � ��
R|E��+|E��

�|
���

| n
A-�c�

|

�|
/

zlwk

` �
|3� � ��c�

|3� n
� �

|3� n��
|3�

�|
1

zkhuh ��c�
| lv wkh uhdo ydoxh dw wlph |n� ri wkh sruwirolr khog e| djhqw � frpsrvhg

e| frqwlqjhqw vhfxulwlhv lvvxhg lq uhjlrq � ghqrplqdwhg lq xqlwv ri wkh frqvxpswlrq0
edvhg sulfh lqgh{ zlwk pdwxulw| rqh0shulrg zkloh ^�| lv wkh yhfwru ri wkh vhfxulw|
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sulfhv155 Zh kdyh wkdw ��
| lv wkh krxvhkrog �*v kroglqj ri wkh qrplqdo rqh0shulrg

qrq0frqwlqjhqw erqg ghqrplqdwhg lq wkh xqlrq fxuuhqf|/ wkdw lv wudghg dprqj doo

wkh krxvhkrogv ehorqjlqj wr wkh xqlrq1 Wkh qrplqdo lqwhuhvw udwh rq wklv erqg

zklfk lv fhuwdlq dw wkh lvvxlqj gdwh lv -|> '
�c�
| duh qrplqdo oxps vxp wudqvihuv

iurp wkh �vfdo dxwkrulw| ri uhjlrq � lq zklfk � uhvlghv wr wkh krxvhkrog �/ zkloh � �

lv d uhjlrqdo sursruwlrqdo wd{ rq qrplqdo lqfrph1 Wkh exgjhw frqvwudlqw dw gdwh

| ri wkh �vfdo dxwkrulw| ri uhjlrq � iru � ' M ru 8 lv

� �
]
�M�

R|E��+|E��_� '
]
�M�

� �
| �

]
�M�

� �
|3� nC�

| n
]
�M�

'�c�
| /

zkhuh zh kdyh dvvxphg wkdw vhljqrudjh lv uhwxuqhg wr hdfk uhjlrq dffruglqj wr lwv

vrxufh> �L / wkh ohyho ri prqh| vxssolhg e| wkh frpprq fhqwudo edqn/ lv htxdo wr

wkh djjuhjdwh ghpdqg ri prqh|

�L '
]
�

f

� �
| _�1

Zh vhw wkh lqlwldo frqglwlrqv ��c�
3�@�

�
3� ' f ;� 5 dfc �o1 Jlyhq wkh vhtxhqfhv ri

sulfhv dqg lqfrphv/ dqg jlyhq wkh lqlwldo frqglwlrqv/ wkh sureohp ri doorfdwlrq ri

frqvxpswlrq lv frpsohwho| fkdudfwhul}hg e| wkh xwlolw| ixqfwlrq dqg wkh uhvrxufh

frqvwudlqw1 Wkh odwwhu lv ghulyhg e| frpelqlqj dq dssursuldwh eruurzlqj olplw

zlwk wkh exgjhw frqvwudlqw ri wkh krxvhkrogv1 Ehfdxvh krxvhkrogv kdyh lghqwlfdo

suhihuhqfhv dqg ehfdxvh pdunhwv duh frpsohwh zlwklq hdfk uhjlrq/ wkh dvvxpswlrq

wkdw wkh lqlwldo zhdowk lv lghqwlfdo dprqj djhqwv ehorqjlqj wr wkh vdph uhjlrq lp0

solhv wkdw wkhuh lv shuihfw ulvn vkdulqj ri frqvxpswlrq zlwklq hdfk uhjlrq1 Zh fdq

wkhq v|qwkhvl}h wkh rswlpdo sodq ri frqvxpswlrq e| irfxvlqj rqo| rq wkh frqvxps0

wlrq ri wkh �uhsuhvhqwdwlyh djhqwv� ri uhjlrqv M dqg 8 1 Wkh h{kdxvwlrq ri wkh

lqwhuwhpsrudo uhvrxufh frqvwudlqw dqg wkh Hxohu htxdwlrqv +li zh dvvxph dq lqwh0

ulru rswlpxp, ghvfuleh wkh rswlpdo doorfdwlrq1 Zh kdyh wkh iroorzlqj rswlpdolw|

frqglwlrqv= E�� wkdw

qA3|
L�E�

�
A ErA ��

L�E��
|�

' -�
|cA ErA � +D19,

dw hdfk vwdwh rA 5 7A / iru hdfk gdwh | dqg hyhu| A / zlwk A : | dqg iru � ' M ru

8 > wklv lv dq rswlpdolw| frqglwlrq zklfk htxdwhv wkh pdujlqdo udwh ri vxevwlwxwlrq/

ehwzhhq ixwxuh frqvxpswlrq lq d sduwlfxodu vwdwh dqg suhvhqw frqvxpswlrq/ wr wkh

55Dw hdfk gdwh w wkh hfrqrp| idfhv rqh ri �qlwho| pdq| vwdwhv +v| @ 4> 5> 6===V|,1
Zlwk k| zh ghqrwh wkh klvwru| ri wkh vwdwhv xs wr gdwh w1
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dssursuldwh vwrfkdvwlf glvfrxqw idfwru -�
|cA > E��� wkdw

u�*�

#
� �

|

�|
c 1�
$

'
-|

� n-|

L�E�
�
|� +D1:,

dw hdfk gdwh | dqg iru hdfk � ' M ru 8 / zkhuh u�*� lv wkh ghulydwlyh ri u zlwk

uhvshfw wr wkh uhdo prqh| edodqfh> khuh wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq

uhdo prqh| edodqfhv dqg frqvxpswlrq lv htxdwhg wr wkh xvhu frvw lq whupv ri wkh

frqvxpswlrq jrrg lqgh{ ri kroglqj dq h{wud xqlw ri uhdo prqh| edodqfhv iru rqh

shulrg> E���� wkdw wkh uhvrxufh frqvwudlqw krogv zlwk htxdolw| dw hdfk gdwh | dqg lq

hyhu| klvwru| �|1 Zh fdq xvh wkh rswlpdolw| frqglwlrqv wr sulfh wkh lqwhuqdwlrqdoo|

wudghg erqg rewdlqlqj dw hdfk gdwh | dqg iru � ' M ru 8

L�E�
�
|� ' E� n-|�qH|

+
L�E�

�
|n��

�|
�|n�

,
1 +D1;,

D qr duelwudjh lpsolfdwlrq ri +D1;, lv wkdw

H|

%
L�E�M

|n��

L�E�M
| �

�|
�|n�

&
' H|

%
L�E�8

|n��

L�E�8
| �

�|
�|n�

&
+D1<,

dw hdfk gdwh |1 Lq wkh htxloleulxp/ wkh frqwlqjhqw uhjlrq0vshfl�f uhdo erqgv duh lq

}hur0qhw vxsso| zlwklq hdfk uhjlrq/ zkloh wkh joredo kroglqjv ri wkh qrplqdo erqg

vkrxog vdwlvi| dw hdfk gdwh |

?�M
| n E� � ?��8

| ' f1

Rqfh zh lqwhjudwh wkh exgjhw frqvwudlqwv dprqj doo wkh krxvhkrogv ehorqjlqj wr

wkh vdph uhjlrq/ e| xvlqj wkh jryhuqphqw exgjhw frqvwudlqw dqg htxdwlrq +D18,/

zh fdq zulwh wkh djjuhjdwh uhvrxufh frqvwudlqw ri hdfk uhjlrq � dw gdwh | dv

��
|

�|E� n-|�
'
��
|3�

�|
n �`

| � ��
|/ +D143,

zkhuh doo wkh yduldeohv lq +D143, duh shu0fdslwd yduldeohv1 Jlyhq wkh lqlwldo frqgl0

wlrq ��
|3� ' f iru hdfk � ' M dqg 8 wkh lqwhuuhjlrqdo wudghg erqg lv uhgxqgdqw1

Ohppd 4 Jlyhq +D143, dqg wkh rswlpdolw| frqglwlrqv ghvfulelqj wkh rswlpdo

sdwk ri frqvxpswlrq E��/E���/E����/ dqg jlyhq wkh lqlwldo frqglwlrq ��
|3� ' f

iru hdfk � ' M/ 8 lw iroorzv wkdw ��
A ' f ;A � | iru hdfk � ' M / 8 1
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Surri1 Zh xvh d surri e| lqgxfwlrq zkhuh wkh sursrvlwlrq �A kdv ehhq gh�qhg

dv �A G' ��
A ' f iru hdfk � ' Mc8 dqg ;A � |� ��

E| xvlqj wkh dvvxpswlrq wkdw ��
|3� ' f iru hdfk �/ zh kdyh wkdw �|3� ' f�

Lw uhpdlqv wr suryh wkdw iru d A : | li �A3� lv wuxh/ �A lv dovr wuxh1 Li �A3�

lv wuxh/ ��
A3� ' f iru hdfk �� E| xvlqj +D143, zh kdyh wkdw lq d jhqhulf vwdwh

rA 5 7A dw gdwh A

�M
A ' �`

A �
�M
A

�A E� n-A �
/

�8
A ' �`

A �
�8
A

�A E� n-A �
1

Dw gdwh A n � lq hdfk vwdwh rAn� 5 7An� wkh rswlpdolw| frqglwlrqv ri wkh

uhsuhvhqwdwlyh krxvhkrog � iru hdfk � ' M dqg 8 duh

L�E�
�
An�ErAn��� ' E� n-An��qHAn�

+
L�E�

�
An2�

�An�
�An2

,
/ +D144,

iL�E�
�
Anr�j ' HAnr

+
E� n-Anr�qL�E�

�
Anrn��

�Anr
�Anrn�

,
iru r : �/ +D145,

;?
=

"[
&'An�

-o
An�c&�

�
&Er&�

<@
> '

��
A

�An�
n

;?
=

"[
&'An�

-o
An�c&�

`
& Er&�

<@
> / +D146,

zkhuh wkh glvfrxqw idfwru kdv ehhq gh�qhg dv

-o
An�c& '

�&
�An�

T&3�
r'An�E� n-r�

iru & : A n �/

-o
An�cAn� ' �1

dqg zkhuh +D146, kdv ehhq rewdlqhg diwhu lwhudwlqj +D143, dqg lw frqvlvwv ri d

vhw ri frqglwlrqv fruuhvsrqglqj wr dq| srvvleoh klvwru| vwduwlqj iurp hdfk vwdwh

rAn� 5 7An� dw gdwh | n �1 Li �M
A ' �8

A wkh rswlpdo doorfdwlrqv ri frqvxps0

wlrqv ri krxvhkrogv ri uhjlrq M dqg 8 duh h{dfwo| wkh vdph orrnlqj dkhdg iurp

shulrg A n � lq hdfk vwdwh rAn� 5 7An�1 Wkxv zh fdq zulwh �M
An�ErAn�� dqg

�8
An�ErAn�� dv wkh| zhuh lpsolflwo| gh�qhg e| wkh vdph lqgluhfw ixqfwlrq/ zklfk

lv vwdwh0ghshqghqw/ ri uhvshfwlyho| �M
A dqg �8

A c

�M
An�ErAn�� ' KrAn�E�

M
A �/

�8
An�ErAn�� ' KrAn�E�

8
A �/
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dqg wklv lv wuxh iru hdfk rAn� 5 7An�1 Pruhryhu KrAn� lv d qrq0ghfuhdvlqj prqr0

wrqh ixqfwlrq ri wkh lqlwldo ohyho ri dvvhwv/ �M
A ru �8

A 1 Iurp wkh htxloleulxp

frqglwlrq dw wlph A zh kdyh ?�M
A n E� � ?��8

A ' f� Li �M
A : f/ lw iroorzv wkdw

�M
An�ErAn�

�� : �8
An�ErAn�� iru hdfk rAn� 5 7An�/ zkloh �M

A 	 �8
A 1 Exw wklv

ylrodwhv wkh rswlpdolw| frqglwlrq56

HA

+%
L�E�M

An��

L�E�M
A �

�
L�E�8

An��

L�E�8
A �

&
�A
�An�

,
' f/ +D147,

ehfdxvh wkh whup lq wkh vtxduh eudfnhw lv qhjdwlyh dfurvv doo wkh vwdwhv dqg sulfhv

duh dozd|v srvlwlyh1 Lw vkrxog eh wkhq wkdw �M
A ' �8

A ' f1
D fruroodu| ri wklv frqfoxvlrq lv wkdw wkhuh lv shuihfw ulvn vkdulqj ri frqvxpswlrq

ehwzhhq uhjlrqv/ l1h1 �M ' �8 ' �` dw dq| wlph dqg dw dq| vwdwh1

Wr frpsohwh wkh ghpdqg vlgh ri wkh hfrqrp| zh frpsxwh djjuhjdwh ghpdqg lq

erwk uhjlrqv e| xvlqj wkh dssursuldwh Gl{lw0Vwljolw} djjuhjdwruv uhodwhg wr +D15,

t M �
��

�

?

�] ?

J

+_E��
j3�
j _�

� j
j3�

/ t 8 �
��

�

�� ?

�] �

?

+_Es �
j3�
j _s

� j
j3�

1

+D148,
Diwhu dsso|lqj +D148, wr +D18, zh rewdlq

t M ' A �3?� nCM/ t 8 ' A3?� nC8 1 +D149,

Zkloh frqvxpswlrq lv frpsohwho| lqvxuhg/ djjuhjdwh surgxfwlrq fdq ydu| ehwzhhq

uhjlrqv1 Iurp +D149,/ lw iroorzv wkdw fkdqjhv lq wkh whupv ri wudgh h{sodlq glyhu0

jhqfhv lq rxwsxw1 Pruhryhu wkh uhvsrqvh ri d uhjlrqdo rxwsxw wr fkdqjhv lq wkh

whupv ri wudgh lv eljjhu wkh vpdoohu wkh vl}h ri wkdw uhjlrq/ l1h1 wkh kljkhu wkh

ghjuhh ri rshqqhvv1

Wkh prgho lv forvhg e| lghqwli|lqj wkh lqvwuxphqw ri prqhwdu| srolf|1 Lq wklv

prgho zh ohw wkh frpprq fhqwudo edqn vhw lwv lqvwuxphqw lq whupv ri wkh rqh0shulrg

ulvn iuhh qrplqdo lqwhuhvw udwh rq wkh qrplqdo erqg ghqrplqdwhg lq wkh frpprq

fxuuhqf|1

Ilupv dqg Sulfh Vhwwlqj

Vhoohuv duh prqrsrolvwv lq vhoolqj wkhlu surgxfwv1 Ghpdqg +D18, lv qrw wdnhq dv

jlyhq/ exw lw fdq eh d�hfwhg e| gl�huhqw sulfh ghflvlrqv RE5�1 Rq wkh rwkhu kdqg

vhoohuv duh vpdoo zlwk uhvshfw wr wkh ryhudoo pdunhw dqg wkh| wdnh dv jlyhq wkh

lqgh{hv � / �M / �8 dqg �� Prqrsrolvwlf frpshwlwlrq grhv qrw lpso| sulfh uljlglw|/

56L dp judwhixo wr Fhgulf Wlooh iru srlqwlqj rxw wklv odvw revhuydwlrq
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exw lw fuhdwhv wkh hqylurqphqw lq zklfk sulfh uljlglw| fdq h{lvw zlwkrxw ylrodwlqj

dq| lqglylgxdo udwlrqdolw| sduwlflsdwlrq frqvwudlqw/ dvvxplqj wkdw wkh vhtxhqfhv ri

vkrfnv lv erxqghg1 Sulfhv duh vxemhfwhg wr fkdqjhv dw udqgrp lqwhuydov dv lq Fdoyr

+4<;6,1 Lq hdfk shulrg d vhoohu idfhv d �{hg suredelolw| ��k ri dgmxvwlqj lwv sulfh/

luuhvshfwlyh rq krz orqj lw kdv ehhq vlqfh wkh vhoohu kdg fkdqjhg lwv sulfh1 Lq wklv

hyhqw wkh sulfh lv fkrvhq wr pd{lpl}h wkh h{shfwhg glvfrxqwhg sur�wv xqghu wkh

flufxpvwdqfh wkdw wkh ghflvlrq rq wkh sulfh lv vwloo pdlqwdlqhg> lq idfw wkh vhoohu dovr

frqvlghuv wkdw wkh sulfh fkrvhq dw d fhuwdlq gdwh | zloo dsso| lq wkh ixwxuh dw gdwh

|n & zlwk suredelolw| k& 1 Lw lv lpsruwdqw wr qrwh wkdw doo wkh vhoohuv wkdw ehorqj
wr wkh vdph uhjlrq dqg wkdw fdq prgli| wkhlu sulfh dw d fhuwdlq wlph zloo idfh wkh

vdph glvfrxqwhg ixwxuh ghpdqgv dqg ixwxuh pdujlqdo frvwv xqghu wkh k|srwkhvlv

wkdw wkh qhz sulfh lv pdlqwdlqhg1 Wkxv wkh| zloo vhw wkh vdph sulfh1 Zh ghqrwh

zlwk hR|E�� wkh sulfh ri wkh jrrg � fkrvhq dw gdwh | dqg zlwk h+|c|n&E�� wkh wrwdo
ghpdqg ri jrrg � dw wlph |n & xqghu wkh flufxpvwdqfhv wkdw wkh sulfh hR|E�� vwloo
dssolhv1 Zh kdyh wkdw � fdq eh htxdo wr � ru s dffruglqj wr qrwdwlrq lq +D18,/ li

wkh vhoohu lv uhvshfwlyho| lq uhjlrq M ru 8 1 Wkh ixqfwlrq wr pd{lpl}h lv

H|

"[
&'f

Ek�q�&
k
b|n&E�� � �� hR|E��h+|c|n&E��� T Eh+|c|n&E��c 5�|n&�l / +D14:,

zkhuh uhyhqxhv duh hydoxdwhg xvlqj wkh pdujlqdo xwlolw| ri qrplqdo lqfrph b|n& '
L�E�|n&�*�|n& zklfk lv wkh vdph iru doo wkh frqvxphuv ehorqjlqj wr wkh xqlrq/

ehfdxvh ri erwk wkh k|srwkhvlv ri frpsohwh pdunhwv zlwklq hdfk uhjlrq dqg ri

wkh uhvxow ri uhgxqgdqf| ri wkh lqwhuuhjlrqdo erqg1 Wkh xsshu lqgh{ �/ dv lq wkh

suhylrxv vhfwlrq/ ghqrwhv uhjlrq0vshfl�f yduldeohv/ zlwk � ' M li � ' � dqg � ' 8
li � ' s 1 Iurp +D18, h+|c|n&E�� dqg h+|c|n&Es� duh

h+|c|n&E�� '

# hR|E��
�Mc|n&

$
3j k

A �3?
|n& �|n& nCM

|n&

l
/

h+|c|n&Es� '

# hR|Es�
�8c|n&

$
3j k

A3?|n&�|n& nC8
|n&

l
1

Wkh vhoohu pd{lpl}hv +D14:, zlwk uhvshfw wr hR|E�� wdnlqj dv jlyhq wkh vhtxhqfhv

i�Mc|c �8c|/�|c�|c C
�
|j/ wkh rswlpdo fkrlfh ri hR|E�� lv

hR|E�� ' j

Ej � ��E� � � ��

H|

S
"

&'fEk
�q�&T+Eh+|c|n&E��c 5�|n&�h+|c|n&E��

H|

S
"

&'fEk
�q�&b|n& h+|c|n&E�� 1 +D14;,

Fdoyr0sulfh vhwwlqj lpsolhv wkh iroorzlqj vwdwh htxdwlrq iru �Mc| dqg �8c|

� �3j
Mc| ' kM� �3j

Mc|3� n E�� kM�hR|E���3j/ +D14<,
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� �3j
8c| ' k8� �3j

8c|3� n E�� k8 �hR|Es��3jc +D153,

ehfdxvh lq hdfk uhjlrq wkh iudfwlrq E� � k� ri vhoohuv/ wkdw lv fkrvhq wr dgmxvw wkh

sulfh/ vhwv wkh vdph sulfh1

Htxloleulxp

Zh fdq ghvfuleh wkh htxloleulxp ri wklv prgho e| frpelqlqj wkh djjuhjdwh

ghpdqg eorfn zlwk wkh djjuhjdwh vxsso|1 Rxu prgho lv qrw vroydeoh lq d forvhg

irup vroxwlrq1 Krzhyhu zh irfxv rq htxloleuld zkhuh wkh vwdwh yduldeohv iroorz

sdwkv wkdw duh forvh wr d ghwhuplqlvwlf vwdwlrqdu| htxloleulxp/ lq zklfk wkh lq dwlrq

udwhv duh }hur1 Lq wklv vwhdg| vwdwh/ zh lqwhusuhw wkh vwrfkdvwlf vkrfnv i1�|/C
�
|/5

�
|j

iru � ' M ru 8 dv }hur dw doo gdwhv1 Wkh lqvwuxphqw ri prqhwdu| srolf|/ wkh

lqwhuhvw udwh uxoh/ lv vhw lq rughu wr dqfkru wkh qrplqdo lqwhuhvw udwh wr wkh lqyhuvh

ri wkh lqwhuwhpsrudo glvfrxqw idfwru lq wkh frqvxphu suhihuhqfhv1 Zh kdyh wkhq d

vwdwlrqdu| htxloleulxp lq zklfk

� n- '
�

q
1

Dv lw lv frpprq lq prghov zlwk prqrsrolvwlf frpshwlwlrq/ wkh pdujlqdo xwlolw| ri

frqvxpswlrq lv qrw htxdwhg wr wkh pdujlqdo glvxwlolw| ri surgxflqj rxwsxw1 Iurp

wkh sulflqj ghflvlrq lq uhjlrq M zh rewdlq

E� � �M�L�E�� '
j

j � �
A
�3?

T+
�
A
�3?

�c f
�
/ +D154,

zkloh lq uhjlrq 8 zh kdyh

E�� �8 �L�E�� '
j

j � �
A
3?
T+
�
A
3?
�c f

�
1 +D155,

Li �M ' �8 iurp +D154, dqg +D155, lw iroorzv wkdw A ' � dqg wkdw t
M

' t
8
' �1

Lq wklv ghwhuplqlvwlf htxloleulxp sulfhv duh zhoo ghwhuplqhg e| wkh lqlwldo frqglwlrqv

�Mc3�/ �8c3�1 Lq idfw wkh ghflvlrq ri wkh srolf| pdnhuv wr vhw lwv lqvwuxphqw wr

�*q dqg wkh frqvhtxhqw vwdwlrqdu| htxloleulxp zlwk }hur lq dwlrq udwhv lpso| wkh

ghwhuplqdwlrq ri wkh sdwkv ri �M / �8 1 E| xvlqj wkh prqh| ghpdqg frqglwlrqv

+D1:, dqg wkh htxloleulxp frqglwlrq lq wkh prqh| pdunhw zh fdq slq grzq wkh

ohyho ri prqh|1

Khuh zh ghvfuleh wkh vwrfkdvwlf htxloleulxp zklfk dulvhv iurp shuwxuedwlrqv

durxqg wkh ghwhuplqlvwlf htxloleulxp lghqwl�hg deryh1 Jlyhq d eurdg fodvv ri lqwhu0

hvw udwh uxohv/ wkh djjuhjdwh ghpdqg eorfn jurxsv frqglwlrqv +D1;,/ +D1<,/ +D149,157

57Wkh wudqvyhuvdolw| frqglwlrqv kdyh wr krog lq rxu udwlrqdo h{shfwdwlrqv htxlole0
ulxp ehfdxvh zh duh frqvlghulqj vpdoo shuwxedwlrqv durxqg wkh lqlwldo ghwhuplqlvwlf
vwhdg| vwdwh1
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Zh fdq lqwhusuhw wkhvh frqglwlrqv dv ghwhuplqlqj wkh vhtxhqfhv i�|c -|c�|j jlyhq
wkh lqlwldo frqglwlrqv �Mc3�/ �8c3�/ wkh vhtxhqfhv ri sulfhv i�Mc|/�8c|j dqg wkh vh0
txhqfhv ri vwrfkdvwlf vkrfnv i1�|/C

�
|/5

�
|j iru � ' M ru 8 1 Lw lv zruwk qrwlqj wkdw

zlwk dq lqwhuhvw udwh uxoh wkh prqh|0pdunhw htxloleulxp ghwhuplqhv rqo| wkh ohyho

ri prqh| lq wkh xqlrq1 Pruhryhu vkrfnv wr wkh oltxlglw| suhihuhqfh kdyh rqo|

uhshufxvvlrqv rq wkh sdwk ri prqh| zkloh wkh| gr qrw d�hfw wkh rwkhu yduldeohv1

Zh wxuq wr wkh djjuhjdwh vxsso| eorfnv zklfk lv frpsrvhg e| frqglwlrqv +D14;,/

+D14<,/ +D153,1 Jlyhq wkh vhtxhqfhv ri frqvxpswlrq i�|j/ wkh lqlwldo frqglwlrqv
�Mc3�/ �8c3�/ dqg wkh vhtxhqfhv ri vkrfnv/ lw ghwhuplqhv wkh vhtxhqfh ri sulfhv

~�Mc|/hR|E��/�8c|/hR|Es��1
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Dsshqgl{ E

Lq wklv dsshqgl{/ zh ghulyh wkh orj0olqhdu dssur{lpdwlrq ri uhjlrq K*v DV htxdwlrq/

htxdwlrq +7, lq wkh wh{w1 Wkh ghulydwlrq ri wkh uhjlrq 8 *v vxsso| vlgh iroorzv lq d

vshfxodu zd|1 Jlyhq wkh vhtxhqfhv i�|j/ wkh vhtxhqfhv ri vkrfnv dqg wkh lqlwldo

frqglwlrqv/ wkh rswlpdo sdwkv ri sulfhv i hR|E��c �Mc|j lv ghvfulehg e| wkh iroorzlqj

frqglwlrqv

hR|E�� ' j

Ej � ��E� � �M�

H|

S
"

&'fEk
Mq�&T+Eh+_|c|n&E��c 5M|n&�h+_|c|n&E��

H|

S
"

&'fEk
Mq�&b|n& h+_|c|n&E�� / +E14,

� �3j
Mc| ' kM� �3j

Mc|3� n E�� kM�hR|E���3j/ +E15,

zkhuh

h+_|c|n&E�� '
# hR|E��
�Mc|n&

$
3j

dA �3?
|n& �|n& nCM

|n&o1 +E16,

Zh fdq zulwh +E14, dv

f ' H|

"[
&'f

EkMq�&idE�� j�E�� �M�b|n& hR|E�� n
njT+Eh+_|c|n&E��c 5M|n&�oh+_|c|n&E��j/

dqg diwhu vxevwlwxwlqj wkh h{suhvvlrq iru b|n&

H|

"[
&'f

EkMq�&

;?=
57 E�� j�E�� �M�L�E�|n&�

hR|E��
�|n&

n

njT+Eh+_|c|n&E��c 5M|n&�
68<@> h+_|c|n&E�� ' f/

ru

H|

"[
&'f

EkMq�&

;?=
57 E�� j�E�� �M�L�E�|n&�

hR|E��
�Mc|n&

A?3�
|n& n

njT+Eh+_|c|n&E��c 5M|n&�
68 h+_|c|n&E��

<@> ' f/

+E17,
zkhuh A|n& ' �8c|n&*�Mc|n& 1 Zh wdnh d orj0olqhdu dssur{lpdwlrq ri wklv htxl0

oleulxp frqglwlrq durxqg d vwhdg| vwdwh lq zklfk �| ' � / A| ' �/ hR|E��*�Mc| ' �/
CM
| ' f/ 5M| ' f dqg E�� �M�L�E�� ' j

j3�
T+E�c f� dw doo wlphv/ rewdlqlqj

f ' H|

"[
&'f

EkMq�&iE� � j�E�� �M�L�E��eR|c|n& n
79



nE� � j�E� � �M�L�E��d�E� � ?� eA|n&o
nE� � j�E� � �M�L��E��� e�|n& n j�T++E�cf�d�jeR|c|n& n

nE� � ?� eA|n& n e�|n& n }M|n&o n jT+5E�c f�e5M|n&j
zkhuh eR|c|n& ' *?EhR|E��*�Mc|n&�1 Zh fdq ixuwkhu vlpsoli| wkh htxdwlrq deryh wr

f ' H|

"[
&'f

EkMq�&iEeR|c|n& � E� � ?� eA|n& � 4 e�|n& � #d�j eR|c|n& n E� � ?� eA|n&
n e�|n& n }M|n& � t

M

| oj/

zkhuh 4 � �L��E���*L�E�� dqg # � T++E�c f��*T+E�c f�/ zkloh zh kdyh

gh�qh t
M

| vxfk wkdw T+5E�c f�e5M|n& � ��T++E�c f�t
M

| � Zh qrwh wkdw

eR|c|n& ' eR|c| � &[
r'�

ZMc|nr

zh fdq wkhq vlpsoli| wr

eR|c|
� � kMq

' H|

"[
&'f

EkMq�&d
� n #

� n j#
E�� ?� eA|n& n 4n #

� n j#
e�|n&

n
#

� n j#
E}M|n& � t

M

|n&�o n H|

"[
&'f

EkMq�&
%

&[
r'�

ZMc|nr

&
1 +E18,

Orj0olqhdul}lqj +E15,/ zh rewdlq

eR|c| ' kM

� � kM
ZM|

Wkxv zh fdq vlpsoli| +E18, ixuwkhu wr

ZM|
� � kMq

kM

�� kM
' H|

"[
&'f

EkMq�&d
� n #

� n j#
E�� ?� eA|n& n 4n #

� n j#
e�|n& n

n
#

� n j#
E}M|n& � t

M

|n&�o n H|

"[
&'�

EkMq�&
ZM|n&

�� kq

Zh rewdlq

7:



ZM| ' E� � kMq�
�� kM

kM

� n #

� n j#
E�� ?� eA| n E� � kMq�

�� kM

kM

4 n #

� n j#
e�|

nE� � kMq�
�� kM

kM

#

� n j#
E}| � t |� n qH|Z

M
|n� +E19,

qrwlqj wkdw wkh qdwxudo udwh ri zruog frqvxpswlrq dqg ri wkh whupv ri wudgh/ zklfk

zloo dulvh zkhq sulfhv duh  h{leoh/ duh gh�qhg dv

h�| �
#

4n #
Et

`

| � }`| �/

hA| �
#

� n #
E}-| � t

-

| �1

zh fdq vlpsoli| wkh htxdwlrq deryh wr

ZM| ' E�� ?�&MA E eA| � hA|� n &M� E e�| � h�|� n q.|Z
M
|n�/ +E1:,

zklfk fruuhvsrqgv wr htxdwlrq +6, lq wkh wh{w +qrwh wkdw e�| ' e�`
| , zkhuh

&MA � E�� kMq�
�� kM

kM
� n #

� n j#

&M� � E�� kMq�
�� kM

kM
4n #

� n j#
1

7;



Dsshqgl{ F

Lq wklv dsshqgl{ zh ghulyh wkh xwlolw|0edvhg orvv ixqfwlrq/ htxdwlrq +47, lq wkh

wh{w1 Zh iroorz Urwhpehuj dqg Zrrgirug +4<<:/4<<;, dqg Zrrgirug +4<<<d,1

Wkh dyhudjh xwlolw|  rz dprqj doo wkh krxvhkrogv ehorqjlqj wr uhjlrq M lv

�M
| ' L E�|��

U ?
f �E+|E��c 5

M
| �_�

?
/ +F14,

zkloh wkdw ri uhjlrq 8 lv

�8
| ' LE�|��

U �
�3? �E+|Es�c 5

8
| �_s

� � ?
1 +F15,

Wkh zhoiduh fulwhulrq ri wkh Fhqwudo Edqn lq wkh fxuuhqf| duhd lv wkh glvfrxqwhg

ydoxh ri d zhljkwhg dyhudjh ri wkh dyhudjh xwlolw|  rzv ri wkh uhjlrqv/

` ' Hf

"[
�'f

q�E?�M
|n� n E�� ?��8

|n��1 +F16,

Zh wdnh d Wd|oru h{sdqvlrq ri hdfk whup ri wkh xwlolw| ixqfwlrq1 Wdnlqj d

vhfrqg0rughu olqhdu h{sdqvlrq ri L E�|� durxqg wkh vwhdg| vwdwh ydoxh � gh�qhg

e| htxdwlrq +D155,/ zh rewdlq

LE�|� ' LE�� n L�E�| � �� n
�

2
L��E�| � ��2 n JEn1n��/ +F17,

zkhuh lq JEn1n�� zh jurxs doo wkh whupv wkdw duh ri wklug ru kljkhu rughu lq wkh

ghyldwlrqv ri wkh ydulrxv yduldeohv iurp wkhlu vwhdg|0vwdwh ydoxhv1 Ixuwkhupruh

h{sdqglqj �| zlwk d vhfrqg0rughu Wd|oru dssur{lpdwlrq zh rewdlq

�| ' �E� n e�| n
�

2
e�2

| � n JEn1n��/ +F18,

zkhuh e�| ' *?E�|*��1 Vxevwlwxwlqj +F18, lqwr +F17, zh rewdlq

L E�|� ' L�� e�| n
�

2
EL�� n L���

2
� e�2

| n w1l1s1n JEn1n��/ +F19,

zklfk fdq eh zulwwhq dv

LE�|� ' L��d e�| n
�

2
E� � 4� e�2

| o n w1l1s1n JEn1n��/

7<



zkhuh zh kdyh gh�qhg 4 � �L���*L� dqg zkhuh lq w1l1s1 zh lqfoxgh doo wkh

whupv wkdw duh lqghshqghqw ri prqhwdu| srolf|1 Vlploduo| zh wdnh d vhfrqg0rughu

Wd|oru h{sdqvlrq ri �E+|E��c 5
M
| � durxqg d vwhdg| vwdwh zkhuh +|E�� ' t

M
iru

hdfk �c dqg dw hdfk gdwh |/ dqg zkhuh 5M| ' f dw hdfk gdwh |1 Zh rewdlq

�E+|E��c 5
M
| � ' �Et

M
c f� n �+E+|E��� t

M
� n �55

M
| n

�

2
�++E+|E��� t

M
�2

n�+5E+|E��� t
M
�5M| n

�

2
�55E5

M
| �

2 n JEn1n��/ +F1:,

zkhuh e+|E�� 'oqE+|E��*t M
�1 Khuh zh uhfdoo wkdw

+E�� '

#
RE��

�M

$
3j k

EA ��3?�` nCM
l
/

zklfk fdq eh uhzulwwhq dv

+E�� ' +_E�� n +}E��/

zkhuh zh kdyh gh�qhg

+_E�� �

#
RE��

�M

$
3j

EA ��3? �` /

+}E�� �

#
RE��

�M

$
3j

CM 1

Khuh zh wdnh d vhfrqg rughu Wd|oru h{sdqvlrq ri +_| E�� dqg +
}
| E�� rewdlqlqj

+_| E�� ' t
M
� E� n e+_| E�� n �

2
� de+_| E��o2� n JEn1n��/

+}| E�� ' t
M
� Ee+}| E�� n �

2
� de+}| E��o2� n JEn1n��1

Zh qrwh wkdw +}| E�� fdq eh qhjohfwhg ehfdxvh lq lwv h{sdqvlrq/ wkh whup ri rughu

ohvv wkdq JEn1n�� duh lqghshqghqw ri prqhwdu| srolf|/ ehlqj wkh vkrfn CM htxdo

wr }hur lq wkh vwhdg| vwdwh1 Zh fdq vlpsoli| +F1:, wr

�E+|E��c 5
M
| � ' �+t

M
� de+_| E�� n �

2
� e+_| E��2 n #

2
� e+|E��2

�# � e+|E��t M

| o n w1l1s1n JEn1n��/ +F1;,
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zkhuh t
M

| kdv ehhq gh�qhg e| wkh uhodwlrq �+55
M
| � ��++t

M
t
M

| dqg zh kdyh

wkdw # � T++Et
M
c f�t

M
*T+Et

M
c f�1 Rxu vwhdg| vwdwh zlwk }hur lq dwlrq lpsolhv

wkh iroorzlqj frqglwlrqv/ uhvshfwlyho| iru uhjlrq M

E� � �M�L�E�� '
j

j � �
A
�3?

T+
�
A
�3?

�c f
�
/ +F1<,

dqg iru uhjlrq 8

E�� �8 �L�E�� '
j

j � �
A
3?
T+
�
A
3?
�c f

�
/ +F143,

zklfk fdq eh uhzulwwhq dv

E� �xM�L�E�� ' A
�3?

T+
�
A
�3?

�cf
�
/ +F144,

E�� x8 �L�E�� ' A
3?
T+
�
A
3?
�c f

�
/ +F145,

diwhu kdylqj gh�qhg

E� � xM� � E� � �M�
j � �

j
/

E�� x8 � � E� � �8 �
j � �

j
�

Lq wkh h!flhqw htxloleulxp/ zh kdyh wkdw xM ' x8 ' f1 Dv rxwolqhg lq Zrrgirug

+4<<<d,/ zh kdyh wr uhvwulfw rxu dwwhqwlrq rq vwhdg| vwdwh lq zklfk wkh ghyldwlrqv

ri xM dqg x8 duh ri rughu dw ohdvw JEn1n�1 Zh dovr uhvwulfw wkh dqdo|vlv wr wkh fdvh

lq zklfk xM ' x8 � Lq wklv fdvh zh kdyh wkdw t
M
' t

8
' � 1 Lq wkh qhljkeru

ri wkh h!flhqw ohyho ri surgxfwlrq dqg frqvxpswlrq zh fdq zulwh wkh vwhdg| vwdwh

whup ri wudgh dqg frqvxpswlrq/ e| xvlqj frqglwlrqv +F144, dqg +F145,/ dv

A ' 4/

oq�*�W ' �
?xM n E�� ?�x8

4n #
/ +F146,

zkhuh �W lv wkh h!flhqw ohyho ri frqvxpswlrq1 E| xvlqj +F144, zh fdq zulwh +F1;,

dv

�E+|E��c 5
M
| � ' L�� � dE� �x� � e+_| E�� n �

2
� e+_| E��2 n #

2
� e+|E��2

�# � e+|E��t M

| o n w1l1s1n JEn1n��1 +F147,
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Khuh zh lqwhjudwh +F147, dfurvv wkh krxvhkrogv ehorqjlqj wr uhjlrq M/ rewdlqlqjU ?
f
�E+|E��c 5

M
| �_�

?
' L�� � iE�� x� �.�e+_| E�� n �

2
� dydu�e+_| E�� n d.�e+_| E��o2o

n
#

2
� dydu�e+|E�� n d.� e+|E��o2o� #.�e+|E��t M

| j

nw1l1s1n JEn1n��� +F148,

Xvlqj wkh djjuhjdwru +D148, zh fdq zulwh

tMc| ' t _
Mc| n t }

Mc|/

zkhuh

t _
Mc| ' A �3?

| �`
| /

t }

Mc| ' CM 1

Zh wdnh d vhfrqg0rughu dssur{lpdwlrq ri wkh djjuhjdwruv rewdlqlqj

etMc| ' .� e+|E�� n �

2

�
j � �

j

�
ydu� e+|E�� n JEn1n��/

et _
Mc| ' .� e+_| E�� n �

2

�
j � �

j

�
ydu�e+_| E�� n JEn1n��1 +F149,

Ilqdoo| vxevwlwxwlqj +F149, lqwr +F148, zh rewdlqU
?

f
�E+|E��c 5|�

?
' L�� � dE�� xM� � et _

Mc| n
�

2
� d et _

Mc|o
2 n

#

2
� d etMc|o2

n
�

2
Ej3� n #� � ydu� e+|E��� # et _

Mc|t
M

| o

nw1l1s1n JEn1n�� +F14:,

zkhuh zh kdyh xvhg wkh idfw wkdw ydu�e+|E�� 'ydu�e+_| E���
Frpelqlqj +F14:, dqg +F19, lqwr +F14,/ zh rewdlq

�M
| ' L��d e�| n

�

2
E�� 4� e�2

| � E� � xM� � et _
Mc| �

�

2
� d et _

Mc|o
2 �

#

2
� d etMc|o

2

�
�

2
Ej3� n #� � ydu�e+|E�� n # et _

Mc|t
M

| o

nw1l1s1n JEn1n��/ +F14;,
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zkloh iru uhjlrq 8 zh kdyh

�8
| ' L��d e�| n

�

2
E� � 4� e�2

| � E�� x8 � � et _
8c| �

�

2
� d et _

8c|o
2 �

#

2
� d et8c|o2

�
�

2
Ej3� n #� � ydus e+|Es� n # et _

8c|t
8

| o

nw1l1s1n JEn1n���1 +F14<,

Wdnlqj d olqhdu frpelqdwlrq ri +F14;, dqg +F14<, zlwk zhljkw ?/ zh rewdlq

�| ' L��i e�| � d?x
M n E�� ?�x8 o n

�

2
E�� 4� e�2

|

�
�

2
� d?E et _

Mc|�
2 n E�� ?�E et _

8c|�
2o�

�

2
# � d? et 2

Mc| n E�� ?� et 2

8c|o

n# � d? etMc|t
M

| n E� � ?� et8c|t 8

| o n

�
�

2
Ej3� n #� � d?ydu� e+|E�� n E� � ?�ydus e+|Es �oj

nw1l1s1n JEn1n��/ +F153,

dqg diwhu vxevwlwxwlqj wkh h{suhvvlrqv iru etMc|/ et8c|c et _
Mc|/

et _
8c| zh jhw

�| ' L��i e�| � d?x
M n E�� ?�x8 o n

�

2
E�� 4� e�2

|

n#d e�|t
`

| n ?E�� ?� eA|t -

| o�
�

2
d e�2

| n ?E� � ?� eA 2

| o

�
�

2
# � d e�2

| n ?E� � ?� eA 2

| n 2 e�|}
`
| � 2?E�� ?� eA|}-| o

�
�

2
Ej3� n #� � d?ydu�e+|E�� n E� � ?�ydus e+|Es�oj

nw1l1s1n JEn1n��/ +F154,

zklfk fdq eh zulwwhq dv

�| ' �L��i� e�| � d?x
M n E�� ?�x8 o

n
�

2
E4 n #�d e�| � h�|o

2 n
�

2
E� n #�?E� � ?�d eA| � hA|o2

n
�

2
Ej3� n #� � d?ydu�e+|E�� n E� � ?�ydus e+|Es�oj

nw1l1s1n JEn1n��1 +F155,

86



Zkhuh wkh qdwxudo udwh ri zruog frqvxpswlrq dqg ri wkh whup ri wudgh/ zklfk

zloo dulvh zkhq sulfhv duh  h{leoh/ duh gh�qhg dv

h�`
| �

#

4 n #
Et

`

| � }`| �/

hA| �
#

� n #
E}-| � t

-

| �1

E| xvlqj htxdwlrqv +F146, dqg diwhu kdylqj gh�qhg S`| � e�`
| � h�| zh rewdlq

�| ' �L��i
�

2
E4 n #�dS`| � S` o2 n

�

2
E� n #�?E� � ?�d eA| � hA|o2

n
�

2
Ej3� n #� � d?ydu�e+|E�� n E� � ?�ydus e+|Es�oj

nw1l1s1n JEn1n��/ +F156,

zkhuh S` � �oq�*�W1

Khuh zh ghulyh ydu� e+|E�� dqg ydus e+|Es�1 Zh kdyh wkdw

ydu�iorj+|E��j ' j2ydu�iorjR|E��j1

Gh�qlqj R| �H�orjR|E��/ zh kdyh

ydu�iorjR|E��j ' ydu�iorjR|E��� R|3�j ' H�idorjR|E�� � R|3�o
2j � E{R|�

2

' kMH�idorjR|3�E��� R|3�o
2jn E� � kM�dorjhR|E��� R|3�o

2 n

�E{R|�
2

' kMydu�iorjR|3�E��jn E� � kM�dorjhR|E��� R|3�o
2 � E{R|�

21

Zh kdyh dovr wkdw

R| � R|3� ' E�� kM�dorjhR|E��� R|3�o/ +F157,

iurp zklfk zh rewdlq wkdw

ydu�iorjR|E��j ' kMydu�iorjR|3�E��jn
kM

�� kM
E{R|�

21

Exw

R| ' orj�Mc| n JEn1n2�/

zklfk lpsolhv

ydu�iorjR|E��j ' kMydu�iorjR|3�E��jn
kM

�� kM
EZM| �

2 n JEn1n��/
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diwhu lqwhjudwlrq ri wkh deryh htxdwlrq zh rewdlq

ydu�iorjR|E��j ' EkM�|n�ydu�iorjR3�E��jn
|[

r'f

EkM�|3r
kM

�� kM
EZM| �

2nJEn1n��

zkhuh zh qrwh wkdw wkh �uvw whup lq wkh uljkw kdqg vlgh lv lqghshqghqw ri wkh srolf|

fkrvhq diwhu shulrg | � f1 Diwhu wdnlqj wkh glvfrxqwhg ydoxh/ zlwk wkh glvfrxqw

idfwru q/ zh rewdlq

"[
|'f

q|ydu�iorjR|E��j '
kM

E�� kM�E� � kMq�

"[
|'f

q|EZM| �
2 n w1l1s1.JEn1n��

Wkh vdph ghulydwlrqv dsso| dovr iru wkh Iruhljq frxqwu|1 Zh gh�qh

_M �
kM

E�� kM�E�� kMq�
/

_8 �
k8

E�� k8 �E� � k8q�
1

Zh fdq vlpsoli| +F16, wr

`| ' �l
"[
�'f

q�u|n� +F158,

zkhuh

u|n� ' \dS`|n��S
` o2n?E��?�Kd eA|n�� hA|n�on�EZM|n��nE����EZ8|n��nw1l1s1nJEn1n��/

zklfk fruuhvsrqgv wr htxdwlrq +47, lq wkh wh{w/ zkhuh S` ' +` dqg +` � S` 1

Ixuwkhupruh

l �
�

2
L��E?_

M n E�� ?�_8 �jE� n j#�

\ �
&M� &

8
�

j

�

?&8� n E� � ?�&M�
/

K �
&MA &

8
A

j

�

?&8A n E� � ?�&MA
/

� �
?_M

?_M n E�� ?�_8
1

Zh qrwh wkdw zkhq wkh ghjuhhv ri uljlglw| duh wkh vdph/ l1h _M ' _8 / � frlqflghv

zlwk ?1
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Dsshqgl{ G

Wklv dsshqgl{ frqwdlqv wkh surriv ri vrph sursrvlwlrqv ri vhfwlrq 81

Sursrvlwlrq 7

Surri1 +l, E| lqvshfwlrq ri htxdwlrq +44,> +ll, wkh vwrfkdvwlf gl�huhqfh htxdwlrq

+44, kdv dozd|v rqh hljhqydoxh zlwk prgxoxv ohvv wkdq � dqg rqh zklfk lv eljjhu

wkdq �*q1 Wkh xqltxh dqg vwdeoh vroxwlrq lv jlyhq e|

eA| ' b� eA|3� n b�&AH|

"[
r'|

�
�

b2

�r3| hAr/
zkhuh b� lv d srvlwlyh hljhqydoxh ri wkh vhfrqg rughu gl�huhqfh htxdwlrq +44,/ zlwk

b� ohvv wkdq �> +lll, jlyhq wkh lqlwldo frqglwlrq eA|3� ' fc li eA| ' hA| dw doo gdwhv |
wkhq iurp +43, lw iroorzv wkdw eA| ' f zklfk frqwudglfwv eA| ' hA|1

Sursrvlwlrq 8

Surri1 Zh kdyh wkdw wkh DV htxdwlrq ri wkh uhjlrq 8 / lq wkh fdvh lwv sulfhv duh

vwlfn|/ lv

Z8| ' �&8A d?
eA| � &8�

&8A
E e�`

| � h�8c|�o n qH|Z
8
|n�/ +G14,

zkhuh zh kdyh wkdw h�8c| �
#

4n #
Et

8

| � }8| �1

Xqghu wkh dvvxpswlrq wkdw sulfhv lq uhjlrq 8 duh  h{leoh/ zh fdq revhuyh wkdw wkh

whup ri wudgh lv lpsolhg e| wkh whup lq wkh vtxduh eudfnhwv ri +G14,/ qdpho|

? eA| ' &8�
&8A

E e�`
| � h�8c|�1 +G15,

Vlploduo| uhduudqjlqj wkh DV htxdwlrq ri uhjlrq M zh rewdlq

ZM| ' &MA dE�� ?� eA| n &M�
&MA

E e�`
| � h�Mc|�o n qH|Z

M
|n�/ +G16,

zkhuh zh kdyh wkdw h�Mc| �
#

4n #
Et

M

| � }M| �1
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Diwhu soxjjlqj +G15, lqwr +G16, zh rewdlq

ZM| '
&�
?
d e�`

| � ? h�Mc| � E� � ?� h�8c|o n qH|Z
M
|n�1

E| qrwlqj wkdw h�`
| ' ? h�Mc| n E� � ?� h�8c|/ zh uhdfk wkh frqfoxvlrq wkdw e|

vwdelol}lqj wkh lq dwlrq udwh lq uhjlrq M dw doo gdwh | prqhwdu| dxwkrulw| uhdfkhv

d sdwk ri frqvxpswlrq frqvlvwhqw zlwk lwv h!flhqw ohyho dw doo gdwhv |1 Pruhryhu lie�| ' h�| lw iroorzv iurp +G15, wkdw eA| ' hA|1
Sursrvlwlrq 9

Surri1 Uhduudqjlqj +G15, zh rewdlq

?E eA| � hA|� ' &8�
&8A

E e�`
| � h�`

| �1 +G17,

Lq wklv fdvh wkh zhoiduh ixqfwlrq lv

` ' �lHf

+
n"[
|'f

q|u|

,
/ +G18,

zlwk

u| ' \ � d+`| � +` o2 n ?E�� ?�K � d eA| � hA|o2 n EZM| �
2 n w1l1sn JEn1n��1

Qrwlqj wkdw

ZM| '
&�
?
� d+`| o n qH|Z

M
|n�/

zh fdq vlpsoli| wkh zhoiduh wr

` ' �lHf

+
n"[
|'f

q|dw+EZM| � qZM|n��
2 n EZM| �

2

,
n 2l\+`

?

&M�
ZMf +G19,

zkhuh zh kdyh xvhg +G17, dqg zkhuh

w+ � \

%
� n

� � ?

?

4n #

� n #

&
?2

&M�
1

Wkh �uvw rughu frqglwlrq ri +G19, zlwk uhvshfw wr ZM| duh dw hdfk gdwh | : f

qZM|n� � E� n Ew+�3� n q�ZM| n ZM|3� ' f/ +G1:,

8:



zkloh dw gdwh 3

ZfE� n Ew+�3��� qZ� ' \+`?E&M� w
+�3�1

D vwdeoh vroxwlrq iru ZM| lv jlyhq e|

ZM| ' b|�Zf

Zf '
\+`?

Eb3�� � q�&M� w
+

zkhuh b� lv wkh vwdeoh hljhqydoxh ri wkh gl�huhqfh htxdwlrq +G1:, zlwk f 	 b� 	
��

Sursrvlwlrq :

Surri1 Zh fdq zulwh uhodwlyh dqg xqlrq lq dwlrq dv/ uhvshfwlyho|

Z-| ' ��d eA| � hA|o n /d e�`
| � h�`

| o n qH|Z
-
|n�/ +G1;,

Z`| ' wd eA| � hA|o n Vd e�`
| � h�`

| o n qH|Z
`
|n�1 +G1<,

E| frqwudglfwlrq li eAA ' hAA dqg e�`
A ' h�`

A dw doo gdwhv A � |/ zh kdyh wkdw

Z-A ' f dw doo gdwhv A � |/ lpso|lqj wkdw eA| ' eA|3� ' f +jlyhq wkh lqlwldo frqglwlrqeA|3� ' f,/ zklfk frqwudglfwv eA| ' hA| xqohvv hA| ' f dqg wklv lv iru hdfk gdwh |�

Sursrvlwlrq 43

Surri1 Wkh rswlpdo sodq fdq eh rewdlqhg e| wdnlqj wkh �uvw rughu frqglwlrq ri

wkh iroorzlqj Odjudqjldq58

Hfi
S
"

|'f q
|iu| n 2��c|dZ

`
| � wE eA| � hA|�� &S`| � qZ`|n�on

n2�2c|d
eA| � eA|3� n �E eA| � hA|�� /S`| � qE eA|n� � eA|�o �j1

Wkh �uvw0rughu frqglwlrqv duh

\S`| � &��c| � /�2c| ' f/ +G143,

Z`| n 2KZ-| � ��c|3� n ��c| ' f/ +G144,

58Qrwh wkdw zh kdyh rplwwhg wkh whup / e| qrupdol}lqj wkh Odjudqjh pxowlsolhu1
Zh kdyh dovr pxowlsolhg wkh Odjudqjh pxowlsolhu e| d idfwru ri wzr lq rughu wr
holplqdwh d uhfxuuhqw idfwru ri wzr iurp wkh �uvw0rughu frqglwlrqv1

8;



f ' ?E� � ?�KE eA| � hA|� n @EZ-| � qZ-|n�� n 2KEZ`| � qZ`|n�� n+G145,

�w��c|3� � �2c|3� n E� n q n ���2c| � q�2c|n�/

rewdlqhg e| plqlpl}lqj wkh Odjudqjldq zlwk uhvshfw wr S`| / Z`| c
eA|159 Wkhvh

frqglwlrqv krog dw hdfk gdwh | zlwk | � �1 Wkh| dovr krog dw wlph f/ jlyhq wkh

lqlwldo frqglwlrqv rq wkh devhqfh ri frpplwphqw dw wlph f

��c3� ' �2c3� ' f/

dqg wkh lqlwldo frqglwlrq rq eA3� zklfk lv lpsrvhg wr eh htxdo wr }hur1 Wkh rswlpdo
erxqghg sodq lv d vhw ri erxqghg surfhvvhv iZ`| / Z-| S`| / eA|/ ��c|/ �2c|j wkdw vdwlvi|
frqglwlrqv +G1;,/ +G1<,/ +G143,/ +G144, dqg +G145,/ jlyhq wkh lqlwldo frqglwlrqv5:

dqg jlyhq wkh surfhvv iru hA|� Qrwlqj wkdw hdfk ri wkh �uvw0rughu frqglwlrqv krog

dw hdfk gdwh |/ wkh| vkrxog krog xqghu frpplwphqw dovr frqglwlrqdo xsrq wkh

lqirupdwlrq vhw dw hdfk gdwh |1 Zh fdq uhduudqjh wkh frqglwlrqv fkdudfwhul}lqj wkh

rswlpdo sodq dv

'H|%|n� ' �%| n � hA|/ +G146,

zkhuh ' dqg � duh b � b pdwulfhv/ %
�

| � dS`| / Z`| / Z-| /
eA|/ ��c|/ �2c|/ R|/ r|/ �|o

zkloh R| � eA|3�/ r| � ��c|3�/ �| � �2c|3�/ � lv d b � � yhfwru1 Frqvlghulqj d

erxqghg vwrfkdvwlf surfhvv iru wkh vkrfn hA|/ d erxqghg rswlpdo sodq h{lvw dqg lw

lv xqltxh li dqg rqo| li wkh pdwul{ E'�3�� kdv h{dfwo| wkuhh hljhqydoxhv lqvlgh

wkh xqlw flufoh> lq idfw lq wkh v|vwhp ri vwrfkdvwlf gl�huhqfh htxdwlrqv +G146, wkhuh

duh wkuhh suhghwhuplqhg yduldeohv1 Li zh dvvxph dq dxwruhjuhvvlyh surfhvv iru wkh

vkrfn hA| ' 4 hA|3� n 0|/ zkhuh 0| lv d zklwh qrlvh dqg f � 4 	 �/ wkh xqltxh

erxqghg vroxwlrq fdq eh zulwwhq dv

+| ' C5| n � hA|/
5| ' �5|3� n ? hA|/hA| ' 4 hA|3� n 0|

zkhuh +| � dS`| / Z`| / Z-| o 5
�

| � d eA|/ ��c|/ �2c|o/ � dqg C duh 6�� pdwulfhv zkloh

� dqg ? duh �� � yhfwruv1 Ixuwkhupruh zh fdq zulwh wkh vroxwlrq ri wkh whupv ri

59Zh duh frqvlghulqj rqo| erxqghg vroxwlrqv/ wkxv zh fdq qhjohfw wkh vhw ri
wudqvyhuvdolw| frqglwlrqv1

5:Wklv rswlpdo sodq lv qrw wlph0frqvlvwhqw1 Wlph frqvlvwhqf| zrxog kdyh uhtxluhg
wkdw wkh Odjudqjh pxowlsolhu zhuh }hur dw doo gdwhv/ exw wklv lv qrw ihdvleoh dv d
vroxwlrq1
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wudgh dv

ghwdU ��uo eA| ' ?� hA| n d���?� n��2?2 ��22?� ����?�o hA|3�
nd�22���?� ��2���2?� ���2���?2 n��2�2�?� n

n�����2?2 �����22?�o hA|32/
ru pruh frpsdfwo| dv

CEu� eA| ' T Eu� hA|/ +G147,

zkhuh u lv wkh odj rshudwru dqg CEu� dqg T Eu� duh sro|qrpldov lq wkh odj rshu0

dwruv uhvshfwlyho| ri wkh wklug rughu dqg ri wkh vhfrqg rughu1 Ixuwkhupruh lw fdq

eh vkrzq wkdw dovr Z-| / Z
`
| / S`| dqg wkh qrplqdo lqwhuhvw udwh �| kdyh wkh vdph

uhsuhvhqwdwlrqv dv lq +G147, zlwk gl�huhqw sro|qrpldov exw ri wkh vdph rughuv

Sursrvlwlrq 44

Surri1 Rxu zhoiduh ixqfwlrq fdq eh zulwwhq rplwwlqj wkh whup l dv

` ' Hf

+
2

\

/w n �V
EwZ-

f
n �Z`

f
�+`

,
� Hf

+
n"[
|'f

q|u|

,
1

Dw hdfk gdwh | zlwk | � �/ wkh �uvw rughu frqglwlrqv duh h{dfwo| wkh vdph dv lq

Sursrvlwlrq 43/ zkloh dw gdwh | ' f zh kdyh wkdw +G144, dqg +G145, duh fkdqjhg

lq

f ' Z`f �
\

/w n �V
�+` n 2K eAf n ��cf +G148,

f ' ?E� � ?�KE eAf � hAf�� \

/w n �V
w+` n @E eAf � qZ-

�
� n

n2KEZ`
f
� qZ`

�
�� w��cf n E� n q n ���2cf � q�2c|n� +G149,

Lw hdv| wr vhh/ wkdw wkh uhvsrqvhv ri wkh yduldeohv wr wkh vkrfn rq wkh whupv ri

wudgh/ duh wkh vdph dv lq wkh fdvh lq zklfk +` ' f1 Wkh rqo| gl�huhqfh lv rqo| lq
d ghwhuplqlvwlf frpsrqhqw dw wlph f/ wkdw dv|pswrwlfdoo| dssurdfkhv }hur1
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Dsshqgl{ H

Lq wklv dsshqgl{ zh vnhwfk wkh pdlq fkdudfwhulvwlf ri wkh N0uhjlrq h{whqvlrq1 Wkh

zkroh hfrqrp| lv srsxodwhg e| d frqwlqxxp ri djhqwv rq wkh lqwhuydo dfc�o1 Hdfk
djhqw lv erwk frqvxphu dqg surgxfhu1 Frqvxphu ri doo wkh jrrgv surgxfhg zlwklq

wkh hfrqrp|/ surgxfhu ri d vlqjoh gl�huhqwldwhg surgxfw1 Lq hdfk vhfwru d phd0

vxuh ?� ri jrrgv lv surgxfhg/ zlwk � ' �c 2c ���cg� Zh kdyh wkdw
Sg

�'� ?� ' �1
Suhihuhqfhv ri wkh jhqhulf krxvhkrog � duh jlyhq e|

L �
| ' H|

"[
r'|

qr3|
%
LE��

r � n u

#
� �

r

�r
c 1�
$
� T E+�rc 5

�
r�

&
/

zkhuh hyhu|wklqj kdv wkh vdph lqwhusuhwdwlrq dv lq wkh prgho ri wkh pdlq wh{w/

h{fhsw wkdw �� lv gh�qhg dv

�� �

Tg
�'�E�

�

� �
?�Tg

�'� ?�

dqg ��

� lv dq lqgh{ ri jrrgv surgxfhg lq uhjlrq �1 Vshfl�fdoo|/

��

� �

57� �

?�

� �

j
]
�M�

S�E��
j3�

j _�

68 j

j3�

1

iru � ' �c 2c ���cg1 Lq wklv fdvh zh fdq zulwh wrwdo ghpdqg ri jrrg � surgxfhg lq

uhjlrq & dv

+_&E�� '

#
RE��

�&

$
3j

dE�-
& �

3��` nC&o

zkhuh wkh xqlrq djjuhjdwh frqvxpswlrq �` lv gh�qhg dv

�` �
]
�

f

��_�c

dqg wkh uhodwlyh sulfh ri uhjlrq & zlwk uhvshfw wr wkh ryhudoo sulfh lqgh{ kdv ehhq

gh�qhg dv �-
& � �&*� iru & ' �c 2c ���cg1 Wkh vxsso| vlgh ri wkh prgho lv wkh

vdph h{fhsw wkdw zh kdyh wr ghdo zlwk N uhjlrqv1

Khuh zh qrwh wkdw Ohppd 4 fdq eh h{whqghg wr wklv jhqhudo frqwh{w e| re0

vhuylqj wkdw wkh �uvw rughu frqglwlrqv duh wkh vdph dv lq wkh suhylrxv fdvh dv zhoo

dv wkh djjuhjdwh exgjhw frqvwudlqw ri hdfk uhjlrq1
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Lq wkh orj0olqhdu dssur{lpdwlrq zh xvh wkh iroorzlqj qrwdwlrq1 Jlyhq d jhqhulf

yduldeoh f / d zruog yduldeoh f` lv gh�qhg dv wkh zhljkwhg dyhudjh ri wkh uhjlrq*v

yduldeohv zlwk zhljkwv ?�

f` �
g[
�'�

?�f�/

zkloh d uhodwlyh yduldeoh f-
� lv gh�qhg dv

f-
� � f� �f`

zkloh f-
�c� dv

f-
�c� � f� �f�1

Wkh  h{leoh0sulfh vroxwlrq lv

h�`
| '

#

4n #
Et

`

| � }`| �/

ht `
| '

#

4n #
t
`

| n
4

4n #
}`| /

h�-
�c| '

#

� n #
E}-�c| � t

-

�c|�1

Khuh zh glvfxvv krz wkh orj0olqhdu dssur{lpdwlrq ri wkh htxloleulxp zloo ehkdyh

xqghu wkh k|srwkhvlv ri vwlfn| sulfhv1 Zh rewdlq wkh orj0olqhdu yhuvlrq ri wkh Hxohu

htxdwlrq dqg ri djjuhjdwh rxwsxwv dv

.|
e�`
|n� '

e�`
| n 43�E e-| � .|Z

`
|n��/

et�c| ' � e�-
�c| n

e�`
| n }�|/

iru hdfk � ' �c 2c ���g� Rxu vhw ri DV htxdwlrqv zloo eh

Z�| ' �&�A E
e�-
�c| �

h�-
�c|� n &��E

e�`
| � h�`

| � n q.|Z
�
|n�c iru � ' �c 2���g

Ixuwkhupruh wkh gh�qlwlrqv ri uhodwlyh sulfh lpso|

�-
�c| '

e�-
�c|3� n Z�| � Z`| c iru � ' �c2���g

Wkh zhoiduh fulwhulrq ri wkh Fhqwudo Edqn lv djdlq wkh glvfrxqwhg ydoxh ri d

zhljkwhg dyhudjh ri wkh dyhudjh xwlolw|  rzv ri doo wkh krxvhkrogv/

` ' Hf

"[
�'f

g[
�'�

q�?��
�
|n�1
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Lq wklv fdvh zh rewdlq
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�

|o n w1l1s1n JEn1n��� +H14,

Wdnlqj d olqhdu frpelqdwlrq ri +H14, zlwk zhljkwv ?�/ zh kdyh

�| ' L��i e�`
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2o n
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2
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g[
�'�

?�ydu�e+�c|E��ojn w1l1s1n JEn1n��/ +H15,

zkhuh S` � �oq�*�W1
Pruhryhu zh kdyh wkdw
"[
|'f

q|�@o� e+�c|E�� ' j2
k�

E�� k��E�� k�q�
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|'f

q|EZ�|�
2 n |���R�n JEn1n���
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Gh�qlqj

_� �
k�

E�� k��E� � k�q�
/

zh fdq vlpsoli| wkh zhoiduh ixqfwlrq wr

`| ' �l
"[
�'f

q�u|n� +H16,

zkhuh

u|n� ' \dS`|n� � S` o2 nKd
g[
�'�

?�E e�-
�c| �

h�-
�c|�

2o n
g[
�'�

��EZ
�
|n��

2 n w1l1s1n JEn1n��/

dqg

l �
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2
L��E

g[
�'�

?�_
��jE� n j#�

\ �
�
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#
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�'�

?�E&
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#
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�'�

?�E&
�
A �
3�

$3�
/

�� �
?�_

�

E
Sg

�'� ?�_
��
1

Zh qrwh wkdw zkhq wkh ghjuhhv ri uljlglw| duh wkh vdph/ � � frlqflghv zlwk ?�1
Jlyhq wklv vwuxfwxuh/ vrph jhqhudol}dwlrqv ri wkh uhvxowv ri wkh pdlq wh{w iroorz

gluhfwo|1 H!flhqf| fdq eh rewdlqhg rqo| li g � � uhjlrqv kdyh  h{leoh sulfhv1 Lq

wklv fdvh prqhwdu| srolf| vkrxog wdujhw wkh lq dwlrq udwh lq wkh vwlfn| sulfh uhjlrq1

Li doo wkh uhjlrqv kdyh wkh vdph ghjuhh ri qrplqdo uljlglw|/ wkhq wkh rswlpdo srolf|

lv wr wdujhw wr }hur Z`| � Li zh uhvwulfw wkh dwwhqwlrq wr wkh lq dwlrq wdujhwlqj fodvv

ri srolflhv/ uhjlrqv zlwk htxdo ghjuhh ri qrplqdo uljlglw| vkrxog kdyh wkh vdph

zhljkw1 Iru h{dpsoh/ li rqo| rqh vhfwru kdv  h{leoh sulfhv/ dqg wkh rwkhuv kdyh

lghqwlfdo ghjuhh ri qrplqdo uljlglw|/ wkhq lw lv rswlpdo wr wdujhw d zhljkwhg dyhudjh

ri wkh vwlfn|0sulfh lq dwlrqv zlwk htxdo zhljkwv1
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Wdeoh 4= Zhljkwv lq Hxur0JGS+(,

Jhupdq| 6716
Iudqfh 5516
Lwdo| 4:18
Vsdlq ;18
Qhwkhuodqg 81:
Eh0Ox{ 713
Dxvwuld 616
Ilqodqg 41;
Sruwxjdo 418
Luhodqg 413

Vrxufh= Hxurshdq Hfrqrp|/ Qr196/ 4<<:

Wdeoh 5= Zdjh Ioh{lelolw|= Wkh shufhqwdjh Lqfuhdvh lq Zdjhv lq Uhvsrqvh
wr d Rqh Shufhqwdjh Srlqw Idoo lq wkh Xqhpsor|phqw Udwh

Jhupdq| 3188
Iudqfh 5155
Lwdo| 513:
Vsdlq 314:
Qhwkhuodqg 3199
Eh0Ox{ 3198
Dxvwuld 4176
Ilqodqg 317;
Sruwxjdo plvvlqj
Luhodqg 31;3

Vrxufh= Qlfnhoo +4<<:,
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Wdeoh 6= Rswlpdo cLq dwlrq Wdujhwlqj* Srolf|

Dyhudjh Gxudwlrq UG @ �3k8

�3kM
� 4� � GU +(,

5 31;5 314; <;1<
418 31:3 3163 <;1;
415 318< 3174 <;1;

5 txduwhuv 4 318 318 0
31;6 3174 318< <;1;
3199 3163 31:3 <;1;
318 314; 31;5 <;1<

5 31;3 3153 <:1;
418 319< 3164 <;13
415 318< 3174 <;16

6 txduwhuv 4 318 318 0
31;6 3174 318< <;16
3199 3164 319< <;13
318 3153 31;3 <:1;

5 31:< 3154 <:1<
418 319< 3164 <;15
415 318< 3174 <;16

7 txduwhuv 4 318 318 0
31;6 3154 318< <:1<
3199 3164 319< <;15
318 3174 31:< <;16

5 31:< 3154 <;1:
418 319< 3164 <;1<
415 318< 3174 <<13

9 txduwhuv 4 318 318 0
31;6 3174 318< <<13
3199 3164 319< <;1<
318 3154 31:< <;1:

5 31:< 3154 <<15
418 319< 3164 <<16
415 318< 3174 <<17

; txduwhuv 4 318 318 0
31;6 3174 318< <<17
3199 3164 319< <<16
318 3154 31:< <<15
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Figure 1: Optimal Choice of the Weight δ in the Inflation Targeting Class of Policies
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Figure 2: Welfare Comparisons, Average Duration = 2
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Figure 3: Welfare Comparisons, Average Duration = 3
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Figure 4: Welfare Comparisons, Average Duration = 4
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Figure 5: Welfare Comparisons, Average Duration = 6
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Figure 6: Welfare Comparisons, Average Duration = 8
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Figure 7: Deadweight Loss Reduction (%): Average Duration = 2
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Figure 8: Deadweight Loss Reduction (%): Average Duration = 3
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Figure 9: Deadweight Loss Reduction (%): Average Duration = 4
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Figure 10: Deadweight Loss Reduction (%): Average Duration = 6
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Figure 11: Deadweight Loss Reduction (%): Average Duration = 8
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