Budget Constraints and Time-Series Evidence
on Consumption

By Jorm GaLi*

Is consumption more or less variable than predicted by the permaneni-income
hypothesis (PIH)? To answer that question, | develop a procedure based on a
long-run restriction implied by the consumer’s intertemporal budget constraint.
In contrast 1o previous work, the approach here (i) does not require any
assumptions on the stochastic properties of labor income, (ii) does not impose
restrictions on the consumer's information set, and (iii} is robust to departures
from the PIH model The application of the procedure to postwar U.S. data
suggests that consumption is smoother than the PIH model predicts. (JEL 131)

Recent work on consumption has focused
on econometric tests of the restrictions 1m-
plied by the permanent-income hypothesis
(PIH). According to that hypothesis, the
observed time-series for aggregate con-
sumption is the result of intertemporal opti-
mization by a forward-looking representa-
tive consumer who can borrow and lend
without constraints at the market interest
rate.

More specifically, under the assumptions’
found in standard versions of the PIH model
(henceforth, the “standard PIH model™),
expected utility maximization implies that
consummption should equal permanent in-
come, the latter being defined as the annu-
ity value of the sum of nonhuman wealth
and the expected present value of future
labor income (see ec.g., Marjorie Flavin,

*Graduate School of Business, 607 Uris Hall,
Columbia University, New York, NY 10027. I am
grateful to Ricardo Caballero, two anonymous refer-
ees, and workshop participants at Columbia, Princeton,
and the Sixth World Congress of the Econometric
Society for helpful comments. 1 am solely responsible
for all errors and misinterpretations,

Namely, an infinite-lived representative consumer,
guadratic and time-separable preferences, nondurabil-
ity, a constant return on nonhuman wealth equal to the
time discount rate, and absence of shocks to prefer-
ences.
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1981). Formally,

(1)

— P
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=W, +{1+ P Y 1+ r)*f:z‘.y,_J
j=0 |

where ¢ is consumption, yP is permanent
income, r is the {constant) return on nonhu-
man wealth, W is nonhuman wealth, and y
is labor income. E, is the expectational op-
erator conditional on all the information
available to the representative consumer at
time 1.

A great deal of empirical work has been
devoted to assessing the variability of con-
sumption relative to the variability implied
by the PIH model. The analysis typically
focuses on variance ratios of the form

Var(Ac)

1/2
['Var(s) }

where A is the usual first-difference opera-
tor and ¢ denotes the innovation in perma-
nent income, defined by
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As is well known (Flavin, 1981; Angus
Deaton, 1987), the standard PIH model im-
plies Ac, = AyP =~ £,. Accordingly, ¢ should
be equal to 1. Thus, estimates of & signifi-
cantly different from 1 should be inter-
preted as evidence against the standard PIH
model. Furthermore, a value of ¢ smaller
(greater) than 1 would suggest that con-
sumption is too smooth (too volatile) rela-
tive to permanent income.

Unfortunately, estimation of the variance
ratio ¢ is not trivial, since neither perma-
nent income y” nor its innovation § is
observable. The main purpose of this paper
is to suggest a new approach to identifica-
tion and estimation of Var(£) and ¢. Even
though different procedures aiming at a
similar goa! have been developed in the
literature, those procedures are correct only
(i) under the assumption that no variable
has predictive power for future labor in-
come, beyond that of its current and past
values (e.g., Flavin, 1981; Deaton, 1987,
Francis Diebold and Glenn Rudebusch,
1991} or, alternatively, (ii) under the nuil
hypothesis that the standard PIH model
holds (e.g., Kenneth West, 1988: John
Campbell and Deaton, 1989). Unfortu-
nately, both assumptions have been rejected
cconometrically using postwar U.S. data, so
no method scems to be available to estimale
variance ratios like .

The approach to ideatification and esti-
mation of # developed here relies neither
on (i) nor (ii). Instead, it is based on the
restrictions impesed by the budget con-
straint on the low-frequency propertics of
aggregate consumption. Furthermore, the
approach of the present paper dees not
impose any restrictions on the order of inte-
gration or other stochastic properties of ag-
gregate labor income.

Before introducing the method, T will
briefly discuss the two basic approaches
found in the literaturc.

A. The Univariate Approach
This approach relies on the assumption

that some transformation of labor income
follows a univariate ARMA process driven
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by a disturbance g, with the latter being
interpreted as the true innovation in labor
income. Formally, a model of the following
form is assumed:

$(L)y¥ =6(L)e,
with

e=y = P[yIvi_yla ]

?F

Yt* - E:—ly:*

where P is the orthogonal projection opera-
tor and where y* denotes a “suitable trans-
formation” of aggregate labor income such
that {y'} is a stationary stochastic process.
As is made explicit by the above equality,
under this approach, expectations are as-
sumed to coincide with orthogonal projec-
tions on lagged values of y*.

In practice, alternative transformations
have been used by different authors: deter-
ministic detrending (Flavin, 1981), first dif-
ferences (Deaton, 1987), log first differences
(Campbell and Deaton, 1989 part I), and
fractional differences {(Diebold and Rude-
busch, 1991). In all cases, however,
an expression of the form Var(¢)=
F(, 8, r)Var(e) holds. In words, the vari-
ance of the permanent-income innovation is
proportional to the variance of the univari-
ate process residual, with the factor of pro-
portionality F being a well-defined func-
tion” of the interest rate and the AR and /or
MA coefficients vectors (¢,8) of that uni-
variate process. Given F(-), a value for »,

and consistent estimates qB, é, and Var(e),
a consistent estimate of Var{£) is given by
F($,8,r)Var(e). From there, estimation of
J follows trivially.

In practice, however, the estimates of
Var(¢) and the corresponding estimates of
i thus obtained are very sensitive to the
assumption made on the order of integra-
tion of labor income {i.c., on the particular

20f course, the form of F() depends on the spe-
cific transformation made.
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transformation of that variable used). Most
noticcably, the use of detrended labor in-
come leads to estimates of ¢ greater than
1 (“excess variability” in consumption),
whereas the assumption of a unit root gen-
crates cstimates of the same statistic that
are smaller than 1 (“excess smoothness” in
consumption); see Deaton (1987) for a com-
parison of the two results.

A more fundamental weakness of the uni-
variate approach, however, lies in its im-
plicit assumption that no variable other than
current and past values of labor income can
help predict future labor income.? Alterna-
tively, consumers are assumed to form their
expectations of future labor income on the
basis of a restricted information set, con-
taining only current and past values of that
varigble. Both assumptions arc, to begin
with, intuitively unappealing. More impor-
tantly, thc cvidence that savings, among
other variables, Granger-causes labor in-
come {Campbell, 1987) makes both assump-
tions clearly untenable.*

B. The West and Campbell-Deaton
Approaches

West (1988) and Campbell and Deaten
(1989) developed alternative procedures for
estimating Var{¢) without imposing any re-
striction on the consumer’s information set
or the predictability of labor income. How-
ever, as is made clear in their papers (and
particularly stressed by Flavin {1983]), the
estimates of Var(£) thus obtained are only
correct under thc null hypothesis that the
standard PIH model holds. Consequently,
they should only be used for the purpose of
testing that hypothesis, The outcome of
those tests, cairied out by the above-men-
tioned authors, systematically rejects the
PIH null hypothesis, as a result of a ¢
estimate significantly smaller than 1. Inter-

*In other words, labor income is assumed to be
“Granger-causally prior” to any other variable.

*west (1988) shows thal the estimate of Var(£)
hascd on the assumption of a univariate lubor-income
process will systcmatically overstate the variance of
true innovations in permanent income and thus intro-
duce a downward bias in the estimates of .
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estingly, that very outcome implics that the
estimates of Var{£) and  obtained by both
the West and the Campbell-Deaton proce-
dures, though sufficient to reject the PIH
null hypothesis, are no longer “admissible”
estimates of the true values of Var(£) and
. In other words, those estimates do not
contain any information on the behavior of
consumption, other than the observation
that the latter does not satisfv the PIH
model. In particular, estimates of 4 less
than 1 are not (necessarily) evidence of the
presence of excess smoothness in consump-
tion nor are they good measurcs of that
eventual excess smoothness (i.e., good mea-
sures of the true ).

C. This Paper’s Approach: Basic
Features and Outline

As mentioned above, the present paper
develops an alternative approach to identi-
fication and estimation of the variance ratio
¢r. As in West (1988) and Campbell and
Deaton (1989), my approach does not re-
guire any restriction on the (unobservable)
information set used by consumers to form
their expectations about future income. Its
main advantage relative to the West and
Campbell-Deaton approaches lies in its o-
bustness to a variety of departures from the
standard PIH model. As is shown below,
the variance ratio ¢ is identified using a
restriction imposed by the consumer’s in-
tertemporal budget constraint on the low-
frequency propertics of the consumption
time-series. To the extent that the budget
constraint is met regardless of whether the
PTH holds or not® and, in the latter casc,
regardless of the naturc of the departures
from the PIH, ideniification of Var({) and
4 can be achieved outside the PIH null.

The approach of this paper shows an
additional advantage over previous meth-
ods: it does not rely on any assumption

*In other words, the present paper uses the assump-
tion that the intertemporal budget constraint is met as
an identifying restriction. This conirasts with Tars
Hansen et al. (1990), which focuses on possible overi-
dentifying (and thus testable)} restrictions implied by
that constraint.
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about the stochastic properties of the
labor-income process. 1 hat overcomes two
problems. First, it i5 not necessary to make
zny assumption on the order of integration
of labor income. This is particularly impor-
tant given the ditficultics in determining the
appropriate “transformation” of that vari-
able {i.¢., its true order of integration} and
the large differences in terms of the vari-
ability of consumption predicted by the PIH
across empirical models based on alterna-
tive “transformations.” Seccond, the ap-
proach here allews for a  labor-income
process with different components whose
innovations are chservable to consumers but
not to the econometrician, thus overcoming
the “nonfundamentalness’ problem poinied
out by Danny Quah {1990).

The outline of the papcr is as follows.
Section I develops a basic framework, which
is capable of nesting a varicty of departures
from the PTH. Section II shows how the
intertemporal budget constraint can be used
to identify both the variance of permanest-
income nnovations and the variance ratio
Yr, suggesting at the same time alternative
ways te proceed with estimation of those
parameters. In the same section. I apply
those estimation procedures to postwar U.S.
data and saggest a “spectral” interpretation
of the results. Section I1] uses the consump-
tion framework developed in Section T to
address an additional issue: the relationship
between measures of consumption variabil-
ity like ¢ and the evidernice of predictahility
of consumption changes. Section 1V sum-
marizes and concludes.

L. A Simple Framework for the Time-Series
Analysis of Consumption

The model assumes an infinite-lived rep-
resentative consumer facing, as of time 0, a
sequence of dynamic budget constraints of
the form
(2) I/VI+I=H/|'(1+"') + Y, =<,
where the different variables are defined as
in the Introduction. Unless it is othcerwise

specificd, all the equations in this section
hold for ¢+ =0,1,2, .. .=,
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The consumer’s transversality condition
takes the form

(3) lim Wo(1+r)" " =0.
T =

Assumirg nonsatiation, (2) and (3) make
it possible to obtain the intertemporal bud-
get constraint:

(140 Y () Bl = of

Jen

where yP is defined as in (1),
Applying the faw of iterated expectations,
one obtains

o

(4) rad+rn)y " XA+ E, - El ey,

i=n
ES é’l

where £, =yF— £, [yF is, as above, the
innovation in permanent income, In words,
(4) states that the present discounted value
of revisions in expeciations of future con-
sumption is cgual to the innovation in total
wealth, ¢/r. Note that this result follows
from the representative consumer’s in-
tertemporal budget constraint, and it in-
volves no assumptions such as the nature of
preferences, goods durability, the relation-
ship between » and the time-discount rate,
presence or absence of liquidity constraints,
shocks to preferences, or the stochastic
properties of the labor-income process.

A (rather weak) assumption is made on
the nature of the timc-serics for aggregate
consumption: aggregate consumption, on a
per capita basis, is assumed to be a differ-
ence-stationary [i.e., /(1)] process. That as-
sumption is consistent with any model in
which households adjust their expected level
of consumption at all future horizons in
response Lo changes in permanent income.
In most models, that feature resulis from
houscholds” willingness to smooth consump-
tion over time and is independent of the
stochastic properties of labor income (and,

Copyright © 2001. All Rights Reseved.
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in particular, of its order of integration).®
Empirically, the hypothesis of a unit root in
the consumption time-series corresponding
to the postwar United States is not rejected
by standard unit-root tests, even at high
significance levels (e.g., Campbell, 1987;
Gali, 1990).

Consumption change (Ac) is modeled as
a stationary stochastic process with two
components: a “fundamental” component
(Ac*), which depends on current and past
innovations in permanent income, and a
“noise” component (n), unrelated to those
innovations. Formally,

(5) Ac,=Acf +n,
where Acf = a + L7 oB;§,.;, and n, =
=09 Te—;

Thus, two different sources of consump-
tion movements are allowed for: shocks to
permanent income (£} and shocks to the
noise component (5). By construction
E £, ;=0 for any j> 0, which in turn im-
plies that the &’s are serially uncorrclated
(E{;¢,=0 for i+ j) and uncorrelated with
lagged m’s (E¢m,_; for j>0 and all ¢). I
further assume that shocks to the noise
component are serially uncorrelated (Ev;7;
=0 for i+ j) and uncorrelated with con-
temporaneous or past innovations in perma-
nent income (En, &, _; for j > 0 and all £}

The model above allows for two general
types of deviations from the PIH: (i} the
presence of lags in the response of con-
sumption to innovations in permanent in-
come and (i) the presence of changes in
consumption unrelated to news about cur-

®Some authors have argued that the logarithm of
consumption—and not consumption—is difference-
stationary {(e.g., Campbell and Deaton, 1989). This
issue is not likely to be important in practice: both
Alogc and Ac show very similar features, at least in
postwar US. data. Intertemporal budget constraints
and most models’ predictions are, however, expressed
in terms of levels, not in terms of logs.

Notice that the orthogonality assumption “defines”
the noise component as a residual component {i.e., as
the component of consumption changes uncorrelated
with permanent income inmovations at all leads and
lags).
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rent or future income, As is shown below,
(1) nests a variety of specific consumption
models that allow for durability, time non-
separabilities, and so on. On the other hand,
(ii} can be seen as a flexible way of captur-
ing shocks to preferences or, simply, subop-
timal or myopic behavior.

Under the consumption model given by
(5), equation (4) can be rewritten {after some
manipulation) as follows:

§L (1+r) B+m, L (1+7) o, =¢,.

j=0 j=8

Since the previous condition must hold
for any realizations of ¢, and 7,, it follows
that

(6) f; (1+r) 'B,~1
i=0
{7 )E(1+r)_jfpj=0.

i=0

The previous constraints have an intuitive
interpretation: if the intertemporal budget
constraint is to be satisfied, then sconer or
later (i} the level of consumption must be
adjusted to the new level of permanent in-
come, and (ii} changes in consumption un-
backed by corresponding changes in perma-
nent income must be undone. The interest
rate, together with the time pattern of the
adjustment, determines in each case the size
of the permanent effects on the level of
consumption.

Equations (5), (6), and (7) yield a rather
general characterization of consumption,
which conforms to a variety of models. This
is illustrated next, by means of some exam-
ples.

Example 1. The Standard PIH Model —
This model, as originally developed in
Robert Hall (1978), is characterized by
quadratic utility, an interest rate equal to
the discount rate, and an absence of prefer-
ence shocks. It corresponds to the model
above with B;=1, a=8,=¢,=0 for i=
0,,2,...and j=1,2,....

Example 2: Durable Goods.—This model
was studied by Gregory Mankiw (1982). Tt

~~Eopyright © 2001 ATTRIgHIE Réseved.
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can be easily shown to correspond to 8, =
A+r)/(r+8), B,=~1-8X1+r)/(r+38),
and a=8,=¢,=0 for i=0,1,2,... and
j=1,2,..., where 8 denotes the rate of
depreciation of consumption goods.

Example 3: Habit Formation.—A simple
habit-formation. mode! is obtained by as-
suming a form of time nonseparability
given by a (quadratic) utility function
Ule, —7¢,_)), with |7] <1. Such a model
yields a process for consumption changes as
in (5), with B, =[1-(z /1+7r)lt/, a=p;=0
for j=0,1,2,.... A version of this model is
exposited in Deaton (1987).

Example 4. “A” Moedel.—Following
Campbell and Mankiw (1989), it is assumed
that a fraction A of consumers set consump-
tion equal to labor income, maybe as a
result of binding liguidity constraints. The
remaining fraction {1— A) of consumers be-
have according to the PIH model. In addi-
tion, it is assumed that Ay follows an AR(1)
model with autoregressive coefhicient p and
unconditional mean p. As r approaches 0,
one can show that aggregate consumption
in this case will be characterized by the
model above with a = Ay, B,=(1-Ap),
and B;=A(1-p)p’, j= 1.

Obviously, any of the previous models can
be “augmented” with a noise component #,
in order to capture shocks to preferences
or, more generally, consumption changes
caused by factors other than changes in
permanent incomc. Such a noise component
can take an infinite number of forms; yet
the coefficients of its moving-average repre-
sentation must satisfy restriction (7). An ex-
ample often found in the literature (e.g.,
Flavin, 1981) is given by ¢,=1, ¢,=
—(1+7r), and ¢;=0for j=2,3,....

Similarly, a variety of departures from the
standard PIH model can generate a nonzero
(and presumably positive) value for «, the
drift term in consumption. Among them are
models with an interest rate different from
the time-discount rate, models allowing
for precautionary savings (e.g., Ricardo
Caballero, 1990), and models with finite
horizons (e.g., Richard Clarida, 1988; Gali,
1990).

In summary, the model of consumption
given by (5), (6), and (7} is quite general, its
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main restrictions being the assumptions of
linearity and time-invariance and the re-
quirement that the consumer meet his in-
tertemporal budget constraint. As will be
seen below, that model will be useful in the
identification and estimation of .

I1. Budget Constraints and Consumption
Variability

A. Budget Constraints and
Identification of Variance Ratios

In this section, I show how the restric-
tions implied by the budget constraint on
the consumption time-series allow one to
identify the variance ratio # and to con-
struct a consistent estimator for it. As will
become clear below, it is useful to introduce
a second variance ratio y, defined by the
following transformation of :

[va®) ] 17

The discussion is simplified by working in
the frequency domain. Let % (w)=
2mw)"'T*, R (s)exp(— iws) be the spec-
tral density of a stationary random sequence
& .. with R ()=El(x~Ex)x_,—Ex)
being the autocovariance of x at fag s. The
next lemma is the basis of much of the
analysis below,

LEMMA: Under the consumption model
given by (3), (6), and (7), the following resulis
obtain:

(i) lim [2mhye(0) = Var(£)] =0
(ii) limok,,(O)=0.

{See Appendix for the proof.)

By applying a simple continuity argument
to the proof, it can easily be seen that
2mh, #(0)=Var(¢) and A,(0)=0 will be
“good” approximations, given the relevant
value ranges for r and assuming that the 8’s
and the ¢’s converge to zero “fast enough.”
The Appendix shows that for plausible pa-

Copyright © 2001. All Rights Reseved.
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rameter values the magnitude of the crror
associated with these approximations will
generally be simall.

Orthogonality at all leads and lags be-
tween Ac and a implies A, (w)=h, (o)
+ i (o) for all 0 <lew| <, and the follow-
ing result follows directly from the Lemma:

(8) lim{] [277,,(0) = Var(£)] = 0.

Let fy {w}=h, (w)/Var(Ac) be the nor-
malized spectral density of Ac. Applying
the above definition of y to (8), one obtains

(9 lim oS (0)-v] =0

where 27 f, (0) =[1+ 27 ,p, (s}, with
pals) [= Ry (s)/Var(Ac)] denoting the
autocorrelation of consumption changes at
lag 5. Thus, as the intercst rate approaches
zet0, the variance ratio y converges to the
normalized spectral density of consumption
changes at frequency zero.

B. Estimation of Variance Ratios v and

Given plausibly low interest rates, it fol-
lows from (9) that consisterit estimators for
27 £, (0) qualify as consistent estimators for
the variance ratio y. The variance ratio
can be consistently cstimated using the rela-
tionship ¢ =~ '/2. As argued above, this
class of estimators is robust to alternative
assumptions on the stochastic properties of
labor income, as well as to any departures
from the standard PIH model that can be
accommodated by the general consumption
framework given by (5), (6), and (7).

The strategy pursued here involves, in a
first stage, constructing an estimator for
Falw)® As is well known (e.g., Priestley,

3The statistical issucs involved in the estimation of
the spectrum arc discussed in M. B. Priestley (1981),
among others. Recent applications of spectral-density
estimation to macroeconomics can be found in John
Cochrane (1988) and Campbell and Deaton (1989).
The latter paper uses a similar spectrum estimator to
evaluate the spectral density of labor-income changes
at frequency zero. As is clear from their derivation,

DECEMBER j99]
1981), given N observations Ac,,Ac,,...,

Acy, the (normalizcd) spectral density
falw) can be consistently estimated using

(‘IU) fAc(w)

Nl
=2m)7" Y As)H(s)cos(sw)
s=—(N-1)
where
N
Y. (Ac,-Ac)(Ac, | Ac)
acls) =75y —
Z(Acr_m)h
t=-1
AR
c=j-= Ac
90 P

and where {A(s)} is a real even function of
s, usually referred to as the “lag window.”
Alternative “lag windows” can be used for
estimation purposes, each having sample
properties which usually depend om the
“true” spectral density. In this paper, | use
two types of windows;

(i) the “Bartlett window™ {A4(s)}, given by

1—Isl/M Isl< M

AB(S)_{() Is|> M

(ii} the “Bartlett-Priestley window” {Ap(s5)},
given by

1 is| =0, 2M 40 ..
Gy =¢ AM? [sin(ms/M)
Ap(5) 5 / —cos{ws /M)
(ms) ws/ M
otherwise,

The choice of the Bartlett window was
motivated by its simplicity as well as its

that measurc can be interpreted as an estimate of
Var(£) only under the PiH null hypothesis (which their
procedure itsell rejects).
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widespread use among macroeconomists
(e.g., Whitncy Newey and West, 1987:
Cochrane, 1988; Campbcll and Deaton,
1989). The Bartlett-Priestley window, which
corresponds to a weighted integral of the
reriodogram  with weights given by a
quadratic function., can be shown to mini-
mize the relative mean-square ciror of the
estimated spectrum (see Priestley, 1981 sec-
tion 6.2.3).

Both windows are controlled by parame-
ter M. Consistency of the estimator in (10)
requires that M ->e and (M/N)-=0, as
N == In practice, however, a finite value
of M has to be L.hOhB!’E, which involves a
trade-off between the bias and variance of
filw) [of order O(1/M) and O(M /N,
respectivelyl. In the Appendix, 1 show that
the valve of M that minimizes the relative
mean-scuare ervor of f, (0) in the case at
hand is likely to be relatively small for both
windows, probably less than 10. Neverthe-
less, below I report cstimates based on a
wide range of M values, in order to guaran-
tee the robustness of the results.

C. Empirical Results

The data were obtained from the Citibase
tape and correspond to the U.S. National
Income and Product Accounts measure of
quarterly consumption of nondurables and
services, expressed in 1982 dollars, season-
ally adjusted, and on a per capita basis. The
sample period is 1947:1-1988:3.

Table 1 rcport~ the estimates of y and
(denoted hy ¥ and ) based on both the
Bartlett and the Bartlett-Priestley estitna-
tors of f, (0) for different M valucs. Stan-
dard errors for ¥ (in parentheses) are based
on cstlmdtu; of the asymptotic variance of
£140)? Standard crrors for § (also in
parenthescs) were computed using the delta
method. I also report asymptotic P values
corresponding to one-sided tests of the null

"The asymptotic variance of fm(U) is given by
(4/%)(M/N)f_h((l) for the “Bartletl” estimator and
(12/5)(:11/3\’)[3,([]) for the “Bartlett-Priestley” esti-
mator. Estintates were obasined by replacing £, (0)
with its cstimate f,t((l) (see Priestley, 1981 section
6.2.4.),

Copyright © 2001.
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hypothesis H,: v = 4 =1, against the alter-
native H,: y>1 (or equivalently, ¢ <1).
The P valucs are compuied under the as-
sumption of asymptotic normality of 3.1

The point estimnates of y thus obtained
are systematically less than 1. Their order of
magnitude is robust to the type of window
used and the values of the window parame-
ter M considered. The asymptotic P values
for valucs of M between 2 and 10 point
toward a rejection of the PIH null hypothe-
sis (against the cxcess-smoothness alterna-
tive) at conventional significance levels.
(Given that the number of observations is
fixed, increases in the value of M necessar-
ily increase the standard errors of the esti-
mates, thus raising the significance level at
which the PIH null can be rejected. Inter-
estingly, the point ¢stimates arc not signifi-
cantly altercd by the size of the window:
most of them lie within a narrow range,
around a value of 0.6. That result is also
robust to the type of window used. As ar-
gued above, and in contrast with the esti-
mates found in the existing literature, the
value obtained here can be interpreted as a
consistent estimate of the true underlying
variance ratio i, even if the PIH null hy-
pothesis is rejected.

Though consistent, both the Bartlett and
Bartlett-Priestley spectrum estimates are
generally biased in small samples. Accord-
ingly, the cstimates of y and  are also
likely to be biased, since they are based on
those spectrum cstimates. Table 1 reports
the expected value of ¥ and  under the
assumption of normal, serially uncorrelated
consumption changes, as approximated by a
Monte Carlo simulation.!! Interestingly, un-

UThe normality assumption is based on the result
of asymptotic normality of f{e), under some regularity
conditions. In small samples, the assumption of nor-
mality must be seen only as a convenient appraxima-
tion. Notice also that the normality of § implies that #
cannot be normally distributed; accordingly, the latter's
standard errors cannot be used to construct the usual ¢
te:stlsl.

The Monte Carlo results are based on 300 simu-
lated series of normal. independent and identically
distributed consumption changes, with 167 observa-
tions each and with mean and variance givern by their
sample counterparts.

All Rights Reseved.
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TABLE 1—ESTIMATES OF ¥ AND &

Monte Carlo results

Window size ) (PIH)
(M) 3 " P value E($) E($) Foos
A. Bartlett Window:
2 1.241 0.897 0.125 0.989 1.008 0.946
(0.157) (0.057)
3 1.415 0.840 0.059 0.983 1.013 0.928
(0.2200 (0.065)
4 1.619 0.785 0.033 0.975 1.020) 0912
(0.291) (0.070)
5 1.784 0.748 0.028 0.965 1.028 0.906
(0.358) (0.075)
6 1.876 0.730 0.033 0.958 1.034 0.897
(0.413) (0.080)
7 1.962 0.713 0.039 0.952 1.040 0.890
(0.666) (0.084)
8 2.053 0.697 (.043 0.944 1.046 0.882
(0.522) (0.088)
9 2.104 0.689 0.051 0.936 1.054 0.868
(0.567) (0.092)
10 215 0.681 0.059 0.929 1.061 (.866
{0.611) 0.096)
20 2.369 0.649 0.150 0.869 1.128 (.838
{0.952) (0.130)
30 2.355 0.651 0342 0.815 1.197 (.823
(1.951) (0.160)
40 2.503 0.632 0.290 0.758 1.266 0.814
(1.423) 0.179)
50 2.638 0.615 0.328 0.699 1.353 0.812
(1.677) (0.195)
B. Bartlett-Priestley Window:
2 1.439 0.827 0.064 0.985 1.4 0.917
(0.248) 0.070)
3 1.749 0.755 0.040 0.976 1.024 (.904
(0.365) (0.078)
4 1.990 0.708 0.039 0.965 1.035 0.883
(0.480) (0.085)
5 2.096 0.690 0,052 0.952 1047 0.881
(0.563) (0.093)
6 2.208 0.672 0.063 0.942 1.058 0871
(0.652) (0.099)
7 2.337 0.654 0072 0.929 1.0Mm 0.568
(0.745%) (0.104)
8 2.351 0.652 0.091 0.914 1.084 0.858
(0.802) 0.111)
9 2402 0.645 0.106 0.902 1,095 0.853
(0.869) (0.116)
10 2448 0.639 0.120 0.894 1.104 0.845
(0.933) (0.121)
20 2.413 0.643 0.277 0.802 1.237 (.824
(1301 {0.173)
30 2.540 0.627 0.358 0.715 1.403 0.821
(1.678) (0.207)
40 2733 0.604 0.405 0.640 1.630 0.815
(2.085) (0.230)
50 2.905 (+.386 0.441 0.574 1.9i8 0.808

(2.477) (0.250j

Notes: Numbers in parentheses are standard errors. The data were obtained from the
Citibase tape and correspond to the U.S. National Income and Product Accounts
measures of quarterly consumption of nondurables and services, expressed in 1982
dollars and on a per capita basis. The sample period is 1947:1-1988:3. See text for a
description of the statistics.

————————— UL LI L X L
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der the PIH null hypothesis, the small sam-
ple bias tends to generate values of
greater than 1, (ie., “excess volatility” of
consumption),!? The last column in Table 1
gives the simulated 5-percent critical value
corresponding to a omne-sided test of the
PIH null hypothesis against the excess-
smoothness alternative. Interestingly, when
the small-sample adjusted critical values
are used, the estimates reject the PIH nuli
hypothesis at the S-percent level for all
window sizes considered. Of course, these
results only strengthen the evidence of “ex-
cess smoothness” reported previously.

Most of the i estimates lie in the range
between (.6 and 0.8. Given the sign of the
small-sample bias, that range should proba-
bly be seen as an upper-bound range for the
true vartiance ratio . That implies that the
variability of consumption is less than 60-80
percent of the corresponding variability pre-
dicted by the PIH model. That figure can: be
compared to those obtained by other au-
thors using different approaches. Thus, for
instance, the estimate of 4 obtained under
the assumption of a unit root in labor in-
come and a umnivariate process for Ay is
0.34 (Deaton, 1987). Benchmark estimates
of the same ratio obtained by West (1988)
and Campbell and Deaton (1989) {also un-
der the maintaired hypothesis of a unit root
in labor income or its log) are (.36 and 0.59,
respectively.’”? Under the assumption of an
ARFIMA( p, d, q) model for labor income,
the estimate of ¥ ranges from .88 (when
d = 0.6) to 0.10 (when 4 =1.2) (Diebold and

2Under the PTH oull hypethesis, p(s) = 0 for is| > 0.
Thus, under that null hyputhesis, the bias in f(0) is a
consequence of the bias in g(s) for |s| > 0, not of the
use of a window. Under some regularity conditions,
Ep(s)<0, |s|>0 for a serially uncorrelated process
with unknown mean (e.g., Wayne Fuller, 1976) p. 2472),
Thus, under the PIH null hypothesis, ¥ will be biased
downward, and the expected value of  will be greater
than 1. The larger is thc window size M, the more
autocorrelation terms are included, thus increasing the
siz?iof the bias.

“The West value corresponds to an AR(1) model
for Ay (see West, 1983 p. 255 The Campbell-Dezton
value corresponds to their VAR-1 model {Campbell
and Deaton, 1989 p. 366). In both cases, (scaled up}
cata on consumption of pondurables and services arc
vsed.
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Rudebusch, 19913)." The estimate obtained
under the assumption of a trend-stationary
labor income is 2.86 (Deaton, 1987). Thus,
the fact that ¢ takes a value that is less
than 1 seems to support the basic conclu-
sion of excess smoothness in consumption
previously drawn by some of the rescarchers
working under the assumption that labor
income is integrated of order 1 {or a frac-
tion close to 1), even though their estima-
tors are not robust to departures from the
nill hypothesis or unrestricted information
scts.

D. A Spectral Interpretation of
Variance Ratio

The variance ratio 4 can be given a sim-
ple interpretation, related to the spectrum
of Ac. As is well known, the variance of Ac
is represented by the arca below the spec-
trum A, (w)lie., Var(Ae)= (7 h, (0)dw].
On the other hand, the Lemma showed
that, for r values close to zero, Var(¢)=
2mwh,0). Hence, Var(¢) can be repre-
sented by the area of a rectangle with height
1, (0) and width 2.

Under the standard PIH model (e, if
Ac, = ¢, for all 1), the equality &, (@)=
114,(0) would obtain for all @. Thus, a mea-
sure of “cxcess smoothness” is given by the
difference between the area of the [£, (0} %
7] rectangle and the area under the spec-
trum /1, {w), 0 < w < 7. This basic feature
is illustrated in Figures 1 and 2. Figure 1
plots the estimate of £, (@), 0 < w < 7, ob-
tained using a Bartlett window with M =5,
Figure 2 shows a similar estimate, now ob-
tained with a Bartlett-Priestley window (also
with M = 5). Both figures also show the
“PIH spectrum” described above. In both
cases, thc gap between the two areas is
apparent, in a way consistent with the find-
ing of excess smoothness. More interest-
ingly, the plots suggest that such excess

Yian ARFIMA(p, d,q) model for y is just an
ARMA(p,q) mode! for A% Estimates were con-
structed wsing Diebold and Rudebusch’s (1991) esti-
mates of F (sce their table 3; denoted as x in their
paper} together with the estimates s(e) =252 and
s(Ac)=15.8 reporied in Campbell and Deaton (1989).

Copyright © 2001. All Rights Reseved.
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smoothness holds “at all frequencies,” that
is, iy (@) < h, (0), 0 <w <. The inequal-
ity becomes an equality at frequency zero,
where the spectrum of Ac and the PIH
spectrum must coincide if the intertemporal
budget constraint is to be met.

The concept of excess smoothness “at all
frequencies” is clearly stronger than the
usual concept of excess smoothness defined
as ¢ < 1. In other words, nothing prevents
the spectrum of Ac from being greater than
h, (0) (the constant level of the PIH spec-
trum) at some frequency range, even if ¢ is
less than 1.

As an illustration of the previous point,
consider the following model of consump-

DECEMBER 191
tion with both habit formation and noise:
Ac, = Act +n,
(1—7L)Acf =[1—-1/(1+7)]¢&
r,=[1-(1+r)L]n,.

As r— (0, the spectrum corresponding fo
that process is given by

hy(@) = (27) 'Var(¢)

( (1*?’)2
%

1-27cosw+ v

5 +2(1 *COSw}Q)

where Q= Var(n)/Var(¢) mcasures the
relative importance of noise innovations.
The corresponding variance ratio i is given
by

As can be easily checked, there exists a
wide range of admissible values for 7 and £
for which o < 1, that is, for which consump-
tion is smoother than the standard FIH
model predicts and such that, for some range
of frequencies, the spectrum of Ac is larger
than (2+) ! Var(£), the PIH spectrurn. As
an example, consider the previous modecl
with 7=0.6 and )= 0.3. The corrcspond-
ing theoretical spectrum of Ac is shown in
Figure 3. As is apparent, the arca under the
spectrum is smaller than the area under the
PIH spectrum (also shown in Fig. 3). In fact,
from the formula above, it is known that
¢ = 0.921 for those parameter values. Yet,
for a range of high frequencies, the spec-
trum of Ac lies above the PIH spectrum.
Thus, in the previous sample, consumption
is globally smoother than permanent in-
come but shows, at the samc time, “excess
variability”” at the highest frequencies.

As mentioned above, and in contrast with
the previous example, the estimated spec-
trum of Ac suggests that aggregate con-
sumption in the postwar United States shows
excess smoothness “at all frequencies.” In-
decd, the shape of the estimated spectrum
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matches quite well with the theoretical
spectra of some siniple models, properly
calibrated. The latter point is illustrated in
Figures 4 and 5. Figure 4 plots the esti-
mated spectrum of Ac, together with the
theorstical spectrum for Ac generated by
the “habit formation + neise” model intro-
duced above, with v=10.5 and Q= 0.08.
Figure 5 compares the estimated spectrum
with the theoretical spectrum corresponding
to the “A” model found in Example 4 of
Section T, with A = 0.8 and p = 0.44."% Note

PThe 0.44 value for p corresponds 1 the estimate
of the first-arder autorzgressive coeflicient in an AR(1)
model for labor-income changes. as reported in Deuton
(19873
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that the value of A used as a rough fit for
the estitnated spectrum is somewhat larger
than cstimates of that parameter found in
the literature: Hall and Frederic Mishkin
(1982) report estimates for A around 0.2,
while the estimates in Campbell and Mankiw
(1989) range from 0.23 to (1.69.

The similarity observed in both cases sug-
gests that cither model can roughly match
the spectral propertics of Ac observed in
the postwar U.S. data. Unfortunately, the
tools developed in this paper cannot, by
themselves, help determine which is the
correct model. That task will have to involve
looking at alternative models’ predictions,
other than those summarized in the spec-
trum of consumption changes.

HI. Budget Constraints, Excess
Smoothness, and Predictability of
Consumption Changes

In this section, 1 vse the framework de-
veloped above to show the relationship be-
tween (i) excess smoothness in consump-
tion, defined here as a value of  less than
1, and (i) predictability of consumption
changes (i.e., a significant correlation be-
tween Ac, and variables observed as of time
t —1). Both phenomena, which scem to be
present in postwar U.S. data,’ arc in con-

16[’rcdictability of consumption changes was origi-
nally established by Flavin (1981). For the excess-

Copyright © 2001. All Rights Reseved.
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flict with the PIH model. Does one neces-
sarily imply thc other?'” To the extent that
aggregate consumption can be character-
ized by the general model given by (5), (6),
and (7), two basic rcsults arise, which arc
stated in the two following propositions.

PROPOSITION 1. Predictability of con-
sumption changes has no bearing on the value
of the variance ratio o (i.e., on the variabil-
ity of consumption relative to the variability
implied by the PIH model.

Proposition 1 can be proved “by illustra-
tion.” Consider the following models of
consumption, all of them consistent with
(5, (6), and (7):

(iy Ae,=[(1+n/(r+8)][1-(1-3)L]¢,
(durable goods)
(i) Ac,={(1+r)¢,_,

(lagged response )

(i) (1-7LYAce, =[1—-1/(1+ r}lé
(habit formation).

The three previous models imply that
consumption changes should be prediciable
by any variable correlated with lagged &'s
(e.g., lagged labor-income changes). Yet, as
r approaches zero, the models above are
easily shown to be associated with values of
s greater, equal, and smaller than 1, respec-
tively. In other words, (i} generates “excess
variability” of consumption, in (ii} consump-
tion is as variable as predicted by the PIH
model, and (iii) leads to “excess smooth-
ness.”

smoothness finding, scc all the references cited in
previous sections.

A related question was addresscd by Campbell
(1987) and Campbell and Deaton (1989). Those papers
examine the relationship between predictability of con-
sumption changes and viclations of the PIH condition
Ac, = £,. The approach here allows one to examine the
link between predictability of consumption changes
and the value of the variance ratio ¢, the measure of
relative consumption variability used in the literatuie.
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PROPOSITION 2: Excess smoothness in
consumption {i.e.,  <1) implies that con-
sumption changes should be predictable by
any lagged uvariable correlated with lagged
innovations in permanent income.

Proposition 2 can be proved by showing
that unpredictability of consumption
changes by variables correlated with lagged
pcrmanent-incoime innovations cannot coex-
ist with excess smoothncss. Suppose Ac is
ot predictable by variables correlated with
lagged £’s. In that case, the “fundamental”
component of consumption changes cannot
depend on lagged £'s, so it must be that
Act =X7.0B¢, = By¢,. From (6), it is
known that, as r— 0, the intertemporal
budget constraint requires that B, — 1.
Thus, for low values of r, Var(Ae™) = Var(£)
must (approximately) hold. By construction,
Var(Ac) = Var(Ac*), so it must be the case
that ¢ =1, that is, therc cannot be escess
smoothness, By contraposition, excess
smoothness (¢ < 1) necessarily implies Ac¥
= L7 0B, . with B, #0 for some j> 0,
which guarantees that consumption changes
are predictable by some lagged &’s and /or
variables correlated with some lagged §’s.

Summarizing, for any model of consump-
tion satisfying the general framework given
by (5), (6), and (7}, two basic results obtain:
(i} excess smoothness in consumption (i < 1)
implies that consuniption changes are pre-
dictable; but, (i) the finding of predictabil-
ity of consumption changes has no bearing
on the variability of consumption.

iV. Summary and Coaclusions

The present paper has developed a sim-
ple framework for the time-series analysis
of consumption, based on the restrictions
implied by the intertemporal budget con-
straint on the low-frequency properties of
consumption. An estimator of the variance
ratio measuring the variability of consump-
tion relative to permanent income is de-
rived. That estimator shows two advantages
over estimators found in the literature: (i) it
Imposes no restrictions on the order of inte-
gration, predictability, and other stochastic
properties of the income process or on the
information set used by consumers to form
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their expectations; and (ii) it is robust to a
wide range of departures from the standard
PIH model.

Empirical results using postwar U.S, data
suggest that the variability of consumption
is less than 80 percent of the variability
predicted by the standard PIH model. That
result supports the finding of “excess
smoothness™ obtained by researchers work-
ing under the assumption of a uait root in
the income process (c.g., Deaton, 1987,
West, 1988). In addition, the paper shows
that such “cxcess smoothness” scems to hold
at all frequencies —a stronger result. The
results are shown to be consistent with sim-
ple models of habit-formation and liguidity
constraints, among others.

Finally, the paper has shown how the
intertemporal budget constraint implies a
certain relatonship between measures of
relative variability of consumption and pre-
dictability of consumption changes. In par-
ticular, I have shown that excess smooth-
ness implies predictability of consumption
changes, though the converse is not true.

APPENDIX

PROOF OF LEMMA:

From the propertics of spectral densities
and the specification of the Ae¢, Ac*, and n
processes above, it is known that

oo @) = (2m) | Ble7) " Var(&)

Ry = (27) |e(e )| Var(n)

where |-|? is the usual “product by complex
conjugate” oper ator, B(z)=17_ 8,2/, and
e(z)= E’” 0927

The spcuttal density of Ac™ and n at
frequency zerc is thus given by h, ()=
(29) (X7, B, Var(£). Clearly,

limﬂ [thM*(U) ( ¥ (1_+,—)*f,sj) Var(g)
r— j=0

= {)

and (i} in the Lemma follows from applying
(6) to the previous expression. Similarly,

Copyright © 2001.
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TasLE Al-—VaLues or L7_o(1+ r)7g; avo
L7_oB; FOrR DIFFERENT VALUES OF F AND 1

T z B, r Z 1+rg;
j=a j=0
0.3 1.428 0.0025 1.427
0.3 1.428 0.01 1.422
0.3 1.428 0.02 1.416
0.7 3.333 0.0025 3.314
0.7 3.333 0.01 3.258
(.7 3.333 0.02 3187
09 10 0.0025 9780
0.9 10 0.01 9.181

0.9 10 0.02 8300

h,(0) = (2} N7 4e,)” Var(e), and

hm [277!: (D)~ ( 2 a+ r)_jfpj)HVar(n)]

J: =0
= (]

Using (7), result (i) in the Lemma follows.

Note that r =0 is not asswmed, since yP
is not well-defined in that case. Instead, r is
assumed to be small enough, and the s
and ¢’s are assumed to converge to zero
fast enough, to make X7, (1+ r)g =

Li.oB; and YV 1+ 1) e =37 1o good
approxnmanons As an Illustratlon of the

“goodness” of such an approximation, con-
sider a model with g; = /. Table Al com-
parcs the wvalues of Yol + r); and

Y7_oB; for different (plausible) values for r
and 7 (keep in mind that the empirical
analysis in the paper uses quarterly data).

Iiven in the worst possible case consid-
ered, with slowly decaying 8’°s (v = 0.9) and
the highest interest rate (2 percent quar-
terly), the approximation error is relatively
small (15 percent). More plausible settings
yield an approximation error in the neigh-
borhood of 1 percent.

Choice of Window Parameters'®

For any type of window. and given a finite
number of available observations, the choice

%¥This section draws heavily on Pricstley (1981 sec-
tien 7.3).

All Rights Reseved.
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of the window-parameter M involves a basic
trade-off between the bias and the variance
of the spectrum estimator /7, (w). A useful
criterion consists of choosing the value of M
that minimizes the relative mean-square er-
ror of the estimator, defined by

RMS2(w) = IE(ﬁAC(w) — hA(.(w))z] /hgr(w)
= {Var[hy ()] + 5[ higle)] }/hgc(w)

where b(h, (w)) = Eh, (w) -
notes the estimator bias.

Consider first the Bartlett estimator in-
troduced in the text. Tt is possible to show
that, at frequency zero, the following cx-
pression for the relative mean-square error
holds:

hy ) de-

RMS§(0) = (4/3)(M/N)

+(1/MY A(Ac)

where

" 2
A(Ac)z{[ ¥ Islpac(s) /[ Z pm)}

C— & = —

The value of M that minimizes RMS%(0) is
given by M* =[1.5NA(AC)]"?. An approxi-
mation for A(Ac) can be obtained from its
(truncated) samplec counterpart

2

A(Ac) = {Li&klslpm-(s‘)]/[‘_f‘k:kpm(s)}} .

Table A2 reports the values of A(Ac) and
M* for a range of &k values (different trun-
cation points), given N =165, Thus, for a
variety of approximations of A(Ac), the
corresponding values of M that minimize
the relative mean-square error are, for the
cases considered, less than 10 (ie., rather
small),

A similar analysis can be carried out for
the Bartlett-Pricstley estimator. The corre-
sponding expression for the relative mcan-
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TaBLE A2—VaLUEs 0F A(Ac) AND
M* ror A RANGE oF k VaLUES

Truncation lag Alae) M*
1 0.10 297
2 (.35 4,42
3 1.20 6.67
5 1.3% 7.00

10 324 9.29

15 234 834

square error at w = 0 is given by
RMSE(0) = (12/5)( M /N)
+0.16(7 /MB,)*

where B, is the “spectra} bandwidth,” as
defined in Priestley (1981). The value of M
that minimizes RMS2(0) is approximately
given by M* =[026N(w /B,)*}'/3. If one
takes 7 /6 to be a “safe” lower bound for
B, —this would accommodate, for example,
any AR(1) process with first-order autocer-
relation between 0 and 0.77—an upper
bound for M* is given by 9, again a rela-
tively small value.

Intuitively, the desirability of small values
for the window-paramcter M is related to a
key feature of the Ac time-series: the quick
rate of decay in its autocovariogram. That
feature is typically associated with a slowly
decaying spectrum (i.e., a spectrum with =2
large bandwidth). Under those circumn-
stances, the bias tends to be small and rela-
tively uvnaffected by changes in the window
width. Loosely speaking, in order to mini-
miize the mean-square error one gives a
rclatively large “weight” to the variance,
which results in a small value of M.
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